
Rough Sets-based Prototype Optimization in
Kanerva-based Function Approximation

Cheng Wu

School of Urban Rail Transportation

Soochow University

Suzhou, China

e-mail: cwu@suda.edu.cn

Wei Li, Waleed Meleis

Department of Electrical and Computer Engineering

Northeastern University

Boston, U.S.A.

e-mail: li.wei@husky.neu.edu, meleis@ece.neu.edu

Abstract—Problems involving multi-agent systems can be com-
plex and involve huge state-action spaces, making such problems
difficult to solve. Function approximation schemes such as Kan-
erva coding with dynamic, frequency-based prototype selection
can improve performance. However, selecting the number of
prototypes is difficult and the approach often still gives poor
performance. In this paper, we solve a collection of hard instances
of the predator-prey pursuit problem and argue that poor per-
formance is caused by inappropriate selection of the prototypes
for Kanerva coding, including the number and allocation of these
prototypes. We use rough sets theory to reformulate the selection
of prototypes and their implementation in Kanerva coding.
We introduce the equivalence class structure to explain how
prototype collisions occur, use a reduct of the set of prototypes to
eliminate unnecessary prototypes, and generate new prototypes
to split the equivalence classes causing prototype collisions. The
Rough Sets-based approach increases the fraction of predator-
prey test instances solved by up to 24.5% over frequency-based
Kanerva coding. We conclude that prototype optimization based
on rough set theory can adaptively explore the optimal number of
prototypes and greatly improve a Kanerva-based reinforcement
learner’s ability to solve large-scale multi-agent problems.

Keywords-reinforcement learning; kanerva coding; rough sets;
predator-prey pursuit problem

I. INTRODUCTION

Reinforcement learning [1] enables learning from feedback

received through interactions with an external environment

with the objective of maximizing the cumulative reward. Q-

learning, one of the most successful reinforcement learning

strategies, works by combining state space exploration and ex-

ploitation to learn the value of each state-action pair. Through

repeated trials, estimates of the values of each state-action pair

can gradually converge to the true value, and these can be

used to guide the agent to maximize its reward. Under certain

limited conditions, Q-learning has been shown to always

converge to an optimal policy [2].

A key limitation on the effectiveness of Q-learning is the

size of the table needed to store the state-action values. The

requirement that an estimated value be stored for every state-

action pair limits the size and complexity of the learning

problems that can be solved. Problems with large state or state-

action spaces, such as multi-agent problems, can typically be

difficult to solve.

Function approximation [3] can be used to store an approx-

imation of this table. Kanerva coding [1], [4] is a function

approximation technique that is particularly well-suited to

problem domains with high dimensionality. In Kanerva coding,

a set of prototypes, a subset of the state-action space, is used to

represent the full state-action space. However, the performance

of this approach is sensitive to the number of prototypes and

prototype distribution [5].

To solve this feature optimization problem, we introduce

rough sets-based prototype optimization that reformulates the

process of selecting and modifying prototypes within Kanerva

coding. This approach uses the structure of the equivalence

classes induced by the indiscernibility relation on the proto-

types to explain why prototype collisions occur. Our algorithm

eliminates unnecessary prototypes by replacing an original

prototype set with its reduct, and reduces prototype collisions

by splitting the equivalence classes that contain two or more

state-action pairs. We show that directly applying the theory of

rough sets to adaptively prune the prototype set can improve

the performance of the solver while reducing the number of

prototypes needed. We show that the relative performance

of traditional and frequency-based Kanerva coding can be

understood by examining the structure of the equivalence

classes induced by indiscernibility relations on the prototype

sets. Finally, we show that the number of prototypes needed

to achieve good performance is not related to the number of

prototypes initially selected, and is a property of the problem

itself. We will conclude that rough sets-based Kanerva-based

function approximation can adaptively select an effective

number of prototypes and greatly improve a Kanerva-based

reinforcement learner’s ability to solve large-scale multi-agent

problems.

This paper is organized as follows. In Section II, we review

related work. In Section III, we reformulate Kanerva coding

using rough sets theory. In Section IV, we describe our

rough set-based Kanerva-based function approximation and its

experimental evaluation. In Section V, we discuss the effect

of the number of initial prototypes on the performance of a

reinforcement learner. We conclude the paper in Section VI.

2015 IEEE/WIC/ACM International Conference on Web Intelligence and Intelligent Agent Technology

978-1-4673-9618-9/15 $31.00 © 2015 IEEE

DOI 10.1109/WI-IAT.2015.179

283



II. RELATED WORK

Most reinforcement learners use a tabular representation of

value functions where the value of each state or each state-

action pair is stored in a table. However, for many practical

applications that have continuous state space, or very large and

high-dimensional discrete state-action spaces, this approach is

not feasible.

There are two explanations for this infeasibility. First, a

tabular representation can only be used to solve tasks with

a small number of states and actions. The difficulty derives

both from the memory needed to store large tables, and the

time and data needed to fill the tables accurately [6]. Second,

most exact state-action pairs encountered may not have been

previously encountered. Since there are often no state-action

values that can be used to distinguish actions, the only way

to learn in these problems is to generalize from previously

encountered state-action pairs to pairs that have never been

visited before. We must consider how to use a limited state-

action subspace to approximate a large state-action space.

Function approximation has been widely used to solve

reinforcement learning problems with large state-action spaces

[7], [8], [9]. In general, function approximation defines an ap-

proximation method which interpolates the values of unvisited

points in the search space using known values at neighboring

points. Within a reinforcement learner, function approximation

generalizes the function values of state-action pairs that have

not been previously visited from known function values of

neighboring state-action pairs.

A range of function approximation techniques has been

studied in recent years. These techniques can be partitioned

into three types: function approximation using natural features,

function approximation using basis functions, and function

approximation using Sparse Distribution Memory (SDM).

A. Function Approximation Using Natural Features

For each application domain, there are natural features that

can describe a state. For example, in some pursuit problems

in the grid world, we might have features for location, vision

scale, memory size, communication mechanisms, etc. Choos-

ing such natural features as the components of the feature

vector is an important way to add prior knowledge to a

function approximator.

In function approximation using natural features, the θ-value

of a feature indicates whether the feature is present. The θ-

value is constant across the features’ receptive region and falls

sharply to zero at the boundary. These receptive regions may

be overlapped. A large region may give a wide but coarse

generalization while a small region may give a narrow but fine

generalization. The advantage of function approximation using

natural features is that the representation of the approximate

function is simple and easy to understand. The natural features

can be selected manually and their receptive regions can be

adjusted based on the designer’s intuition. A limitation of

this function approximation technique is that it cannot handle

continuous state-action spaces or state-action spaces with high

dimensionality.

A typical function approximation technique using natural

features is Tile Coding [10]. This approach, which is an

extension of coarse coding [7], is also known as “Cerebellar

Model Articulator Controller”, or CMAC [10]. In Tile Coding,

k tilings are selected, each of which partitions the state-action

space into tiles. The receptive field of each feature corresponds

to a tile, and a θ-value is maintained for each tile. A state-

action pair p is adjacent to a tile if the receptive field of the

tile includes p. The Q-value of a state-action pair is equal to

the sum of the θ-values of all adjacent tiles. In binary Tile

Coding, which is used when the state-action space consists of

discrete values, each tiling corresponds to a subset of the bit

positions in the state-action space and each tile corresponds to

an assignment of binary values to the selected bit positions.

B. Function Approximation Using Basis Functions

For certain problems, a more accurate approximation is

obtained if θ-values can vary continuously and represent the

degree to which a feature is present. A basis function can

be used to compute such continuously varying θ-values. Basis

functions can be designed manually and the approximate value

function is a function of these basis functions. In this case,

function approximation uses basis functions to evaluate the

presence of every feature, then linearly weights these values.

An advantage of function approximation with basis function

is that the approximated function is continuous and flexible.

However there are two limitations of this function approxima-

tion technique. The first is that selecting these basis functions

parameters is difficult in general [1], [8], [9]. The second

difficulty is that basis functions cannot handle state-action

spaces with high dimensionality [5], [11]. The number of basis

functions needed to approximate a state-action space can be

exponential in the number of dimensions, causing the number

of basis functions needed to be very large for a state-action

space with high dimensionality.

A typical function approximation technique using basis

function is Radial Base Function Networks (RBFNs) [1]. In an

RBFN, a sequence of Gaussian curves is selected as the basis

functions of the features. Each basis function φi for a feature

i has a center ci, and width σi. Given an arbitrary state-action

pair s, the Q-value of the state-action pair with respect to the

feature i is:

φi(s) = e−
||s−ci||2

2σ2 .

The total Q-value of the state-action pair with respect to all

features is the sum of the values of φi(s) across all features.

RBFNs are the natural generalization of coarse coding with

binary features to continuous features. A typical RBF feature

unavoidably represents information about some, but not all,

dimensions of the state-action space. This limits RBFNs

from approximating large-scale, high-dimensional state-action

spaces efficiently.

C. Function Approximation Using SDM

Function approximation using Sparse Distributed Memory

(SDM) uses a class of features that can construct approx-

imation functions without restricting the dimensionality of
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the state-action space. The features are typically a set of

state-action pairs chosen from the entire state-action space.

In function approximation using SDM [4], each receptive

region is defined using a distance threshold with respect to

the location of the feature in the state-action space. The θ-

value of a state-action pair with respect to a feature is constant

within the feature’s receptive region, and is zero outside of this

region.

An advantage of function approximation using SDM is that

its structure is particularly well-suited to problem domains

with high dimensionality. Its computational complexity de-

pends entirely on the number of prototypes which is not a

function of the number of the dimensions of the state-action

space.

A limitation of this technique is that more prototypes

are needed to approximate state-action spaces for complex

problem domains, and the efficiency of function approximation

using SDM is sensitive to the number of the prototypes [5].

Even when enough prototypes are used, studies have shown

that the performance of the reinforcement learner with SDM

is often poor and unstable [1], [9], [12]. There is no known

mechanism to guarantee the convergence of the algorithm.

D. Kanerva coding

Kanerva coding [13] is the implementation of SDM in

function approximation for reinforcement learning. Here, a

collection of prototype state-action pairs (prototypes) is se-

lected, each of which corresponds to a binary feature. A state-

action pair and a prototype are said to be adjacent if their bit-

wise representations differ by no more than a threshold number

of bits. A state-action pair is represented as a collection of

binary features, each of which equals 1 if and only if the

corresponding prototype is adjacent. A value θ is maintained

for each prototype, and an approximation of the value of a

state-action pair is then the sum of the θ-values of the adjacent

prototypes. The computational complexity of Kanerva coding

depends entirely on the number of prototypes which is not a

function of the number of dimensions of the state-action space.

Kanerva coding can therefore greatly reduce the size of the

value table that needs to be stored. Traditional Kanerva-based

function approximation is based on Sutton’s work [1].

A limitation of this technique is that more prototypes

are needed to approximate state-action spaces for complex

problem domains, and the efficiency of function approximation

is sensitive to the number and allocation of the prototypes [5].

If the number of prototypes is very large relative to the number

of state-action pairs, and the prototypes are appropriately

allocated throughout the state-action space, each prototype

will be adjacent to a small number of state-action pairs. In

this case, the approximate state-action values will tend to be

close to the true values, and the reinforcement learner will

operate as usual. However if the number of prototypes is

small, or if the prototypes themselves are not well chosen,

the approximate values will not be similar to the true values

and the reinforcement learner will give poor results. Therefore,

adaptively choosing prototypes appropriate to a particular

application is an important way to improve the performance

of a reinforcement learner.

In our previous work [14], a prototype’s visit frequency
is defined as the number of visits to the prototype during

a learning process. We found that the distribution of visit

frequencies across all prototypes is often non-uniform over

a converged learning process, i.e., most prototypes are either

frequently visited, or rarely visited [15]. Prototypes that are

rarely visited do not contribute to the solution of instances.

Similarly, prototypes that are visited very frequently are

likely to decrease the distinguishability of state-action pairs.

Prototype optimization uses these visit frequencies to delete

rarely-visited prototypes and split heavily-visited prototypes to

generate new prototypes. In this way, prototype optimization

can produce a set of prototypes whose visit frequencies are

relatively uniform and that are appropriate to the particular

application.

Studies have shown that such frequency-based prototype

selection that adaptively chooses prototypes appropriate to

a particular application is an important way to contribute

prior knowledge and experience to a reinforcement learner

[15], and that dynamic allocation of prototypes can refine the

representation of state-action value functions and increase the

efficiency of function approximation [16], [17]. A limitation

of frequency-based prototype optimization is that the approach

does not adaptively select the optimal number of prototypes.

There is therefore a need for algorithms to adaptively select

the number of prototypes for a particular application.

III. ROUGH SETS-BASED KANERVA CODING

Instead of using visit frequencies to select prototypes for

frequency-based prototype optimization, we focus on the struc-

ture of equivalence classes induced by the set of prototypes

which is a key indicator of the efficiency of function approx-

imation.

In traditional Kanerva coding, a set of state-action pairs is

selected from the state-action space as prototypes. We assume

P is the set of prototypes, Λ is the set of all possible state-

action pairs in the state-action space, and SA is the set of state-

action pairs encountered by the solver. For Kanerva-based

function approximation, P ⊆ Λ and SA ⊆ Λ. Our goal is

to represent a set of observed state-action pairs SA using a

set of prototypes P .

A. Rough Sets

The theory of rough sets [18], [19] is a formal approxima-

tion theory that has been widely applied to pattern classifica-

tion and data analysis. Rough sets describe the indiscernibility

of a target set based on a given set of features. The indis-

cernibility relation partitions the objects in a target set into

a collection of equivalence classes. The objects in the same

equivalence class are indiscernible based on the given features.

In this way, a target set is expressed using the equivalence

classes induced by features. Rough sets theory also describes

whether some features are more relevant to the equivalence

class structure than other features. This approach provides a
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potential way to judge whether irrelevant features exist and

whether the number of features is optimal.

Given a prototype p and a state-action pair sa, the function

fp(sa) represents the adjacency between p and sa; that is, if sa
is adjacent to p, fp(sa) is equal to 1, otherwise it equals 0. The

set of adjacency values for a state-action pair with respect to

all prototypes is referred to as the state-action pair’s prototype
vector. Given a prototype set P , we define an indiscernibility
relation, IND(P ), that contains all pairs of state-actions pairs

that are indiscernible with respect to prototypes in P . That is,

IND(P ) = {(sa1, sa2) ∈ Λ2|∀p ∈ P, fp(sa1) = fp(sa2)},
where p is a prototype in P and sa1 and sa2 are two

encountered state-action pairs, sa1 ∈ SA, sa2 ∈ SA.

The set of all state-action pairs with the same indiscerni-

bility relation is defined as an equivalence class, and the ith
such equivalence class is denoted EP

i . The set of prototypes P
therefore partitions the set SA into a collection of equivalence

classes, denoted {EP }. Note that if n = |P |, there are at most

min{2n, |SA|} equivalence classes.

For example, assume ten state-action pairs, (sa1, sa2,
sa3, ..., sa10), are encountered by a solver, and we have six

prototypes, (p1, p2, p3, ..., p6). We attempt to express each

state-action pair using prototypes. Table I shows a sample

of the adjacencies between state-action pairs and prototypes.

When the prototypes are considered, we can induce the

following equivalence classes, (EP
1, E

P
2, E

P
3, E

P
4, E

P
5,

EP
6, E

P
7, ) = ({sa1}, {sa2}, {sa3}, {sa4, sa5}, {sa9},

{sa6}, {sa7, sa8, sa10}).
The structure of equivalence classes induced by the pro-

totype set has a significant effect on function approximation.

Kanerva coding works best when each state-action pair has a

unique prototype vector. That is, the ideal set of equivalence

classes induced by the prototype set should each include no

more than one state-action pair. If two or more state-action

pairs are in a same equivalence class, these state-action pairs

are indiscernible with respect to the prototypes, causing a

prototype collision [20].

B. Prototype Reduct-based Prototype Deletion

Given a set of prototypes, one or more prototypes may not

affect the structure of the induced equivalence classes, and

TABLE I
SAMPLE OF ADJACENCY BETWEEN STATE-ACTION PAIRS AND

PROTOTYPES

p1 p2 p3 p4 p5 p6

sa1 0 0 0 0 1 1
sa2 1 0 0 1 1 1
sa3 1 1 0 0 0 1
sa4 0 1 0 0 1 1
sa5 0 1 0 0 1 1
sa6 1 1 0 1 0 1
sa7 0 0 0 0 0 1
sa8 0 0 0 0 0 1
sa9 0 1 1 1 1 1
sa10 0 0 0 0 0 1

therefore do not help discern state-action pairs. These proto-

types can be replaced with prototypes that are more useful.

To do this, we use a reduct of prototype set. A reduct is a

subset of prototypes R ⊆ P such that (1) {ER} = {EP }, that

is, the equivalence classes induced by the reduced prototype

set R are the same as the equivalence class structure induced

by the original prototype set P; and (2) R is minimal, that

is {E(R−{p})} �= {EP } for any prototype p ∈ R. Thus, no

prototype can be removed from the reduced prototype set R
without changing the equivalence classes EP .

In the above example, the subset (p2, p4, p5) is a reduct

of the original prototype set P . This can be shown easily

because (1) the equivalence classes induced by (p2, p4, p5)
are the same as the equivalence class structure induced by

the original prototype set P; and (2) eliminating any of these

prototypes alters the equivalence class structure induced by the

original prototype set P. Replacing a set of prototypes with its

reduct eliminates unnecessary prototypes. Note that the reduct

of a prototype set is not necessarily unique, and there may be

many subsets of prototypes which preserve the equivalence-

class structure.

Since a prototype reduct maintains the equivalence class

structure, prototype deletion can be conducted by replacing

the set of prototypes with a reduct of the original prototype

set. The following algorithm finds a reduct of the original

prototype set. We consider each prototype in P one by one in

random order. For prototype p ∈ P , if the set of equivalence

classes {EP−{p}} induced by P − {p} is not identical to the

equivalence classes {EP } induced by P , that is, {EP−{p}} �=
{EP }, then p is in the reduct R of original prototype set

P , p ∈ R, otherwise, p is not in the reduct R, p /∈ R. We

then delete p from the prototype set P and consider the next

prototype. The final set R is a reduct of the original prototype

set P .

Note that frequency-based prototype optimization can also

eliminate unnecessary prototypes by deleting rarely-visited

prototypes, but that approach cannot eliminate prototypes that

are heavily-visited. For example, prototype p6 in the above

example is adjacent to all state-action pairs, but it can be

safely removed since deleting the prototype does not change

the structure of the equivalence classes.

C. Equivalence Classes-based Prototype Generation

Prototype collisions occur only when two state-action pairs

are in a same equivalence class. If the number of equiva-

lence classes that contain only one state-action pair increases,

prototype collisions are less likely and the performance of

a reinforcement learner based on Kanerva coding should

increase. Prototype generation should therefore attempt to

reduce the fraction of equivalence classes that contain two

or more state-action pairs.

An equivalence class that contains two or more state-action

pairs is likely to be split up if a new prototype equal to one

of those state-action pairs is added. We implement prototype

generation by adding new prototypes that can split equivalence

classes containing two or more state-action pairs. For an
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TABLE II
PSEUDO CODE FOR Q-LEARNING WITH ROUGH SETS-BASED KANERVA

CODING

Initialization()

Select random prototypes �p

Initialize corresponding �θ values to 0

Q-with-Kanerva(s, �p, �θ)

Repeat
With probability 1− ε

a∗ = argmaxaQ(s, a) where Q(s, a) =
∑

�θ;
else

a∗ = random action
Take action a∗, observe reward r, and get next state s′
For all actions a under new state s’

Q(s′, a) =
∑

�θ;
δ = r + γ ∗maxaQ(s′, a)−Q(s, a)

Δ�θ = αt ∗ δ
�θ = �θ +Δ�θ

Until s is terminal

Update-prototypes(�p, �θ)

E(�p) = equivalence classes induced by �p
For all prototypes p ∈ �p

�̂p = �p− p

E(�̂p) = equivalence classes induced by �̂p

If {E(�̂p) = E(�p)}
�p = �̂p

For each equivalence class k ∈ E(�p)
n = size(k)
If {n > 1}

For j = 1 to �log(n)�
Randomly select a state-action pair sa
�p = �p

⋃
{sa}

arbitrary equivalence class that contains n > 1 state-action

pairs, we randomly select �log2n� state-action pairs to be

new prototypes. Note that �log2n� is the minimal number

of prototypes needed to distinguish all state-action pairs in

an equivalence class that contains n elements. While this

algorithm does not guarantee that each equivalence class will

be split into new classes that contain exactly one state-action

pair, in general this approach reduces the prototype collisions.

D. Rough sets-based Kanerva coding Algorithm

Table II describes our algorithm for implementing Q-

learning with rough sets-based Kanerva coding. A vector �p of

prototypes is selected randomly, and a corresponding vector

of theta values �θ is initialized to zero.

For each state s and each action a, the algorithm calcu-

lates an update to its expected discounted reward, Q(s, a) as

follows:

Q(s, a)← Q(s, a) + αt[r + γmax
a

Q(s′, a)−Q(s, a)]

where r is an immediate reward, s′ is the next state, αt is

the learning rate such that 0 ≤ αt ≤ 1, and γ is the discount

factor such that 0 ≤ γ < 1. An ε-greedy approach is used to

select the next action to take. For some value of ε, 0 ≤ ε ≤ 1, a

random action is selected with probability ε, and an action that

gives the largest Q-value for state s is selected with probability

1− ε.

The algorithm begins by initializing parameters, and re-

peatedly executes Q-learning with rough sets-based Kanerva

coding. Prototypes are adaptively updated periodically. In

each update period, the encountered state-action pairs are

recorded. To update prototypes, the algorithm first determines

the structure of the equivalence classes of the set of the

encountered state-action pairs with respect to the original pro-

totypes. Unnecessary prototypes are then deleted by replacing

the original prototype set with its reduct. In order to split large

equivalence classes, new prototypes are randomly selected

from these equivalence classes. The optimized prototype set

is constructed by adding newly generated prototypes to the

reduct of original prototype set.

IV. EXPERIMENTAL EVALUATION

We evaluate our algorithms by solving a collection of

instances in the predator-prey pursuit domain [21]. In our ex-

periments, pursuit takes place on an n×n rectangular grid with

open and closed blocks. The n closed blocks are distributed

randomly. Each open cell in the grid represents a state that an

agent may occupy. Two agents, a predator agent and a prey

agent, are placed in two randomly selected starting cells. The

problem is played in a sequence of time periods. In each time

period, each agent can move to a neighboring open cell one

horizontal, vertical or diagonal step from its current location,

or it can remain in its current cell. The predator agent receives

a positive reward if it moves closer to the prey agent and a

negative reward if it moves further from the prey agent. The

prey agent moves randomly.

An epoch is a trial in which each learning algorithm is ap-

plied to 40 random training instances followed by 40 random

test instances. To ensure that the space of initial conditions is

uniformly evaluated, the learning algorithms apply one move

to each training instance before considering the next training

instance. The exploration rate ε is set to 0.3, which we found

experimentally gives the best results in our experiments. The

initial learning rate α is set to 0.8, and it is decreased by a

factor of 0.995 after each epoch. This multiplicative decreasing

learning rate is widely used, and under certain conditions these

values guarantee the convergence of the learning process [1],

[2].

A state-action pair consists of a sequence of bits that

represent the 9 possible actions and the relative position of

the prey agent relative to the predator agent along both axes.

A prototype and a state-action pair are adjacent if their binary

representations differ in no more than one bit position. The

number of bits needed to represent a state-action pair is

a + 2×b, where a is the number of bits needed to represent

an action, 4 in our experiments, and b is the number of bits

needed to represent the relative horizontal or vertical position

of the prey agent relative to the predator agent within the grid,

�log2n�+1 in our experiments. The number of entries stored
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Fig. 1. The fraction of test instances solved by traditional and adaptive
Kanerva-based function approximation with 2000 prototypes.
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Fig. 2. The fraction of test instances solved using frequency-based
prototype optimization as the number of prototypes decreases.

in the table of Q values without using function approximation

is 9×(2n− 1)2.

For every epoch, we record the average fraction of test

instances solved during this epoch within 2n moves. This

cutoff value was selected because it allowed us to distinguish

the performance of our algorithms from one another. For every

20 epochs, we update the prototypes using frequency-based or

rough sets-based prototype optimization. Each experiment is

performed 5 times and we report the mean of the recorded

values. Where error bars are shown, they indicate standard

deviations. In our experiments, all runs were found to converge

within 2000 epochs.

We first use the theory of rough sets to explain the relative

performance of traditional and frequency-based Kanerva cod-

ing. Fig. 1 shows the average fraction of test instances solved

after 2000 epochs by traditional and frequency-based Kanerva-

based function approximation with 2000 prototypes, as the

size of the grid varies from 8 to 32. The results indicate that

frequency-based prototype optimization increases the fraction

of test instances solved using dynamic prototype allocation.

The effectiveness of Kanerva-based function approximation

has a strong dependence on both the distribution and number

of prototypes. Fig. 2 shows the average fraction of test

instances solved using frequency-based prototype optimization

as the number of prototypes varies from 300 to 2500. The

results show that when the number of prototypes decreases,

the fraction of test instances solved decreases from 99.5% to

79.9% in the 8x8 grid, from 96.2% to 38.8% in the 16x16 grid,

and from 91.3% to 19.6% in the 32×32 grid. This indicates

Fig. 3. Equivalence classes using traditional and optimized Kanerva-
based function approximation with 2000 prototypes.
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Fig. 4. Prototype Reduct using traditional and optimized Kanerva-
based function approximation with 2000 prototypes.

that the efficiency of Kanerva-based function approximation

does decrease as the number of prototypes decreases.

We now use the theory of rough sets to understand these

results. We evaluate the structure of equivalence classes and

the reduct of prototypes in traditional Kanerva coding and

Kanerva coding with frequency-based prototype optimization.

We apply traditional Kanerva and optimized Kanerva with

2000 prototypes to the same instances described above.

Fig. 3 shows the fraction of equivalence classes that contain

two or more state-action pairs over all equivalence classes.

These results in Fig. 1 and Fig. 3 show that as the fraction

of equivalence classes that contain two or more state-action

pairs increases, the performance of each algorithm decreases.

For example, the average solution rate for the traditional

algorithm decreases from 93.1% to 40.6% while the fraction

of equivalence classes that contain two or more state-action

pairs increases from 28% to 79% as the size of the grid

increases. The average solution rate for the optimized algo-

rithm decreases from 99.5% to 90.5% while the fraction of

equivalence classes that contain two or more state-action pairs

increases from 8% to 35% as the size of the grid increases.

The results also demonstrate that improved performance of

the optimized Kanerva algorithm over the traditional algorithm

corresponds to a reduction in the fraction of equivalence

classes that contain two or more state-action pairs. The op-

288



0.00

0.10

0.20

0.30

0.40

0.50

0.60

0.70

0.80

0.90

1.00

0 200 400 600 800 1000 1200 1400 1600 1800 2000

Av
er

ag
e 

so
lu

tio
n 

ra
te

Epoch

Rough Set-based Optimization
Frequence-based Optimization with 2000 Prototypes
Frequence-based Optimization with 1000 Prototypes
Frequence-based Optimization with 500 Prototypes
No Optimization with 2000 Prototypes

568 prototypes

(a) Average solution rate for traditional Kanerva, frequency-based
Kanerva and Rough sets-based Kanerva in 8x8 grid.
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(b) Average solution rate for traditional Kanerva, frequency-based
Kanerva and Rough sets-based Kanerva in 16x16 grid.
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(c) Average solution rate for traditional Kanerva, frequency-based
Kanerva, fuzzy Kanerva and Rough sets-based Kanerva in 32x32 grid.
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(d) Effect of Rough sets-based Kanerva on the number of pro-
totypes and the fraction of equivalence classes in 8x8 grid that
contain one state-action pair.

2000 Prototypes

955 Prototypes

0%

10%

20%

30%

40%

50%

60%

70%

80%

90%

100%

0

500

1000

1500

2000

2500

0 200 400 600 800 1000 1200 1400 1600 1800 2000

%
 o

f e
qu

iva
le

nc
e 

cl
as

se
s 

th
at

 c
on

ta
in

 o
nl

y 
on

e 
st

at
e-

ac
tio

n 
pa

ir

Nu
m

be
r o

f p
ro

to
ty

pe
s

Epoch

(e) Effect of Rough sets-based Kanerva on the number of proto-
types and the fraction of equivalence classes in 16x16 grid that
contain one state-action pair.
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(f) Effect of Rough sets-based Kanerva on the number of proto-
types and the fraction of equivalence classes in 32x32 grid that
contain one state-action pair.

Fig. 5. Average solution rates for different algorithms and effect of Rough sets-based Kanerva on number of prototypes and fraction of equivalence classes
that contain one state-action pair

timized algorithm reduces the fraction of equivalence classes

that contain two or more state-action pairs from 79% to 35%
while the average solution rate for the optimized algorithm

increases from 40.6% to 90.5% for a grid size of 32×32.

We evaluate the performance of rough sets-based Kanerva

coding by using it to solve pursuit instances on grids of

varying sizes. As a comparison, traditional Kanerva coding

and frequency-based Kanerva coding with different number of

prototypes are also implemented to solve the same instances.

When rough sets-based Kanerva coding is implemented during

a learning process, we also observe the change in the number

of prototypes and the fraction of equivalence classes that

contain only one state-action pair.

Fig. 4 shows the fraction of the original prototypes in the

reduct. These results show that the structure of the equivalence

classes can be maintained while using fewer prototypes. For

example, the equivalence classes induced by 1821 prototypes

for the optimized algorithm are the same as the equivalence

289



classes induced by 2000 prototypes for a grid size of 32.

Fig. 5(a)-5(c) show the average fraction of test instances

solved when learning algorithms are applied to instances with

varying grid sizes. The figures compare traditional Kanerva,

frequency-based Kanerva, and rough sets-based Kanerva. The

results show that the rough sets-based algorithm increases

the fraction of test instances solved over the frequency-based

Kanerva algorithm. After 2000 epochs, using the rough sets-

based algorithm with 568 prototypes with the 8×8 grid in-

creases the fraction of test instances solved over the frequency-

based algorithm with 500 prototypes and 1000 prototypes

from 87.3% and 92.9% to 99.3%. Fig. 5(b) shows that in

the 16×16 grid, after 2000 epochs, using the rough sets-

based algorithm with 955 prototypes increases the fraction

of test instances solved over the frequency-based algorithm

with 1000 prototypes and 2000 prototypes from 73.5% and

95.5% to 98.0%. Fig. 5(c) shows that in the 32×32 grid,

after 2000 epochs, using the rough sets-based algorithm with

1968 prototypes increases the fraction of test instances solved

over the frequency-based algorithm with 2000 prototypes from

90.5% to 92.7%.

The results in the grids of varying sizes indicate that rough

sets-based Kanerva coding uses fewer prototypes and achieves

higher performance. More importantly, rough sets-based Kan-

erva coding enables adaptive selection of the optimal number

of prototypes for a particular application.

Fig. 5(d)-5(f) show the effect of our rough sets-based

Kanerva coding on the number of prototypes and the corre-

sponding change in the fraction of equivalence classes that

contain only one state-action for a range of varying grid

sizes. In Fig. 5(d)-5(f), the bars correspond to the axis on

the left-hand side, and the continuous line corresponds to the

axis on the right-hand side. Fig. 5(d) shows that the rough

sets-based algorithm reduces the number of prototypes from

2000 prototypes to 568 prototypes and increases the fraction

of equivalence classes with only one state-action pair from

44.3% to 99.5% when applied to instances of size 8×8.

Fig. 5(e) shows that the rough sets-based algorithm reduces the

number of prototypes from 2000 prototypes to 955 prototypes

and increases the fraction of equivalence classes with only

one state-action pair from 53.3% to 99.8% when applied to

instances of size 16×16. Fig. 5(f) shows that the Rough sets-

based algorithm reduces the number of prototypes from 2000

prototypes to 1968 prototypes and increases the fraction of

equivalence classes with only one state-action pair from 52.5%
to 94.9% when applied to instances of size 32×32.

These results also demonstrate that rough sets-based Kan-

erva coding can adaptively explore the optimal number of

prototypes and dynamically allocate prototypes for the optimal

structure of equivalence classes in a particular application.

Finally, we investigate the effect of rough sets-based Kan-

erva coding when varying the initial number of prototypes. We

use our rough sets-based algorithm with 0, 250, 500, 1000,

1500 and 2000 initial prototypes to solve pursuit instances in

the 16×16 grid. Fig. 6 shows the effect of our algorithm on

the number of prototypes. The results show that the number
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Fig. 6. Variation in the number of prototypes with different numbers of
initial prototypes with rough sets-based Kanerva in a 16x16 grid.

of prototypes tends to converge to a fixed number in the range

from 922 to 975 after 2000 epochs. The results demonstrate

that our rough sets-based Kanerva coding has the ability to

adaptively determine an effective number of prototypes during

a learning process.

V. DISCUSSION

In Kanerva-based function approximation, the accuracy of

the function approximation is sensitive to the number of

prototypes. In general, more prototypes are needed to approx-

imate the state-action space for more complex applications.

On the other hand, the computational complexity of Kanerva

coding also depends entirely on the number of prototypes,

and larger sets of prototypes can more accurately approximate

more complex spaces. Neither traditional Kanerva coding nor

frequency-based Kanerva coding can adaptively select the

number of prototypes. Therefore, the number of prototypes

has a significant effect on the efficiency of traditional and

frequency-based Kanerva coding. If the number of prototypes

is too large relative to the number of state-action pairs,

the implementation of Kanerva coding is unnecessarily time-

consuming. If the number of prototypes is too small, even

if the prototypes are well chosen, the approximate values

will not be similar to the true values and the reinforcement

learner will give poor results. Selecting the optimal number

of prototypes is difficult for traditional and frequency-based

Kanerva coding, and in most known applications of these

algorithms the number of prototypes is selected manually [17].

VI. CONCLUSION

Kanerva coding can be used to improve the performance

of function approximation within reinforcement learners. This

approach often gives poor performance when applied to large-

scale multi-agent systems. In general, it is difficult to deter-

mine the optimum number of prototypes. In this paper, we

showed that rough sets can be used to understand and improve

the performance of a reinforcement learning algorithm.
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First, we showed that the relative performance of traditional

and frequency-based Kanerva coding can be understood by

examining the structure of the equivalence classes induced by

indiscernibility relations on the prototype sets. Next, we devel-

oped a new rough sets-based approach to Kanerva coding that

reformulates the set of prototypes and their implementation

in Kanerva coding. This approach uses the structure of the

equivalent classes induced by the indiscernibility relation on

the prototypes to explain why prototype collisions occur. Our

algorithm eliminates unnecessary prototypes by replacing an

original prototype set with its reduct, and reduces prototype

collisions by splitting the equivalence classes with two or more

state-action pairs. We showed that directly applying the theory

of rough sets to adaptively prune the prototype set can improve

the performance of the solver while reducing the number of

prototypes needed. Finally, we showed that the number of

prototypes needed to achieve good performance is not related

to the number of prototypes initially selected, and is a property

of the problem itself.

We conclude that rough sets-based Kanerva-based function

approximation can adaptively select an effective number of

prototypes and greatly improve a Kanerva-based reinforcement

learner’s ability to solve large-scale multi-agent problems.
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