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Abstract-Thispaper extendsaveragingtheory forpaverelectron- 
icsystemrtoinclude feedbackcontrolledconvffters. New averaaina 
techniques based & the integral equation description pro;& 
theoretical justification for commonly used averaging methods. The 
new theory pratides a basis for annvering fundomental questions 
abow the averaging approximatwn. A ripple estimate expression is 
presented, along with the simulation results for a feedback con- 
trolled boost converter. 

I. INTRODUCI'ION 
State space averaging techniques are commonly used in the analysis 
and control of pulse width modulated (PWM) power electronic sys- 
tems [1,2.3]. However, itwasnotuntilrecently thatrigorousmathe- 
matical justification [3,4] was given which theoretically explained 
the applications of these averaging techniques. As [3.5] have 
winted out. the theoretical develoument of PWM systems lags far 
behind the many practical controfapplications. 

In [3]. classical Russian averaging techniques [6 ,7  are shown to be 
applicable to several types of PWM power electronic systems, such 
asopenloopdc-dcconveters. Besidesusing theseclassical averag- 
ing techniques toprove stability, [3] also gives aripple estimate for 
improving the accuracy of the averaging technique, even for sys- 
tems withlargeripple. However, the applicationof the results of [3] 
are limited to systems with time discontinuities1. 

In fact, the classical averaging theory used in [3] is not applicable 
when there are state discontinuities. This is significant because all 
feedback controlledconverters are statediscontinuous. In [3], thear- 
gument is made that smooth commutation models can be used in 
place of the discontinuous Heavisideunit step function to avoid any 
state discontinuity in the mathematical system model. In essence, 
this idea was introduced by Filoppov [8] to justify what is meant by 
solutions to state discontinuous differential equations. However, it 
has never been rigorously shown that these techniques can be used 
to justify averaging approximations. 

It is the purpose of this paper to introduce new averaging techniques 
which are general enough to encompass both time discontinuity and 
largeclassesofstatediscontinuity. This paper is. therefore, anexten- 
sion of [3] and. in particular, thii paper will address the following 
questions raised in [3], only now for feedback controlled converters 
with state discontinuity: 

1. Under what conditions do averaged models give useful 

2. Are the stability properties of the original and approxi- 

3. H o w  is the error of the approximation estimated, and how 

4. Is the approximation valid for large signah? 
5 .  What is the lower limit on the switching speed for averag- 

system approximations? 

mate system the same? 

is it improved? 

ing to be valid? 

In this paper, a system with 'time discontinuity" is described by a differential 
equation whose right-hand side is discontinuous with m p t  to time. A system 

with "sute discontinuity" is described by a d i f fmtia l  equrtion whose right- 
hand si& is discontinuovs with mspcct to a state variable. 
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Section II reviews some of the mathematical issues associated with 
statediscontinuous systems. Theaim~th~reticalcantri~tionof 
this paper iscontained in two theorems presented inSectionIU. Sec- 
tion IV discusses the practical implications of the results of Section 
II, and gives numerical examples and computer simulations. 

II. THEORETICAL PRELIMINARE3 

The difficulty in mathematically justifying avexaging approxima- 
tion techniaues of state discontinuous differential eauations can be 
best explked through an example. Considex the st& discontinu- 
ous differential equation 

i+) = f (x )  + bu(d(x) - tri (t.T)) (2.1) 

wherex E J", b E J m , f : J n - . J m a n d d : Q " - . a a r e b o t h  
continuousfunctionswith 0 5 d(x) 5 1 , and U ( * )  istheHea- 
viside step function, i.e., u(s) = 1 for s 2 0 and 
u(s) = 0 f o r s  < 0 . The function 
tri(t,T) = - froor (i) = isshowninFigure1. Equa- 
tion (2.1) is a typical representation of a feedback controlled PWM 
Buck converter [3]. 

T 

The usual condition for a unique solution of (2.1) to exist is that the 
right hand side satisfy a Lipschitzcondition. (A function, f(x) is said 
tobeLipschitzwithcons~tk>O~II f ( x )  - f (y )  115 k 11 x - y 11 
for any x E %", y E an .) However (2.1) is not Lipschitz since 
it is discontinuous withrespect tox. Hence, standard approaches fail 
whentrying toprovetheexistenceofauniquesolution -whichim- 
pliesthatformalaveraging approximationsof (2.l)carmot, ingener- 
al. be directly derived. There is an extensive amount of literature on 
differential inclusions which shows how one can redefine what is 
meant by a unique solution to (2.1) (see Filippov [8]). 

While, ingeneral,"standard"solutionsto (2.1) arenotknowntoex- 
ist, under the proper conditions (see Section II-A), there are a f d t e  
number of jumps in the right-hand side of (2.1) on any finite time 
interval andeachjump(switch)isnormbounded,duetothefactthat 
0 I U ( - )  5 1 . This implies that (under these conditions) the 
right-hand side of (2.1) is Lebesgue integrable for all t 2 to and 
that the solution of the integral equation 

is unique and a v -  
*. Hence, when no chattering occurs in the system, the "stan- 
dard" solution to (2.l)canbe derived and willbeequal to the solution 
of integral equation (2.2) almost everywhere. 

Furthermore, when there is no chattering, x(t; to, *(to)) = x(t). as 
given by (2.2). is acontinuous function, whichdependscontinuous- 
ly on its switching period, T. Using this fact, [4] develops approxi- 
mation techniques by examining (2.2) insteadof (2.1). This workby 
H. Sira-Ramirez shows that the solution of (2.2) canbe accurately 
approximated by an autonomous averaged system by letting 
T -. 0 . In [4], it is shown that there always exists a sufficiently 
small samplingperiodT, for which thedeviationsbetweenthe actual 



tri (t,T) 

Figure 1. Tri (r ,  T )  with ro = 0. 

PWM controlled responses (of an integral equation) and those of an 
averaged model, Mder identicalinitial conditions,remainarbitrarily 
close to each other. 

Therefon. it seems reasonable to appoachthe problem of approxi- 
mating thedynamicsof (2.1) by using classical averaging techniques 
on integral equation (22),  since aversgmgpvides answersto qua- 
tions l -5 in the In&duction. By performing averaging on an inte- 
gralequationinsteadof adifferentialequation, this paper will show 
that the difficulties due to many types of state discontinuities are 
eliminated. Thetechniquesusedrelyon therecently developedaver- 
aging theory presented m [9,10]. 

III. AVERAGING OF STATE DISCONTINUOUS POWER 
ELECTRONIC SYSTEMS 
In general form. feedback pulse width modulated systems consid- 
ered in this paper will be modelled by the integral equation 

whereit will always beassumedthat x E %".todenotes initialtime 
and, f i  : %" .-+ %" are locally Lipschitz functions, i.e. there exists 
an open neighborhood P C %" such that for every 
x ,  E P, x2 E P. there are constant positive ki satisfying 
11 fi(xl) - <(x2) 11 s ki 11 x1 - x2 11. The functions di : Q" -. %are 
the duty rahos and wdl also be assumed locally Lipschitz in L? with 
Lipschitz constant q. Furthermore, they will always satisfy 
0 I ddx) I 1 . 
Along with (3.1) consider the corresponding "averaged" integral 
equation 

At; to. y(t,)) = YO) 

= Y(t0) + j I j O 0 ) d F  + i = l  2 ~'i0CS)Mib~S))dS. '0 (3.2) 

wherej , and4 are as previously defined and y E %" . This section 
will discuss the conditions under which solutions to (3 . 2 )  can 
approximate solutions to (3 . 1). Since (3 . 2 )  is both continuous 
and autonomous, its analysis is much simpler than that of discontin- 
uous and time-varying (3 . 1) . 
A. Chattering 

By representing statediscontinuous differential equations by acorre- 
sponding integral equation. it is possible to rigorously explain aver- 
aging approximationsinpower electmnicsystems. However, itwill 
always be necessary to assume that the models under consideration 
have a finite number of right-hand side state discontinuities on any 
bounded time interval and that each discontinuity is Lebesgue inte- 
grable. This, is not always true for power electronic systems. For 
example, when systems are switching infinitely often (chattering), 

thereexistsno compact time interval in which theright-hand side of 
thedifferenti~equationis~tinwus. Hence, auniquesolutionto 
acomspondmgintegralequationwillnotexitintheupual~un- 
less the theory of dif€ncpd.l inclusions [8] b used. 
In this paper. we will always assume that the systemisnotchatrering. 
Thphysicalhplicationof rhisassumptionisthatpowereltctronic 
switches tum an and off ady once each PWM switching period. 
Conditions for guaranteehg this are presented in [ll] ud willnot 
be d i d  here. 
B. Theoretical Results 
Webagin~sect ionbyout l in ingthe~~tobetaLeninolda 
to justify the .ppoximatia~ of (3.1) by (3.2): 
C i v e n a n o ~ m o u s ,  m~~~equation(sUch(~1(2.1)~(3.1)) 

drd + j,'g(s. M, consi~thecar#rponding 

autonomous "avaaged" integral equation 

y(t) = y(td + / I i ~ s ) ) &  .whereH(.)isan"averagevalue"of 

g(t. - , a ) ,  and a*) doesnot dependon time, t, or on the switching 
period T. 

0 

-Takethedifferencebetweenthetwo integralequationstoob- 
tain 
II 40 - Yo) I1 5 II *to, - Y(t0) II 

+ I I  I,' b(s * 4 s ) ,  T )  - W ) l &  I1 - 
0 

S&p-& Show that for any d > 0, however small. and any L > tg. 
howeva large, there will always exist a To = To(d.L) and a 
constant K > Osuchthasfor 0 < T S To, 

II j,;t?(s x(4. n - g (Y(s))dsll 

5 d + K I1 x(s) - I . 
for any t E [to.L] . 

Immediately from step I, step 2 and Gronwall's inequality, 
this impbes that for t E [to.L] , L > to ,and 0 < T I; To 

where d - 0 as T .-. 0. This implies that on any arbitrarily large 
but bounded timeinterval. ifx(to) = y(to).then x ( r )  and y(t)canre- 
main arbitrarily close to e s h  other for sufficiently small switching 

Assume that x(r,,) = Y('p! and that y(t) approaches a uni- 
formly asymptotically stable equdibrium point. ys . Then there will 
always exist a suficimtly small To = To(d) such that. for 

period. 

0 < T 5 To. 

II x(r) - fit) II c d . 2 to . 
Furthermore, this result will remainvalid for initial mnditions which 
satisfy 11 4to) - y(to) 1 I fi , where /I > 0 is sufficiently small. 

L e r  x(t) and y(t) denate the soiurwns to (3 . 1) and 
(3 . 2)reqectively. ThenforanyconstanrsL>toand q > 0,there 
existsa To = To(q. L)  > 0 andaconstant K > Osuch that. for 
O e T s T , , ,  

II ~ ( t )  - II 5 (I1 dr0) - ~ ( 0 )  II + 7) exp( - t o ) )  

for all t E [to.L] . 

construct N + 1 piecewise constant functions Zit) ,  i=O, 1, ..., N. 
The main trick of the proof of Theorem 3.1 is to 
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f o o . 0 ) ~  + 2 j)Y(S))diO'(S))dS * 

i - 1  0 

Then, we have, 

II 40 - Yo) II = II ( B M )  - WYXt) I1 
5 I1 (BXXI) - (1-W N +I1 (BW) - WW) I1 
+I1 (WW) - (WXXt) I1 +I1 (wrx)(t) - (WYXI) 11. 

(33) 

Now, step 2 of the averaging algorithm must be performed. Each 
t a m  on the right-hand side of (3 .3 )  is considered separately. By 
constructing ?#) to approximate r(t) with arbitrary accuracy. the 

made arbitrarily small. In essence, this is due to the Fundamental 
Theorem of Calculus which states that any integral can be estimated 
by the sums of the areas of rectangles. Since i i ( t )  is piecewise 
constant ($Z)(r) and (WxXr)repnsent nothing more than areas un- 
derthecurveof apiecewisecastwtfunctionwhichiscquivalent to 
summing the areas of rectangles. Of course.. due to the dismntinui- 
tiesthat appear in g( a). moredvancodtheoretically arguments must 
be made in order to justify these approximations. 

Lilrewise. because f d .  ) and dA -)have been assumed Lipschitz. it 
is not too difficult to show that for any t E [t,,, L] 

quantities (1 (BxKt) - (%Sf) II and I1 W X t )  - (Wx)(4 llcan be 

II W X N 4  - WY)( t )  (I 511 * t o )  - YO01 II + K I,' II 4 s )  - Y(S) II d. 
0 

Now, the only term left to consider in(3.3) is 11 (jZ)(t) - (WZ)(t) 11. 
However. this term only considers the difference between the inte- 
gralsofpiecewiseconstantfimctions, whichas [9.10] show, isvery 
small under the conditions of Theorem 1. 

Remark3.2: Whenx(to) = yO,Theotem3.1 guarantees thatthere 
will always exist a sufficiently small switching period such that for 
any q > 0. however small. 11 x(t) - y( t )  11 < 7 on any h i t e  time 
interval. This bound is true, even when (3.1) or (3.2) are unstable. 
For the case when solutions are bounded, however more powerful 
theorems can be stated. 

ThechoiceofTo isbestfoundthroughnumericalsimu- 
lation, since theoretical estimates are often extremely conservative. 

0 T 2T 3T 4T 5 T  

:sible triangle waves 

One reason for poor theoretical estimates of To is that Theorem 3.1 
doesnotdistinguishbets~lermdunstablesystems. Forunsta- 
ble systems. itispossiblethat solutions to (3.1) and (3.2) grow expo- 
nentially, making it d i f f i i t  to estimate the difference, 

fromtheproofofTheorem3.1 andfrom basic 
averaging theory, it can be derived that To is sufficiently small if all 
three of the following conditions are satisfied: 

(i) there exists no chattering in the system; 
(ii) To c< 4, where 4 are the Lipschitz constants for A<-); 
(iii) To CC mi, where- aretheLipschitzconsmts for d i . ) .  

Thisisnot tosaythatforeverysysteminquestion,theswitchingpe- 
nod must be chosen so that (i) - (iii) are satisfied. For example, if 
solutions to (3.2) decay exponentially to anequilibrium point, then 
condition (ii) can be substantially relaxed It is important to remark 
that condition (i) must always be fulfilled or else the solutions of 
(3.1) will not be defmed in the usual sense. This answers quesrion 

Based on the Theorem 3.1 and the above discussion, 
it is possible to determine general conditions which suggest the im- 
provement of the accuracy of approximation between the original 
(3.l)andthe approximate(3.2)system(answeringquestion 1 inthe 
Introduction). Clearly, the approximation bemmes bem as the 
switching periodbecomes smaller, but also, as R e m k 3 . 3  mtes, the 
approximations will tend to improve for systems with smaller Lips- 
chitz constants. i.e. the smaller 4 and m;. Additionally. if, as Theo- 
rem 3.2 suggests below, the averaged system is stable, then the aver- 
aging approximations will also improve. In particular, the closer the 
solution of (3.2) is to its equilibrium point. the better the approxima- 
tion will become. Conversely, ifthe averaged system is unstable, the 
averaging approximation tends to worsen. Finally, a necessary 
condition for the solutions of (3.2) to approximate the solutions of 
!3.1) is that the initial conditions of the two systems must be chosen 
m appropriate neighborhoods. 

-One of the main advantages of the averaging technique 
is that nonlinearities are maintained in the averaged system. Hence, 
the approximation of (3.1) by (3.2) is valid even when the states, x. 
become large, which would not be true if a linearization technique 
were to be used. This answers question 4 in the Introduction. 

The proof of the following theorem is almost identical to Proposi- 
tion 4 of [3] and Theorem 2.3 of [lo]. 

Theorem3d: Letx(t) andy(t) denote the solutwnr to (3. I )  d ( 3  2) 
respectively, and let y, f Q 6, f y(t0)) denote a llnifonnly 
asymptotically stable equilibrium poinr. Suppose that 

y(t) - y* (Is t - QJ . 

II x(t) - fir)  II. 

5 posed in the Introductim 
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Figure 3. Feedback control boost converter. 

The above theorem gives conditions in which the inter- 
val inTheorun 3.1 can bemade infinite. For the case whmyfr) ap- 
proaches aunifomly lyrmptotically stableequilibriumpoint,ys the 
difference, I x(r) - fit) 1. cm be made srbiearily small. for all 
t 2: to.assuming 11 x(to) - Ato) I is sufficiently small. 

atives. Then, for anequilibrium point, y,. of (3.2) to be uniformly 
asymptotically stable. it is possible to check that 

Remark3.7:Supposefi(.) and d~~)haveamtinuouspartialderiv- 

have all solutions with Re(s) < 0. 

Remark: Theorem 3.2 guarantees that. under the proper condi- 
tions, when (3.2) is stable, then so is (3.1). Unlike (3.2), however, 
the solution to (3.l)willnotingenaala~o~hanequilibriumpoint 
as t - QD .since(3.l)isatimevaryingintegralequation. Ingener- 
al. thesolution to (3.1) will(assumingitis stab1e)approachaperiodic 
orbit whichoscillates in thevicinity of theequilibrium point of (3.2). 
This partially answers qllesrion 2 in the Introduction. 

In Theorems 3.1 and 3.2, the feedback signals are 
comparedwithrri(t,T). asshowninFigure 1. However, alltheabove 
theorems remain valid for triangle waves as shown in Figure 2 also, 
provided that they are rescaled to vary between zero and one (see 
Section IV). Furthermore. it is not necessary to compare each d,( .  ) 
withthesame functionwiththesameperiod. Forinstance. in(3.1). 
we might have u(d,(.) - tri(..Ti)) instead of 
u ( d X * )  - tri(.,T)),wkeTi mightnoteqdTi .fori # j .  AS 
long aseachT;issuffiuentlysmall, allpreviousresults remainvalid. 

C. Ripple Estimate 

It is often desirable to obtain an estimate on the ripple of the system, 
which will be denoted in this paper as wr. T. - ) . Then, practical 
applications of averaging tell us that a better approximation of the 
solution to (3.1) will be given by 

40 = At) + w. T. Y(0). 

where x( f )  and y ( f )  are the solutions of (3.1) and (3.2) respectively, 
Tis the switchingpexid and Y(r. T. - )is therippleestimatewhich 
is obtained by the following algorithm: 

Consider only the right hand sides of (3.1) and (3.2). Let x(b) = 
y(b). andreplace every x(s) andy(sjin(3.1) and (3.2) by theconstant 
c E W .  Nowtakethedifferencebetween(3.1)and(3.2)toobtain 

Figure 4. Simulated startup transient response of capacitor voltage 
for (4.1) and (4.2) for difIerent values of switching frequency. 

wherethemmponentsofdt)= [t(t).~.(t)lTarethemd~torcurrent 
and capacitor voltage. Note. that since the triangle wave in Figure 
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Figure 5. Simulpted stmt up transient response of both capacitor 
voltage and inductor current for (4.1) when switching frequency 
equals 100 KHz. 

3 varies from 0.7 V to 3 V. it is necessary to rescale the system into 
(4.1) so that Theorcm 1 and 2 can be applied. This is easily done 
scaling the duty ration function using the mini” (trimin = 0.7 V) 
and maximum (trtnm = 3.0 V) values of the triangle wave: 

g(x) - trimin 
4 x )  = trM - rr&’ 

where&) is defmedinFigure3. For thisspecific g(x), we have VRW 

The corresponding average of (4.1) is then given by 

= 0.3123. kl = 0.412.3 and 4 = - 0.1/2.3. 

At) = y(kJ + 1,; ~ Y M  + b l h  + A,AddYOd))dr . (4.2) 

ApplicationofTheorms 3.1 and 3.2 is now immediate uponnoting 
that, using the Fevious notation, h(x) = &x + 6 ,jj (x) = Alx, and 
N = 1. Figure4 illustratu the switching and averaged trajectories of 
thecapacitor voltage fordifkmtswitching periods. As thefrequen- 
cy of thesystem. 5. in”ics.orcquivalmtly as the switching period 
deaeases (since fs=T1). the approximationofx(t) by y(r)  improves. 
Forexample. whenfs=50KHz,system (4.l)has acapacitorvoltage 
that in steady state, oscillates about (approximately) 73 V. 
The averaged system, on the other hand, approaches (approximate- 
ly) 8.5 V. As the f r q m c y  of the system imeases (theswitchingpe- 
rioddecreases) thecapacitor voltage for (4.2) moreclosely approxi- 
mates the capacitor voltage of (4.1). For fs = 1MHz. system(4.1) has 
steady statecapacitor voltage which oscillates about (approximate- 
ly) 8.4 V, representing a sisnifcant improvement. Additionally, for 
larger frequency, the amplitude of theripple decreases. This further 
verifies Theorems 1 and 2 which state that the approximation be- 
tween the averaged system and the original system improves as the 
switching period decreases. Similar results can be obtained for the 
inductor current. 

Using (3.3). it is possible to directly compute an estimate on the rip 
ple of the system as 

j:: 

W. T. YO)) 
= T A,  fir){ ~U(do(0 )  - tr4t.T)) - dO(r))l W, r )  

+ [I - u(dO(r)) - W. r))l d(r(N 

+ 3 4HO) [dMO) - 11 1 . 
F i w  5plotsthecapacitorvoltagermdinduaorcurrentoftheorigi- 
nalsystem(4.1)whenfa= 1 0 o K H ~  Acomparisonoftheseplotscan 
be made with Figure 6. which shows the improvement of the 

Figure 6. Simulated start up transient response of both capacitor 
voltage and inductor current for (4.2) and with ripple correction 
when switching frequency equals 100 KHz. 

averaging technique by approximating x(t) by 
x(t) - y(r) + q r ,  .T, y(r)) and updaring the initial mditim 
y(b). by solvmg (given Nb)) the nonlinear equation 

x(t) = 

Figure 6 indicates that the “shape” of solutions to averaged system 
(4.2) added to the ripple estimate closely resembles the “shape” of 
solutions to the original system (plus. perhaps, a dooffset). There- 
fore. therippleestimatemay provideimportantsystem information. 
even at a low frequency (large switching period). 
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