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Abstract--Thisprperrhowstlutby~theIpu!ofapriori  
known time invuiant operators, it is pasible to detslmine whether 

approximately controllable. 
cutrin bounded aktrm the-varying evolution equations are 

1. INTRODUCTION 

with x(t) E X  , NO) = xo E X , ~ ( t )  E U ,  where X and U 
are Banachspaces. Let thcBrnrcb space ofbawdedlinerroperam 
fromBanochspsce U toBanochspra X b e d e n d b y  &U ,X ) .  
In prrticulpr. let a m  = W .  x )  . Then, in (1). 
A i E L ( X ) ,  i = 1.2. ... . m ,  are time independent ope", 

md U#) an continwu8 6 d U  functiolu. U[ E C(O.T;%) , 
i = 1 , 2  ,..., m .  If m ischoMnassduporribkthentheAi's 
will be linearly and wili generue UI " c h i v e  *bra 
o m  the field of complexrmmbrm and a Lie dpbmundercommuta 

ther that BEL(t7.X) and that the control 
u(r) E L,(O. T; U), where LAO. T; cl) &nota the Banach apace of 

U -valued functions with n m  11 u(t) IIp dljl''. 1 s p . Let 

product [ Ai , Aj ] = Ai Aj - Aj Ai = ad(Ai)Aj. AMume fur- 

x' denote the dud  Of x d t b  h m t  X* , and kt tbe range and null 
space of M operam 0 be denoted by 9b 0 and X (.) mpcctively. 
Tberangeofanopcrrtor B on uwillbeindicrtedu BU .Finally, 
if E, is a sequence of subsprces. n = 0 ,  1 ... , then 
Sp(E, n 2 O}  indicates the SpM Of thu# SU~SP~CCS, and 
s ( E , ,  n 2 0 )  indiutatheclosureofthiispm. 

ists a unique solution to (1) given by 
Under the conditiom assumed above, it is known that there ex- 

x,k) = r(t;xO.u) = @(tho + @(r) @-'(s)~~(s)dp. (2) C 
where @(f) = @(LO) E L(x)is the solution to the homogenius 
C€patiOIl 

(3) @'(f) = A ( f )  @(f)  , 

and I denotestheidentityin L(x) . 
Definition: Nonautonomous syswn (1) is: 

(i) rrpproximarely conrmilable on [O,a if for MY initid 
state x o E X a t r  = 0 m d a n y f i i s t a t e x , E X  thertUriatsa 

9(0) = I . 

COflhOl U E Lp(0,ZU) SUChthrtforMy E > 0 .  
I I m x o  9 U) - x111< E . 
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1tisthepurposeofthispapsrtod.riveapproximatecontrollabi- 
ity conditions for non-autonomous evolution equation (1). The re- 
sults dthis paper areextensions ofthe works of [1,2]. However, un- 
like the rwults in [21, and most of the known results (see [3] for a 
summary), controllability conditions presented in this paper a 

on properties of the unknown linear operator @ ( I )  desaibcd 
in (3). Instud, we derive tests in terms of propatics of 
Ai , udr) and E , which are either a prior known or can coastruc- 

tively be determiaed. This tcchniquc was orginaUy developed by 
Leiva in [ 4 ~ .  and ham also ban mlied to fhte dimeasid systems 
[Sal, i.e., when X = 5%" . 

II. MAJNRESULTS 

A. Representationof @(r)  

(2) on time intend [O, 

@(t) = n urp(ga{f)Ai] = 

when the scalar functions gxr) satisfy the set of differential qua-  
tions 

In Section A, we discuss the explicit representation of @(r) in 
, T > 0 . In [7], it is shown that 

m 
&:(')A2 ..- @-('M., 0 s r T, 

i l l  
(4) 

(5)  gd0) = 0 , i = 1.2. ... , m . 
The consequence of equations (4) - (5) is that operator @(r)  

isrepressntedintermsofoperatora A , ,  functions a i r ) ,  andfunc- 
tim gr<t) . Bosedonthisrcpr~tation,thispapuwill&wnew 
"constructive" controllability tebts. most of which are in terms of 
known qUMtitiCS. 

B. Approximate Controllability 
From (2). define the continuous linear operator 

GT : L,(O.T;U) + x , whue 

T 

G* = I, @-l(s) Bu(s)ds . (6) 

The following proposition i8 an immediate consequence of (6) 
and can be found in many basic works [3]. 
FUNDAMENTAL PROPOSITION: System ( I )  is approxiimare@ 
conrrollubie on [O, TI if and only if %(GT) = X . 
We now present the results of thh work: 
THEOREM I :  rfsysfem ( I )  is approximurely controllable on [O.TI, 
rim 
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(7) 

PROOF: Suppose system (1) is approximately controllable and (7) 
is false. Then, there exi~ts an x* E X* , .T* f 0 , such that 
e % * . A i m  -A:‘Bu >x.a= O,(u E U i  = 1.2. ... m;k, = 0.1.2. ... ) .  

(8) 

which by (8) @VCS 
(10) 

 his implies that %(G~) c X, contradicting the assumption that sys- 
tem (1) is approximately controllable. 

THEOREM 2: System ( I )  is approximately conmilable on [O,T] if 
and only if 

< X *  , G+ >xr,x = 0 ,  ( u E L ~ ( O , T ; U ) )  . 

Q. E. D. 
Likewise, the following theorems are true: 

m 
E * n exp { - g,irp+ * = 0, tlt E [o, TI 

) = I  
implies x * =  0 . 

The proof of Theorem 2 follows immediately from the proof of 
Theorem 3.11 of [8]. However, Theorem 2 is difficult to venfy since 
it relies of knowledge of functions &(t) which must be found via (5). 
In order to provide more easily verifiable conditions. further rabic- 
tions on q(t)  must be assumed. 
THEOREM 3: If coefficients ( )  are analvric at r=O and q(0) are 
not all identically equal to zero. then condition ( 7 )  in Theorem 1 is a 
necessary and suncient condition for system ( I )  to be approxima teh, 
controllable on [O,T]. 

Theorem 3 provides some of the simplest conditions for approx- 
imate controllability that exist for time varying nonautonomous 
evolution equations. The proof of Theorem 3 is more complicated. 
We present only a summary: 

Assume that (1) is not approximately controllable and that (7) 
is me .  Then, by Theorem 2, then will exist an X* such that 

for all t E [0, e ‘&d  U E U . Taking an infinite number of deriv- 
atives of (1 1). and using properties of derivatives of the products and 
the compositions of functions, it is possible to show that under these 
assumptions 

* $ A ~ ; . I ;  - A ~ B U / k i  = 0,1,2, ... ; i = 1.2, ... , m ]  = 0 
and hence, a contradiction is obtained. This proves sufficiency. 
”heorem 1 proved necessity. 

The simplicity and power of Theorem 3 is that approximate con- 
trollability of (1) can be verified by examining the span of - a operators which am a priori known. This is best shown 
through an example: 

Consider the following intcgrodifftrtntial equation 
of Volterra type: 

where w(t, 6 )  is a scalar function in two scalar variables r and5 , with 
0 s 5 I 1 , andwherev(() isagivenscalarfunction. Thisexample 
is discussedin [ 11 when 4 t )  = I. Ifv@ iscontinuoue, then (12) cm 
be rewritten in abstract form x = a(t)Ax + bu by taking 
x(t) = w(t, 6)  , b = v (), &A to be the Voltsrra integral aperator. 

For at) = I, [l] shows that conditim (7) is true. Therefore, 
when a(r) is uulytic and a(0) # 0. (12) will always be approximate- 
ly controllable. 

As we see in this example. testing for rpproximate controllabili- 
ty of (1) cm often becoa~etzivial. This is similar to the classicresults 
found in [ 11. although the techniques arc quite Merent. 

Let x = C[O,l]. 
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