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Abstract

This paper develops stability criterion for fast oscil-
lating linear systems with time varying state delay.
The results are compared to known results for con-
stant delay and for zero delay.

1. Introduction

Recent papers [1, 2] have presented stability criteria
for classes of the time varying dynamical system

z'(t) = [A+ LD(t/e)]=(t) + Bz(t —7) (1)

where 2 € R", A and B are constant n x n matrices,
t is dimensionless time, D(t/¢) is a zero average pe-
riodic matrix with period of order ¢ > 0, and r is a
nonnegative constant.

In [1}, it was shown that if » = eb, where b is a non-
negative constant, there exists an €y such that for
0 < € < €, the hyperbolic stability properties of (1)
are identical to the hyperbolic stability properties of
the o.d.e.

#(t) = [4 + B(¥)]2(t) ()

where

A= % /D ! &-1(t)AB(t)dt

Bb) = % /0 " 8-1(1)Ba(t - b at

and () is a T-periodic fundamental solution of
v (t) = D()y(t). (3)

These results show that if the delay in (1) is suffi-
ciently small, i.e. r = O(e), the hyperbolic stability
properties of (1) correspond to the hyperbolic stabil-
ity properties of a time invariant o.d.e. for sufficiently
small e. However, the delay still influences the spec-
trum of (2) via the elements of B(-). -

Later, in [2], the above results were extended to sys-
tems with arbitrarily large but bounded constant de-
lay. In [2] it was shown that for a sufficiently small
fixed € = €;, the hyperbolic stability properties of (1)
correspond to the hyperbolic stability properties of
the time invariant delay differential equation

2'(t) = Az(t) + B(r/e1)z(t — r) (4)
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where 4, B(-), and &(-) are as defined in (2) and (3).
Also, in [2] the authors show how these stability theo-
rems can be used to synthesize vibrational controllers
for general classes of time lag systems. Likewise, the
results of [1] were used to develop the techniques of
vibrational control for systems with small delay [3].
In fact, the stability of (1) was originally studied for
the special case when » = 0 in [4]. Later, these re-
sults were used to design both vibrational and peri-
odic controllers for finite dimensional systems [5].

It is the purpose of this paper to extend the stabil-
ity results in [1, 2, 4] to classes of systems with time
varying, bounded delay, Since the previous results in
[1, 2, 4] have been useful in the design of vibrational
and periodic controllers, it seems reasonable to ex-
pect that the results of this paper could also be used
to design vibrational controllers for systems with time
varying delay. In fact, we will show that the stabil-
ity results in [1, 2, 4] are special cases of the results
in this paper. In particular, this paper removes the
restrictions in (1, 2] that the delays in a system must
be precisely known and constant.

2. Preliminary lemmas -

Consider an almost periodic system

V' (t) = Fot/e)y(t) + Fu(t/e)y(t — o(t))  (5)
where y € R®, Fi(:), i = 0,1, are almost periodic
on [0,00), € > 0, and g(t) is a time varying delay
satisfying 0 < g(t) < r for t € [0, 00) and some non-
negative constant r. Define the averaged equation
corresponding to (5) as

#(t) = Foslt) + Fusl(t - g(t)  (6)
where
- . 1T )
p,.legxgoT/O“ Fi(t)dt i=0,1.

Lemma 1: There exists a sufficiently small ¢y such
that for 0 < € < €, the hyperbolic stability prop-
erties of (6) are identical to the hyperbolic stability
properties of (5).

Proof: Noting that y(t) = 0 is the unique a priori
known almost periodic solution of (5) in the neigh-
borhood of z(t) = 0, the proof of the lemma directly
follows from [6, Theorem 5.3].



Remark 1: Lemma 1 states the following: for suffi-
ciently small ¢, if z = 0 is a uniformly asymptotically
stable (unstable) equilibrium point of (6), then y = 0
is a uniformly asymptotically stable (unstable) equi-
librium point of (5). The value of € in Lemma 1 is
best described by numerical simulations.

Lemma 2: Assume that g(2) is a continuous bounded
scalar function with lim;_, g(t) = M, M > 0. Sup-
pose further that f(t) is a continuous scalar almost
periodic function for all t € (—o00,00). Then there
exists some t; > 0 such that f(t — g(t)) is almost
periodic for t > ¢,.

Lemma 3: Let f(t) be as in Lemma 2. Assume that
g(t) is continuous and almost periodic for ¢ > t,.
Then f(t — g(t)) is almost periodic for t > ;.

The proofs of Lemmas 2 and 3 are minor exercises
using the properties of almost periodic functions (see

(7).
3. Main results

Consider the fast oscillating delay differential equa-
tion

2'(t) = [A+ ¢ D(t/e))=(t) + Bz(t —9(t)) (7)

where z, A, D(-), and B are as in (1). We will always
assume:

g(t) ts a continuous scalar function with
0< g(t) <r for allt > 0 and for some
r > 0. Further, g(t) is either (i) almost
periodic fort >ty or (i) limy_, o, g(t) =
M<r.

The above statement will be referred to as hypothesis
(H).

Remark 2: Clearly, not all time varying delays satisfy
hypothesis (H). However, in many cases it may be
more accurate to model a system with a delay that
periodically drifts between certain values, or with a
delay that eventually approaches a constant, than it
is to model a system with purely constant delay.

Along with (7), consider the following autonomous
delay differential equation

£(t) = Aa(t) + Clg, )t - o8))  (8)

where 4, ®(-), z, g(-) and ¢ are as previously defined,
€ > 0 is a fixed constant, and C(g, €;) is given by

= 1T -
C(g,e1)=Tan;oT/0 &1(L)Be(=LY) dt,

Theorem 1: Assume that D(t) in (7) is a piecewise
continuous almost periodic matrix with zero average
on t € (—oo,00). Suppose, also, that g(-) satisfies
hypothesis (H). Then there exists an ¢; sufficiently
small such that for each fixed e = €;, 0 < €; < €p, the
trivial solution of (7) is:
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(i) asymptotically stable if z = 0 in (8) is asymptot-
ically stable;

(ii) if z = 0 in (8) is unstable.

Proof: Let ®(t) be a fundamental solution to the dif-
ferential equation

¢'(t) = D(t)(t). (9)
Since D(-) is piecewise continuous and almost peri-
odic, ®(t) will be both (uniformly) continuous and

almost periodic. Introducing the Lyapunov transfor-
mation z(t) = ®(t/€)y(t) into (7), we obtain

V(1) = 27 (t/e)AB(t/e)y(t)
+ @71 (t/e)BR(*=L)y(t — g(t)). (10)

Since $(t) is a fundamental matrix, its inverse exists
and will also be almost periodic (see [7, page 35]).
Likewise, by Lemmas 2 and 3, there will always exist
some L > 0 such that &(¢ — g(t)) will be almost peri-
odic for ¢ > L. Hence, each matrix in (10) is almost
periodic, and therefore, so are their products. This
implies that Lemma 1 may be applied provided that
the solution to (10) is bounded for ¢ € [0, L]. This is
the case under the assumptions of the theorem since
the right hand side of (10) is Lipschitz. Therefore,
by Lemma 1, there will always exist an ¢, sufficiently
small such that for each fixed e = €1, 0 < €; < €g, the
hyperbolic stability properties of (10) are identical to
the hyperbolic stability properties of (8). Q.E.D.

Remark 3: Although (8) is a time invariant delay
differential equation, the coefficients of the matrix
_C—‘(g,el) depend explicitly on €;. Therefore, it may
be possible for (7) to have an asymptotically stable
trivial solution for € = ¢; > 0, but an unstable trivial
solution for € = €, > 0, even though both ¢; and e
are less than €p. This is in direct contrast to the no-
delay case discussed in [4]. In [4], the matrix B =0
and the corresponding average of (7) becomes

2'(t) = Az(t).

It is shown that for any 0 < € < eg, if A is Hurwitz,
then (7) (with B = 0) has an asymptotically stable
trivial solution. Here, the frequency of vibration is
permitted to vary over a range of ¢, without affect-
ing the hyperbolic stability properties of the averaged
equation. For the delay case, ¢ must be fixed and can-
not vary since for each different €, the coefficients of
C{(g, -} will change.

Remark 4: It is trivial to show that the stability re-
sults in [1,2,4] are special cases of Theorem 1.

Of course, the main restriction on the usefulness of
Theorem 1 is hypothesis (H). In general, we can
prove the following result.

Theorem 2: Let D(t), ®(t), and €; be as in Theorem
1. Suppose that g(t) in (7) satisfies 0 < g(t) < r and,
forallt> L >0,
1 [T e=g(s)
: —1(s s—g(s
Jim T~/t @7(L)BR(=12)ds



exists uniformly with respect to t. Then there exists
an g sufficiently small such that for each fixed € = ¢,
0 < ¢; < € the trivial solution of (7) is:
(i) asymptotically stable if z = 0 in (8) is asymptot-
ically stable;

(ii) unstable if z = 0 in (8) is unstable.

Proof: The proof follows from the results in [6, Chap-
ter 5] and [8, Chapter II}.

Remark 5: To this date, the only delays g(t) known to
satisfy the conditions of Theorem 2 are those which
satisfy hypothesis (H).

Example: Consider the delay differential equation
_fl-1 o 0 (a/€)cos(t/e)
vo=([3 4]0 @) a

+[ 2 §]at-sn v

and assume that g(t) satisfies hypothesis (H). In this
example a fundamental matrix is

(1) = [3 ‘"}“‘],

and the equation corresponding to (10) is
() = [ e 'if(;/ ‘)] ut)
asin(t/e) o?sin(%)sin({=£L)
+ y(t ~ (1)
-1 -a sin('—"{ﬂ)) (12)

Therefore, the averaged equation corresponding to (8)
is given by

#0=[7 S|a0+[5 %P]e-a

(13)
where p = limr_.co & [T sin(%)sin(*=£1)) dt, which
is guaranteed to exist since gt-) satisfies hypothesis
(H). By Theorem 1, for each sufficiently small fixed
€ = €1, the hyperbolic stability properties of (13) are
identical to those of (11). From (13) it is seen that as
€1 changes, the coefficients in the matrices of C(g, €;)
change. Clearly, if g(t) = 0 (no-delay), this would not
be the case.

For example, let g(t) = 1 +sin?¢ and € = ¢; = 0.053.
Then, computer simnulations show that p = 0.091385
and that the trivial solution of (13) is asymptotically
stable when 0 < a < 5.4 and unstable for o > 5.4.
If € is changed to € = €2 = 0.05, then p = —0.01896
and the trivial solution is asymptotically stable for
0 < a < 10.3 and unstable for a > 10.3. Even though
there was only a small change between ¢, and ¢,
the range of a in which the trivial solution of (13) is
asymptotically stable almost doubled.

It is tempting to think that (13) will behave similar
to a system with constant delay equal to the average

value of g(t). This, bowever, is not the case. For
example, let g(t) = r in (13), where r = 1 +sin?t =
1.5. Then, for € = ¢; = 0.053, the trivial solution
of (13) is asymptotically stable for 0 < a < 2.1 and
unstable for @ > 2.1. Similarly, for ¢ = ¢; = 0.05
the trivial solution of (13) is asymptotically stable
for 0 < a < 5.8 and unstable for a > 5.8. These are
quite different from the ranges of a found when g(t) =
1+ sin?¢. This suggests that if a delay is varying
between certain bounds, as is often the case, it may
be inaccurate to model the system with a constant
delay.

4. Conclusions

This paper presents constructive tools for the stabil-
ity analysis of fast almost periodic linear differential
equations with classes of time varying state delay. It
is shown that stability properties of these systems are
sensitive to both the frequency of vibration and the
time varying delay.
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