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Abstract 

This paper develops a framework for averaging func- 
tional differential equations (FDEs) with two time 
scales. Averaging is performed on the fast time system, 
while slow time is ‘frozen.’ This creates an  averaged 
equation which is slowly time-varying, hence the termi- 
nology of partial averaging. We show that solutions of 
the original FDE and its corresponding partially aver- 
aged equation remain close on arbitrarily long but finite 
time intervals. Next, assuming that the partially av- 
eraged system has an exponentially stable equilibrium 
point and that we restrict our interest to initial con- 
ditions that lie in the domain of exponential stability, 
the finite-time averaging results are extended to infinite 
time. In the special case of pointwise delays, exponen- 
tial stability of the averaged system can be related to 
the frozen-time eigenvalues of its linearization. 

1 Introduction 

The method of averaging has found widespread appli- 
cations in fields such as adaptive identification and con- 
trol, vibration control, stability of oscillators(see [l, 41 
for general discussions), and open-loop control[2, 16, 
151. The goal of “classical averaging” is to determine 
conditions in which the solution of a time-varying ordi- 
nary differential equation which admits a small parame- 
ter can be approximated by the solution of autonomous 
ordinary differential equation. Classical approaches use 
near identity changes of variables to transform the time- 
varying system into a system with an autonomous com- 
ponent and a small time-varying component. Once this 
transformation has been made, stability and transient 
properties of the original time-varying system can be 
inferred from conventional analysis of the autonomous 
component. 

The theory of averaging for FDE’s is currently less de- 
veloped than for ODE’s. In the 1960’s, authors such 
as 151, [6], [7], [14], [3], and [lo] approximated classes 
of FDE’s by autonomous, averaged ODE’s. In [13], [9] 
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and [8] averaged models that are FDE’s (instead of the 
classical ODE approximation by [5], [6], [7], [14], [3], 
and [lo]) are presented. Apparently, maintaining the 
infinite dimensional nature of the averaged system im- 
proves its accuracy. The trade-off is that analysis of the 
averaged system becomes more difficult. 

This paper extends the results of [13] and [9] to in- 
clude systems with two time scales. Unlike the one 
time scale case, the averaged equation remains time- 
varying. However, only the slow time scale appears in 
the averaged equation, simplifying its analysis. 

Specifically, we consider the FDE 

Here, tt E C = C( [-T, 01, R”), where T 2 0 is a constant 
and zt = q ( O ) ,  -9- 5 0 5 0. The parameter E satisfies 
0 5 E << 1 and f : Iw x C x R + R” is a smooth 
functional. 

Define the corresponding partial average of (1) by 

where 

In Theorem 1, we give conditions that guarantee so- 
lutions of (1) can be approximated by solutions of 
the partially averaged system (Z), with Fa, given in 
(3), on arbitrarily large but finite time intervals, i.e. 
It(t) - z ( t ) l  = U ( € )  on time intervals t N U ( ~ / E ) .  

Next, we extend the averaging results to infinite time 
intervals under the assumption that the partial aver- 
aged equation has an exponentially stable equilibrium 
point, given by Theorem 2. The proof of Theorem 2 
follows almost directly from previously known results. 
Essentially, the infinite time interval can be viewed as 
two different time intervals. First, there is the finite 
time interval in which solutions of the averaged equa- 
tion uniformly approach the equilibrium point to arbi- 
trarily small accuracy. On this time interval, Theorem 



1 can be used to guarantee closeness of the partial aver- 
aged and original time-varying FDE's. In some sense, 
the partial averaged solution has 'dragged' x ( t )  into an 
arbitrarily small ball around a point. Using proper- 
t8ies of uniformity and exponential stability, it is then 
straightforward to show that neither x ( t )  nor z ( t )  can 
ever leave this ball, and therefore, I x ( t )  - z ( t ) l  = O ( E )  
for all t 2 t o .  This can be proved in several ways, e.g. 
induction, proof by contradiction, etc. 

Theorem 3 considers the special case when there are 
pointwise delays in (1). In this case, it is possible to 
relate the conditions of Theorem 2 to the correspond- 
ing frozen-time eigenvalues of the Jacobian of ( a ) ,  and 
hence, guarantee I x ( t )  - z ( t ) l  = a(€) for all t 2 t o .  

The outline of the paper is as follows. Section 2 gives 
preliminary definitions and lemmas. Section 3 presents 
the averaging results. Section 4 gives examples, fol- 
lowed by conclusions in Section 5. 

2 Preliminaries 

Let R" be the n-dimensional Euclidean space. Let 
C = C([-r,O],R"),  r 2 0 ,  denote the space of contin- 
uous functions that map [-r,O] into Rn. If z ( t )  is a 
continuous function defined on [ t o  - r, L] ,  then we de- 
fine xt E C by setting xt(0) = z ( t  + O ) ,  0 E [-r,O] 
for each t o  5 t 5 L ,  where L > t o .  For each $ E C, 
let ll$ll denote sup{I$(B)I : B E [-r,O]}, where 1 .  I is a 
norm of R". For any D C R,", let C(D)  = C([-r, 01, D) .  
The functional f : R x C -+ R" is always assumed to 
be continuous. Let $( t )  be a continuous function on 
t E [to - r,to], and assume in (1) that z ( t )  = #( t )  
on this interval. Then (1) has a solution which is de- 
noted as x ( t )  = x ( t ; t o , d ) .  (We also sometimes write 
xto  = 4to = 4 E C, in a standard mild abuse of no- 
tation.) Likewise, the solution of ( 2 )  is denoted as 
~ ( t )  = z ( t ; t o , 4 )  for zto = 4. All derivatives are as- 
sumed to be right-hand derivatives. The parameter E 

will always be assumed to be non-negative. 

Definition 1 Suppose that f : R x C x R -+ R" 
is continuous and is uniformly bounded such that 
I f ( t , $ l X ) I  5 M for all ( t , $ , X )  on R x C ( D )  x R. 
Assume further for any ( t ,  qi, Xi )  in R x C ( D )  x R, 
i = 1,2 ,  there exist 11'1 > 0 and I<? > 0 such that 

Furthermore, suppose that, the average in (3)  exists uni- 
formly in t for all ($, A )  in C( D )  x R . Then f is said to 
be a partial KBM-functional (Krylov-Bogolyubov- 
Mitropolsky). 

I f ( t , ~ ~ 1 , X l ) - f ( t , $ 2 , X 2 ) 1  L K1111C11-1C,'II+li21X1-X?I. 

Definition 2 Suppose that x ( t )  = z ( t ;  t o ,  4) is the so- 
lution to (1) with initial function 4 E C. The moving 

average of x ( t )  is denoted by Z ( t )  and is defined as 

for t E [ to  - r,  t o )  
- x ( t )  3 { 4 1 k t + ~ x ( s ) d s ,  for t 2 t o ,  

where T > 0. 

Definition 3 Consider a functional 

f : R x C([-r, 01, RP) x R -+ Etn ,  

where p E Z+. Then the local partial average o f f ,  
denoted by fT is defined as 

T 

fT(t, $ 9  A) E $1 f(t + s ,  $ 3  X)ds 

where T > 0. 

Remark 1 The above definitions of partial KBM- 
functionals and local partial averages are extensions of 
definitions of given in [9] for full (non-partial) averaging 
of FDE's. The term 'partial' is included in the defini- 
tions since applications of Definitions 1 and 3 in this 
paper will eventually replace X with et.  Hence, time 
dependence has not been completely eliminated in the 
averaging process. 

In addition to (1) and (2), consider the locally averaged 
FDE 

?$) = E f T ( t ,  Yt? 4. 
As usual, denote the solution of (4) with the initial func- 
tion yt0 = 4 E C as y(t) = y ( t ; t o , d ) .  

(4) 

The goals of this paper are to derive conditions in 
which Ix(t;to,q5) - z ( t ; t o , d ) ]  = & ( E )  on time inter- 
vals of length U(l/e) and on infinite time intervals 
(when possible) where Q(E) -+ 0 as E + 0. This is 
accomplished by first showing I x ( t )  - Z ( t ) l  = U ( E T ) .  
Next, the moving and local average are shown to be 
I Z ( t )  - y(t)l = U ( E T )  + U ( E T ) .  Then, as a final step, it 
is shown that ly(t) - z ( t ) l  = U ( y ( T ) ) ,  where y ( T )  -+ 0 
as E -+ 0. Hence, it is possible to select T = l/& 
and prove the final results. In order to perform these 
steps, we will use the following lemmas. Their proofs 
are similar to the lemmas found in [9], and are therefore, 
omitted. 

Lemma 1 Assume that the solution to ( 1 )  satisfies 
x ( t )  E D for  t E [ t o  - r,to + L1 + TI where L1 > 0 
and T > 0. Assume further that I f ( t , + , X ) J  6 M 
for  all ( t , $ , X )  on ( [ t o  - r , to  + L1] x C ( D ) ) .  Then 
c(t) E D and Iz(t) - F ( t ) l  5 c M T / 2  = U ( E T )  for all 
t E [ t o  - r,to + L l ] .  
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Lemma 2 Assume that f is a partial IiBM-functional 
and let Iil, I i 2 ,  and M be as given an Definition 1. 

I i 2 1 A 1  - A21 and furthermore l f ~ ( t , $ ~ , A 1 ) 1  _< A4 for  
all ( t ,  $', X i )  in (R x C ( D )  x R ) ,  i = 1,2. 

Then I f ~ ( t , $ ~ , X 1 )  -f~(t,$',Az)l I Ii1IW1 - $'I11 + 

3 Partial Averaging Theorems 

In this section we present partial averaging theorems 
for both finite and infinite time intervals. Lemma 3 
represents the important foundation of the averaging 
results. In this lemma it is shown that solutions to 
the local partial averaged equation remain close to the 
moving average of ~ ( t ) .  The proof of the lemma ex- 
tends methods of [9] to the more complex case of par- 
tial averaging. Difficulties arise from the fact that 

implying that the right hand side of this inequality no 
longer is time dependent (here we suppose t l  and t 2  

are time instants). Because of this, bounds on time 
growth are utilized to prove Lemma 3. Once Lemma 
3 is proven, it is straightforward to show that y(t) and 
z ( t )  remain close to each other. Hence, finite time in- 
terval averaging is proven. 

To prove closeness on infinite time intervals, it is as- 
sumed that the partial averaged equation has an ex- 
ponentially stable equilibrium point and that all ini- 
tial functions lie in the domain of exponential stability. 
By properties of exponential stability, the solution to 
the partial averaged equation is known to uniformly 
approach the equilibrium point. From the previously 
proven averaging theorem, it is known that the solu- 
tions to the original timevarying FDE will remain close 
to the averaged solution on finite time intervals. In 
essence, t ( t )  is being dragged closer and closer to the 
equilibrium point of the averaged system. When both 
the original and partial averaged solutions become very 
close to the equilibrium.point, then lz(t) - t(t)l is very 
small. Induction can then be used to prove these infinite 
time resuits. 

IfT (tl $'l, t l  )-fT (t"d", 22) 1 5 Ii1 I 1'$1-$'2 I I + I i 2 1 t l - t 2  I t  

Lemma 3 Let the assumptions of Lemma 1 and 
Lemma 2 hold true for L1 = L / E ,  where L and E are 
positive constants. Assume that z ( t )  = y(t) = d ( t )  on 
[to - T , ~ o ] ,  where q5 E C ( D ) ,  and assume that y(t) E D 
for  all t E [ to , to  + L / E  + Tj. Then ( y ( t )  - F(d)(  = 
O(cT) + O(ET)  on t E [ t o  - r , t ~  + L / E ] .  

Proof: On t E [ t o  - T,  t o ) ,  Iy(t) - F(t ) l  = 0. For t 2 t o ,  

~ T ( s ,  Y S ,  ES)dS - F ( t )  

Taking the derivative of F ( t ) ,  we have for t > t o  
- 1 
~ ( t )  = ; ; ; [ t ( t  + T )  - ~ ( t ) ]  

We note that F ( t )  usually has a discontinuity at t = t i  : 
however, it has previously been shown in [9] that this 
does not affect analysis if we divide the interval of 
interest into two subintervals. Let 6 > 0 be an ar- 
bitrarily small constant, and consider Iy(t) - F ( t ) l  on 
t E [ to ,  t o  + T + 4. By the definition of a partial KBM 
functional and by Lemma 2 ,  for t E [ t o ,  t o  + T + 4 

IY(t) - w1 5 / W O )  - y(to)l 

+ E  ir+r+a ($ lrtT M d r  + M 

From Lemma 1 and the assumption that y(i0) =  to), 
we have that Iy(t0) - ??(to)) 5 cMT/2. Therefore, for 
t E [ t o , t o  + T + 61, we have ly(t) - F ( t ) l  5 c M ( T / 2  + 
2r + 26). 

E S )  I d s  

)dr lds .  

From above, we have that Iy(t1) - F(t1)l 5 cM(T/2 + 
2r+2b). By Lemma 2 and the assumption that 2, i and 
y remain in D ,  we have I~T(S,F~,ES) - f~(s,z,,cs)( I 
Ic~ll.lT/2 and I ~ T ( s , Y ~ , E s )  - ~ T ( s , z ~ , c s ) I  5 I ~ i l I y s  - 
z,11 for t E [ t o ,  t o  + L / E ] .  Likewise, for s E [to,  t o  + L / E ]  
and T E [O,T] 

L I 
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For t E [ t o ,  t o  + L/c] and T E [0, TI 

f ( s , x s , E s ) d s  5 cMr .  II t+T+@ 

1 1 %  - XS+Tll = E 

Using the above inequalities, for t E [ t o , t o  + L/c], (5) 
heconies 

IYP) - Wl 
I € M ( T / 2  + 2r + 26) 

The right-hand side of the above inequality is increas- 
ing, and therefore, for t E [ t o ,  t o  + L/c] 

SUP lY(S) - F(s)l 
S E [ t O , t ]  

5 cM(T/2 + 2r + 26) + cTL(IilA4 + Ii2/2) 

sup Iy(a) - Z(r ) lds .  

By Gronwall’s inequality, this implies for t E ( t o ,  t o  + 
L / E ]  that 

sup ly(s) - z(s)l 5 [ c M ( T / 2  + 2r + 241 
S € [ t O , , t l  

+cTL(I<lM + I<2/2)] exp{cIC(t - t o ) } .  

The constant 6 is arbitrarily small (e.g. select 6 = E T ) ,  

and therefore, the above inequality implies that Iy(t) - 
0 ~ ( t ) l  = O(cT) + O(w) on t E [ t o ,  t o  + L / E ] .  

Remark 2 If f is T-periodic in its first argument, 
i.e., f ( t  + T, .) = f ( t ,  .), then we have proven partial 
averaging. For the case when f does not admit period- 
icity, then it is necessary to relate solutions of the local 
partial averaged system to the partial averaged system, 
as given in Lemma 4 below. 

Lemma 4 Assume that f is a partial ICBM-functional, 
and consider (2) and (4)  with continuous initial func- 
tion z ( t )  = y(t) = d ( t )  on t E [ t o  - r, to].  Assume that, 
for any L > 0 and 6 > 0 ,  both z ( t )  and y(t) remain in 
D f o r t  E [ t o - r , t o + L / ~ ] .  Then I y ( t ) - z ( t ) l  = O ( y ( T ) )  
on t E [ t o  - T ,  t o  + LIE], where 

7 (T)  = sup IfT(t, ‘$, A) - Fau(’$t 
Q E C ( D ) ,  t > t o ,  X>O 

Proof: Since z and y have the same initial functions, 
it is only necessary to consider t o  5 t 5 t o  + L / E .  On 
this time interval 

Remark 3 Since f is assumed to be a partial KBM- 
functional, the function y(T) + 0 as T + 03. Using 
this fact, it is now possible to prove partial averaging 
for FDE’s by letting T = 1/&. 

Theorem 1 (Finite Time Intervals) Suppose that 
f is a partial ICBM-functional and that (l), (2) and (4) 
have the same continuous initial function, q5 E C(D) ,  
on t E [ to  - T ,  t o ] .  Let L > 0 be a constant that is inde- 
pendent of E ,  and define y ( T )  as in Lemma 4. Assume 
that z ( t )  lies in D for t E [to - r,to + L / E  + l/&, 
and that y(t) and z ( t )  lie in D f o r t  E [ t o  - T ,  t o  + L / E ] .  
Then lz(t)-z(t)l = O ( Q ( E ) )  fo r  allt E [ to - r , t o+L/~] ,  
where Q ( E )  + 0 as E + 0.  

Proof: From Lemmas 1, 2, and 4 for t 6 [ to  - r,to + 
LIC + TI  

Setting T = 1/& completes the proof. 0 

Remark 4 Theorem 1 shows that solutions to the par- 
tial averaged equation remain arbitrarily close to solu- 
tions of the original two time scale FDE on finite but 
arbitrarily large time intervals, provided that c is suffi- 
ciently small. Theorem 2 ,  which is presented next, pro- 
vides additional conditions so that the interval can be 
extended to infinite time. Solo[l2] refers to these types 
of averaging theorems as hoverzng theorems, since solu- 
tions “hover” around equilibria of the averaged system. 

Theorem 2 (Hovering Theorem) Assume the hy- 
potheses of Theorem 1 are true for all t 2 t o  - r .  Let 
z ,  be an exponentially stable equilibrium of (2), and 
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let the initial function $( t )  lie in the domain of expo- 
nential stability of z,, where z ( t )  = z ( t )  = $ ( t )  for 
t E [ t o  - r,to]. Then 

SUP Iz(t) - z(t ) l  = Q ( Q ( 6 ) ) .  
t 2 t o  

where Q ( E )  + 0 as E + 0 ,  and is given in Theorem 1. 

Proof: Given Theorem 1 and noting that the assump 
tions of Theorem 2 guarantee uniform decay of solutions 
of the partial averaged equation to its equilibrium point 

0 

Suppose now, we are interested in the specific case when 
we have pointwise delays, i.e., consider (1) with 

z,  , the proof follows from Theorem 2 of [9]. 

f ( t ,  z t ,  e t )  = g ( t ,  z ( t ) ,  z ( t  - r), e t ) .  (6) 

Then the averaged equation is given by ( 2 )  with 

We remark that we limit the discussion to systems with 
one time delay purely for convenience, and the results 
can easily be extended to systems with multiple time 
delays. 

Shanholt has previously related the stability of classes 
of slowly time-varying linear FDE's to their frozen time 
eigenvalues [ll]. Using this fact, it is possible to state 
the following theorem. 

Theorem 3 (Point Delays) Consider (1) with f 
given by (6) and Fa, given by given by (7). Assume 
the hypotheses of Theorem 1 are true for all t >_ t o  - r 
and that G,, ( c l ,  c2, A) has continuous Frechet deriva- 
tives with respect to its second and third arguments for 
all ( c l ,  c2, A) E Rn x IR" x IR. Suppose there is a point z, 
such that limt-tcoz(t;to,q5) = z ,  and that for all X 2 0 

has all solutions, s = .(A) with R e { s }  5 -0 < 0.  

Then 
SUP lx(t) - 4t) l  = O ( Q ( 0 ) .  

where & ( E )  + 0 as E + 0 ,  and is given in Theorem 2. 
t > t o  

Proof: The conditions of the theorem guarantee that 
the frozen time eigenvalues of the linearization around 
zt: have negative real part for all t,ime. Therefore, [113 

guarantees that the linearization around z ,  is exponen- 
tially stable. This implies that nonlinear system (2) 
with Fa, given by (7) also has exponentially stable equi- 
librium point z,. The proof now follows directly from 
Theorem 2 above. 0 

4 Example 

Consider the nonautonomous scalar differential delay 
equation given by 

1 
i ( t )  = E -4cos2((t)z(t - r) + 2(1 + c o s ( ~ t ) ) z ( t ) ]  , 

(8 ) 
[ 

where z( t )  = q5(t) on the interval t E [-r,O]. The 
partial averaged model ( 2 )  proposed in this paper is 
given as 

where ~ ( t )  = +(t) on the interval t E [-r,O]. By 
Theorem 1, Iz(t) - z ( t ) l  5 Q ( E )  for t E [O,t] where 
Q ( E )  + 0 as E + 0. However, the zero equilibrium 
point of delay differential equation (9) is not always 
asymptotically stable. The characteristic equation of 
(9) is given by 

Since 4 [l + c o s ( d ) ]  5 1, the characteristic equation has 
solutions with negative real part when 

The above condition will guarantee that 3 = 0 is expo- 
nentially stable for sufficiently small E .  Theorem 3 guar- 
antees that for sufficiently small E ,  ( z ( t )  - z( t ) l  5 & ( E )  

for all t 2 0. 

This result can be checked numerically, and the results 
of two simulations are shown in Figures 1 and 2. Figure 
1 shows the solutions to (8) and (9) for E = 0.2, r = 
2.5, and z ( t )  = z ( t )  = 1 in t E [-r,O]. In this case, 
Er < 0.6046 and the solutions approach the origin as 
predicted. Figure 2 shows solutions to (8) and (9) for 
E = 0.2, r = 3.5, and z( t )  = z ( t )  = 1 in t E [-r,O]. 
Now, Er > 0.6046 and the solutions wander away from 
the origin as predicted. Note that in both cases, the 
solution to (9) closely follows the solution of (8). 

5 Conclusions 

This paper extends the method of averaging to FDE's 
with both slow and fast time dependency. The method 

4688 



Solution to 8) 
Solution to 19, - 1 

-2 

-3 

0.6 

0.4 

0.2 
r- 

g o  
-0.2 

-0.4 

-0.6 

v -  - 

- 1 '  ' ' I 
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Figure 1: Solutions to (8) and (9) for E = 0.2 and r = 2.5. 

0 5 10 15 20 25 30 35 40 45 50 
t 

Figure 2: Solutions to (8) and (9) for E = 0.2 and r = 3.5. 

of taking moving and local averages is used to relate 
solutions of the original FDE to its corresponding par- 
tial average. The partial averaged models are slowly 
time-varying. However, due to the results of [ll] it is 
sometimes possible to treat the system as if it were 
time-invariant, by analyzing frozen time eigenvalues. 
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