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Abstract

We present a parallel algorithm for finding a maximum weight matching in general bipar-

tite graphs with an adjustable time complexity ofO(n
ω
) usingO(nmax(2ω,4+ω)) processing

elements forω ≥ 1. Parameterω is not bounded. This is the fastest known strongly poly-

nomial parallel algorithm to solve this problem. This is also the first adjustable parallel

algorithm for the maximum weight bipartite matching problem in which the execution time

can be reduced by an unbounded factor. We also present a generalapproach for finding

efficient parallel algorithms for the maximum matching problem.
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1 Introduction

A bipartite graph is a graph that can be partitioned into two groups of nodes such

that every edge of the graph is incident on at most one node from each group. Given

a graph, amatching is a subset of edges none of which are incident on any common

node. Aperfect matching is a matching in which every node of the graph is an

end point to an edge in the matching. For a given graph, a setX is a maximum

matching if there is no matchingY that is larger thanX. The size of a matching

is the number of edges in the matching. A weighted bipartite graph is a bipartite

graph in which each edge is assigned a weight. The weight of a matching in a
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weighted bipartite graph is the sum of the weights of the edges in the matching.

The problem of finding maximum (size or weight) matching is a fundamental graph

problem. Amaximum size (or cardinality) bipartite matching (MSBM) algorithm

is an algorithm that finds a matching with the maximum size. Amaximum weight

bipartite matching (MWBM) algorithm is an algorithm that finds a matching with

the maximum weight. The MSBM problem is a special case of the MWBMproblem

in which every edge has a weight of one.

An efficient parallel algorithm for the MWBM problem is an algorithm that runs

in polylogarithmic time using a polynomial number of processing elements. It is

still an open question if there exists an efficient parallel algorithm for the MWBM

problem. Goldberg et al. [1] introduced a sublinear parallel algorithm to solve the

MWBM problem which runs inO(n
2

3 × log3n× log(nC)) time usingO(n3/logn)

processing elements, wheren is the number of nodes in the bipartite graph and

C is the maximum weight of the graph edges. This is the fastest known weakly

polynomial 1 parallel algorithm for the MWBM problem. Driscoll et al. [2] in-

troduced an adjustable2 parallel algorithm for the MWBM problem running in

O(nm/p) time, wherem is the number of edges,p is the number of processing

elements, andp ≤ m/(n× logn). Using the largest number of processing elements

allowed, this algorithm runs inO(n2logn) time. Kim and Chwa [3] described a par-

allel algorithm to solve the MSBM problem inO(n × logn × loglogn) time using

O(n2 × dn/logne) processing elements.

In this paper, we describe an adjustable parallel algorithmto solve the MWBM

problem inO(n
ω
) time usingO(nmax(2ω,4+ω)) processing elements, whereω ≥ 1

is an integer. Our algorithm is the fastest strongly polynomial parallel algorithm

for the MWBM problem. This is also the first parallel adjustablealgorithm for

maximum weight bipartite matching problem in which the execution time can be

1 An algorithm is strongly(weakly) polynomial if its time complexity is bounded poly-

nomially by the number of nodes and edges and it is (not) independent of theweights of

edges.
2 Adjustable algorithms’ runtime can be reduced by a varying factor.
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reduced by an unbounded factor.

In the next section, we describe our general approach to finding parallel algorithms

for the MWBM problem. In Section 3, we provide an example of the general ap-

proach. In Section 4, we give our adjustable parallel MWBM algorithm.

2 Definitions and preliminary results

AssumeG(U, V,E) is a weighted bipartite graph with2n nodes, where

U = {u1, ..., un} are the nodes on the left,V = {v1, ..., vn} are the nodes on the

right andE = {(u, v)|u ∈ U, v ∈ V } are the edges ofG. Edge(ui, vj) has weight

of wij ≥ 0. 3 We assumeG is a fully-connected bipartite graph and that edges

can have zero weight. Therefore, every matching can be extended to be a perfect

matching. For a given graph, we only consider perfect matchings unless we indicate

otherwise. A matchingM = {(u1, vx1), (u2, vx2), ..., (un, vxn)} can therefore be

referred to more simply as a sequence of nodes inV : (vx1vx2...vxn).

Given a matching for a graph, a matched edge is an edge contained in the matching,

and a free edge is an edge that is not in the matching. An alternating path (cycle)

is a simple path (cycle) whose edges are alternately matchedand free. The length

of an alternating path is the number of edges it contains and its weight is the total

weight of its free edges minus the weight of its matched edges. An augmenting path

(cycle) is a positive weight alternating path (cycle).

Given two sets of edgesE1 andE2, we defineE1 ⊕ E2 to be the symmetric differ-

ence ofE1 andE2. Given a graphG(U, V,E), a matchingM , and a set of edges

P that represent a set of disjoint alternating cycles,M ⊕ P is also a matching for

graphG. Given a graphG(U, V,E) and two matchingsM1 andM2, Π = M1 ⊕M2

represents a set of disjoint cycles inG because every node inG is incident on

exactly one edge in the perfect matchingM1 and exactly one edge in the perfect

3 We can assumewij ≥ 0 without loss of generality; any negative weight can be made

nonnegative by increasing all weights by the magnitude of the most negativeweight.
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matchingM2. Therefore, every node inG is incident on exactly zero or two edges

in Π. Note that for matchingsM1 andM2, M1 ⊕M2 = Π ⇔ M1 ⊕Π = M2, which

implies that for a matchingM , there is a one-to-one correspondence between sets

of disjoint alternating cycles and matchings. Note also that M ⊕ M = ∅.

A MWBM algorithm for a graph with2n nodes finds a matching of maximum

weight in the space ofn! matchings. Given a graph, if we letS be the set of all

matchings, we can find an efficient parallel algorithm for theMWBM problem

as follows. We define abasis B = {b1, ..., bm} ⊆ S for somem wherebi is a

matching, and afeasible set of matchings for eachbi, with the following three basis

properties:

• Property 1. |B| = O(nk), wherek is a constant integer (i.e., the size of the basis

is polynomial inn).

• Property 2. For each matchingbi of the basis, the feasible set forbi includesbi,

and every matching inS is in at least one feasible set. Note that the feasible sets

are not necessarily disjoint.

• Property 3. For each matchingbi of the basis, there is an algorithmNC-search

whose time complexity is polylogarithmic inn, and which finds a maximum

weight matching among the feasible matchings ofbi using a polynomial number

of processing elements.

Lemma 1: There is an NC algorithm4 for the MWBM problem if and only if it is

possible to satisfy the basis properties.

Proof: If there exists an NC algorithmX that solves the MWBM problem, then

the basis properties can be satisfied by setting the basisB equal to any matchingb,

setting the feasible set forb equal toS, and usingX as the NC-search algorithm.

To prove the second implication, we assume there exist a basis B = {b1, ..., bm},

feasible sets, and a search algorithm NC-search that satisfythe basis properties.

We apply the search algorithm to every element of the basis inparallel. Each ap-

4 An NC algorithm is a polylogarithmic time complexity parallel algorithm that uses poly-

nomial number of processing elements.
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plication of the algorithm selects the best matching from the matching’s feasible

set in polylogarithmic time. We can select the best matchingfrom m matchings in

polylogarithmic time using a polynomial number of processing elements. There-

fore, there is an NC algorithm for the MWBM problem if and only ifit is possible

to satisfy the basis properties. 2

Satisfying the basis properties is equivalent to proving thatNC = P , i.e., that there

is an efficient parallel algorithm (NC algorithm) for every problem that has a poly-

nomial time complexity sequential solution. This is one of the most important open

questions in the theory of algorithms. Conversely, proving that the basis properties

cannot be satisfied is equivalent to proving thatNC 6= P .

In Section 3, we define a basis, a search algorithm, and feasible sets that satisfy

the second and third basis properties. However, since the number of elements in

this basis is not polynomial inn, which violates the first basis property, this basis

cannot be used to construct an NC algorithm for MWBM. We will usethis basis

to create an adjustable parallel MWBM algorithm which runs inO(n
ω
) time us-

ing O(nmax(2ω,4+ω)) processing elements (i.e., the runtime can be decreased by a

constant factorω ≥ 1).

3 Providing a basis, feasible sets and NC-search algorithm

AssumeG(U, V,E) is a bipartite graph with2n nodes andM = (v1v2...vn) is

a matching forG. We let Φ(M) be a feasible set of matchings forM such that

M ′ ∈ Φ(M) iff M ⊕ M ′ includes at most one cycle.

Next, we create a basisβ. The first element ofβ is b11 = (v1v2...vn) . The second

group of elements ofβ is created fromb11 by exchanging all combinations ofn

nodes taken two at a time. For example, exchanging nodesv1 andv2 createsb21 =

(v2v1v3...vn) and exchangingv1 andv3 createsb22 = (v3v2v1...vn), etc. The third

group of elements ofβ is created fromb11 by rotating all combinations ofn nodes

taken three at a time one node to the right. For example, rotating nodesv1, v2
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and v3 one node createsb31 = (v3v1v2v4...vn) and rotating nodesv1, v2 and v4

one node createsb32 = (v4v1v3v2...vn), and so on. In general, theith group of

elements ofβ is created fromb11 by rotating all combinations ofn nodes takeni

nodes at a time one node to the right, wherei ∈ {2, 3, ..., bn
2
c}. The size ofβ is

1 +
(

n

2

)

+
(

n

3

)

+ ... +
(

n

bn

2
c

)

= O(2n). Note that whenn is odd, the size ofβ is

2n−1 − 2n.

Lemma 2: Given a graphG, a basisβ, and feasible setsΦ, every matching is in the

feasible set of some matching inβ.

Proof: Let M = b11 andM ′ be any matching. We showed thatM ⊕ M ′ consists

of a set ofk disjoint cycles for somek. Based on this, we can show thatM ′ is in

the feasible set of one of the elements in thekth group of elements of the basis.

We find this matching by first selecting one node fromV for each of thek cycles

in M ⊕ M ′. We start with matchingM and rotate the selected nodes forward one

position, leaving non-selected nodes unchanged. This gives a matchingbki in β for

somei. The edgesbki ⊕ M ′ give a graph similar toM ⊕ M ′, except thek cycles

have been joined to create one large cycle. Therefore,M ′ is in the feasible set of

bki. SinceM ′ was selected arbitrarily, the proof is complete. 2

For a given graphG, we have described a basisβ and feasible setsΦ that satisfy

the second basis property. It remains to show that given a matching M , an NC

algorithm exists that finds a maximum weight matching in the feasible set ofM .

In general, given a graphG and a matchingM , M is a maximum weight bipartite

matching if and only if no augmenting path exists [4]. We can find a MWBM by

iteratively selecting a maximum weight augmenting pathP and applying it to the

current matchingM .

SinceΦ(M) includes all matchingsM ′ such thatM ⊕ M ′ is one cycle, every

matching inΦ(M) can be constructed fromM by xor-ing it with a single alternat-

ing cycle. A maximum weight bipartite matching withinΦ(M) is thereforeM ⊕P ,

whereP is a maximum weight augmenting path. A maximum weight augmenting

path can be found using the parallel shortest path algorithmdescribed in [5]. The
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time complexity of this algorithm can be reduced toO(logn) using theO(1) par-

allel selection algorithm described in [6] withO(n4) processing elements using a

CRCW PRAM model. ThisO(logn) parallel algorithm is also described in [7].

4 Adjustable parallel MWBM algorithm

In this section, we describe our parallel algorithm for the MWBM problem. Given

a graphG and a matchingM , we have shown that we can construct a basisβ and

feasible setsΦ, and use an NC-search algorithm of the type described in Section 3

to find a MWBM in polylogarithmic time usingO(2n) processing elements. This

result assumes that the matching is chosen arbitrarily. In this section, we show that

if M is selected more carefully, our algorithm only requires a polynomial number

of processing elements.

AssumeGt(Ut, Vt, Et) is a weighted bipartite graph with2t nodes andMt is a

MWBM for Gt. We construct a new graphGt+k by addingk nodes to each side

of Gt and adding edges to makeGt+k a fully-connected bipartite graph. Therefore,

Gt+k(Ut+k, Vt+k, Et+k) is a weighted bipartite graph with2t + 2k nodes such that

Ut+k = Ut

⋃

{ut+i|i ∈ [1, k]}, Vt+k = Vt

⋃

{vt+i|i ∈ [1, k]}, Et+k = Et

⋃

E1
⋃

E2,

whereE1 = {(ut+i, v)|∀v ∈ Vt+k, i ∈ [1, k]} andE2 = {(u, vt+i)|∀u ∈ Ut+k, i ∈

[1, k]}.

Lemma 3: If Mt is a MWBM for graphGt andM = Mt

⋃

{(ut+i, vt+i)|i ∈ [1, k]}

for t ∈ [1, n−1], a maximum weight bipartite matchingMt+k exists for graphGt+k

such thatM ⊕ Mt+k includes at mostk disjoint cycles.

Proof: SinceMt is a MWBM for graphGt, any set of augmenting cyclesP for

graphGt+k with respect to matchingM cannot contain a loop inGt. Any cycle in

P must contain at least one of the edges in{(ut+i, vt+i)|i ∈ [1, k]}, soP cannot

contain more thank disjoint augmenting cycles. 2

As described in Lemma 3, sinceM ⊕ Mt+k consists ofk or fewer disjoint cycles,
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Mt+k is in the feasible set of one of the elements in groups 1 through k of basisβ.

The number of elements in this basis is2k − k because we only need to consider

combinations ofk nodes taken 2, 3,...,k nodes at a time, plus the original matching.

Edges ofMt are included in all elements of the basis.

AssumeG(U, V,E) is a weighted bipartite graph withm = 2n nodes. We recon-

struct the graph by starting with a graphGk which has2k nodes fromG. Starting

with an arbitrary matchingMk for Gk, we construct the basisβk as described in

Section 3. We use an NC-search algorithm to find a MWBM within eachfeasible

set of the basis in parallel. A MWBM forGk is a matching with the maximum

weight among the selected matchings. In the second step, graphG2k is constructed

from Gk by adding2k additional nodes fromG and their incident edges. We can

find a MWBM for G2k by constructing a basis forG2k and finding a maximum

weight augmenting path for each element of the basis. By continuing this way, a

MWBM for G can be found inn
k

steps.

Theorem 4: Given a graphG with 2n nodes, the MWBM algorithm runs inO(n
ω
)

time usingO(nmax(2ω,4+ω)) processing elements for a fixedω ≥ 1.

Proof: The NC-search algorithm runs inO(logn) time usingO(n4) processing el-

ements. Therefore, in theith step of the MWBM algorithm, a MWBM within each

feasible set of the basis for graphGik can be found inO(log(i × k)) time using

O((i × k)4) processing elements. Since we have2k − k elements in the basis, we

needO((2k − k) × (i × k)4) processing elements to find a MWBM within each

feasible set of the basis in parallel. Finding a maximum weight matching among

2k − k selected matchings in constant time requiresO((2k − k)2) processing el-

ements. Therefore, a MWBM forGik can be found inO(log(i × k)) time using

O(max((2k − k)2, (2k − k)× (i× k)4)) processing elements. Since a MWBM for

graphG can be found inn
k

steps, the overall complexity of the MWBM algorithm

is T = O(
∑

n

k

i=1 log(i × k)) usingO(max((2k − k)2, (2k − k) × n4)) processing

elements. We haveT = O(log((n
k
)! × k

n

k )). Sincex
x

2 ≤ x! ≤ xx for anyx ≥ 1,

we haveO(logx!) = O(xlogx). Therefore,T = O(n
k
× logn). For k = 1, the

MWBM algorithm runs inO(nlogn) time usingO(n4) processing elements. We
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setk such that the number of processing elements remains polynomial in n. Select-

ing k = dω × logne for ω ≥ 1 gives a time complexity ofO(n
ω
) for the algorithm

usingO(nmax(2ω,4+ω)) processing elements. 2
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