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Problem 3.11

By setting x; = [7,...7;]7, then x; may be constructed from
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Let A? = 01;,;. From class notes, H/ A?x; is minimal and sufficient.
From (3.64) in the text,
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Problem 3.12

Since {x;} is an i.i.d. set of vectors,
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From this it is clear that the joint distribution of the M vectors be-
longs to the k—parameter exponential family. Intuitively, the sample
mean of each sufficient statistic for x is sufficient for the random
sample.



Problem 3.13d
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This is a 1 —parameter exponential family. From problem 3.12, Zf‘ial x;

is sufficient for 6, and it is also complete. The characteristic function
of this statistic is
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Note that the sufficient statistic has the same distribution as that for
xo, by replacing N with NM.

Problem 3.13e
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This is a 1-parameter exponential family. The statistic Ziﬂial is suf-
ficient for 6, and is Poission distributed with parameter M.

Problem 3.13f
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The pdf is found to be
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This is a 2-parameter exponential family, and (Zﬁo_l i, Zﬁo_l log xi)

is sufficient for (61,62). Equivalently, (Zf\ial Zi Hﬁalxl) is suffi-
cient.

Problem 3.13g
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This is a 2-parameter exponential family, and (Zﬁal log(x;) , Zﬁal log(1 — 1‘1))

is sufficient for 6. Equivalently, (Hﬁal(a’l) ; Hiﬂial(l —xl)) is suffi-
cient.

Problem 3.14d

It is not obvious how to proceed, so, let’s begin by considering the
simplest case, M = 1. Here we are looking for a mapping Wy (z() such
that its average is 6. In other words,
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This last equality is true for Wy (k) = k/(N + k — 1), and Wy(xo) is
unbiased for 6.

For M samples we use the fact that the sufficient statistic has the
same distribution as xy, by replacing N with NM. So, an unbiased
estimator for 6 is WNM(ZiAial x;). From the answer to 3.13d, the
characteristic function may be differentiated to find the mean for
r9, NO/(1 —0), and the variance for xo, N0/(1 — 0)2. The variance of
our estimator may be found by computing the second moment for
Wan (XM " #:), and the variance is 6/(1 — 6)%/(MN)




Problem 3.14e
Exo = Var(zg) = 0. As a result, 47 Ei]\ial x; is MVUB, and the mini-
mumm variance is %.

Problem 3.15
(a.)

C=0,""(1-6)

(b.)

(c.)
If 0y is known, then vazgl x; is sufficient for #; by the factorization
theorem.
(d.)
If 6, is known, then x( is sufficient for 6. Equivalently, any one of the
x; is sufficient.
(e.)
1
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