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ABSTRACT

This paper extends the KBM method of averaging to delay dif-
ferential equations. Near identity change of variables are used
to transform time varying delay differential equations into au-
tonomous delay differential equations plus small perturbations.
Then Lyapunov functionals are used to relate the autonomous
averaged delay differential equation to the original time varying
delay differential equation.

1. INTRODUCTION

One of the most important methods of determining the be-
havior of periodic and almost periodic differential equations
which containasmall parameter isthe so—called method of aver-
aging. By making an asymptotic expansion about a small pa-
rameter, authors [ 1-3] have shown that behavior of solutions to
classes of time varying differential equations can be approxi-
mated by behavior of solutions to corresponding autonomous
differential equations. Averagingtechniqueshave found numer-
ous applications in areas including adaptive control, bifurcation
theory, celestialmechanics, noisecontrol, nonlinearoscillations,
stability analysis, time varying controllers and vibrational con-
trol, among many other fields.

The method of averaging is most often credited to the work
of Krylov and Bogoliubov [1] and to Bogoliubov and Mitro-
polskii [2], and has been referred to by many authors asthe KBM
method of averaging (Krylov—Bogoliubov—-Mitropolskii).
These authors considered the time varying ODE

.n

where f: R x R" x [0, ) — R" is continuous and f(z, x,£)
is often assumed to be almost periodic in T with respect to x in
compact sets for fixed constants €. By making the change of
variables close to the identity of: x = z + eu(r,z,¢€), (1.1)is
transformed into

x'(r) = &f(r,x8),

Z'(r) = gfyf2) + eglr, z,€),
t+T
where fy(2) = Tlim % I f(s,2,0)ds, and u is given by

u(t,z,6) = J e~ A, 2,0) — fo(2)]dA .

Itcan be shown that when f'satisfies the proper conditions,
g(r,z,€) is a Lipschitz perturbation with the property that
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£(7,2,0) = 0. By using basic Lyapunov theory, it is then pos-
sible to relate stability properties of the averaged equation

Y@® = eh0) 4
to stability propertiesof (1.1) when ¢ issufficiently small. Addi-
tionally, if the initial conditions of (1.1) and (1.2) are chosen
properly, then, for sufficiently small &, the solutionsto(1.1)and
(1.2) remain arbitrarily close to each other on finite (and some-
times on infinite) time intervals.

In the 1960°s, authors such as Hale [4]) and Halanay [ 5] stu-
died averaging for delay differential equations in forms similar
to
xX'(@) = ¢f(t,x(r), Xz — 1)), (1.3
where r = 0 is the constant delay. These authors [4,5] gave
conditions in which, for sufficiently small ¢, stability properties
of solutions of (1.2) are the same as stability properties of the
equilibrium points of the ODE

y'(®@) = g/t(1(®), 1),
where once again, f, is an ‘average value’ of f, given by

e = fmy

t

(1.4)

+T

f(s,2,2,0)ds .

Recently Hale and Verduyn Lunel [6,7] and Lehman et. al.
[8,9] have examined the delay differential equation

X(t) = f(t/e 50, = r)e), (.5
and have related stability and transient properties of (1.5) to the
corresponding autonomous system

Y0 = fo), 3 — 1) (1.6)

t+T

where fy(z,,2,) = TIEE, lT I J(s,2,,2,,0)ds . Here, the in-

‘
formation on the delay is retained in the averaging process, as

opposed to (1.3) and (1.4).

The main purpose of this paper is to extend the KBM imeth-
od of averaging to both (1.3) and (1.5). By this, we mean that
nearidentity transformations in " will be usedtorelate stability
properties of time varying differential delay equations to corre-
sponding autonomous differential delay equations. Aninterest-
ing consequence of this new technique is an improvementonal-
ready existing averaged models. In particular, this paper shows
that a more accurate averaged equation of (1.3) is given by
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Y@ = e T - ), (a3
where once again, f, is an ‘average value’ of f; given by
+T

flz,2y) = rll.rg %J f(s,2,,2,0)ds .
!

We believe that the techniques and proofs presented in this
paper are simpler than standard averaging techniques and proofs
for delay equations. More importantly, new averaging algo-
rithms are proposed which provide a manner to estimate the first
harmonic (ripple estimate) of the time varying system. These
ripple estimates can not be obtained using the approaches to av-
eraging suggested by [4-9]. Ripple estimates have found nu-
merous applications in important physical problems, most re-
cently, indc—dc pulse width modulated voltage converters [10].

Section 2 of the paper presents preliminary lemmas and
definitions. Section 3 gives the main theoretical results. Section
4 presents examples. The journal version of this paper will pres-
entaveraging algorithms similartothoseusedinODE’s[11]and
will also discuss transient behavior.

Notation. Let C = C([— r,0],R"), where r = Oisagiv-
en positive constant. Let
X, =x0)=x(t+0),-r<6=<0.
We will use the notation that fiy| represents the norm of vector
Y in ®" and |y |, is a corresponding norm on C given by
b=

sup fp(o)}. Similarly, we will sometimes use

—rs

l¥ll= sup W©@)I. &, will always be used to denote a
~2rsa<0
positive constant. All derivatives,denoted by ' or %, areas-

sumed to be right hand derivatives. Let B, denote the closed
neighborhood B, = {x:|x < k,h > 0} and let

VEQy =y EC-royl<H H>0.

Let W be the Banach space of absolutely continuous func-
tions on [—1,0] with absolute integrable derivative, with norm
0

|l lhw= [ wO) + Jpp'(o)wo 1. Let Q) C W be a ball
—r
vEQOy=|v: |vlw< H]. Functions w;, €%
(w; € %) are nondecreasing (increasing) functions with
w{0) = 0 and w{s) > Ofors > 0.
2. PRELIMINARY RESULTS

Before proceeding with the main results, it is necessary to
introduce several definitions and lemmas. In what follows, we
will primarily develop averaging theory for (1.5). However, the
same techniques can be applied to (1.3) to obtain similar averag-
ing results. Because of the strong similarity, the proofs for (1.3)
will not be given.

Definition 2.1. The function f(s, x|, x,, 0), where fis as de-

fined in (1.5), is said to have mean value f(x;, x,)if there exists

a continuous function ¥(7) : [0, ®) — [0, ©), monotonically
decreasing, such that y(7) — 0 as T — o and

+T
I%’I f(s,x,,xz,O)ds _/(:J(xl’xz)l = )’(T)

forall (4, x,, x,) in compact subsets of R x R" x R"and forall
T=20.

Using Definition 2.1, it is possible to define a function
d: R x R x R" — R", with zero mean value as
d(s,x1,x7) = f(5,%1,25,0) = folxy, x5) . @n
Furthermore, if 4 is periodic, then it is known that
¥(T) = a/T, where ais some non—negative constant.

The following Lemma is an adaptation from Lemmas4.2.1
and4.2.2 of Sastry and Bodson[12], which, in turn, were adapta-
tions from the classical results of Bogoliubov and Mitropolskii
[2, page 450] and Hale [3, Appendix].

LEMMA 2.1. Suppose

d(s,x,3) R x 2 x Q2> R"
is a continuous function on R, has continuous partial deriva-
tives with respect to x; and d(s,0,0) =

Suppose, further, that d(s, x,,x,) has zero mean value, with a

convergence function y(TXIx,| + |x,|) and the mean values of
ad(s, x;,x;) .

3%, ,i = 1,2, are both equal to zero with convergence
Junction y(T).
Then, there exists E(€)E X% and a func-

tionu(s, x|, x5,€) : B x 2 x 2 x (0,&0) = R" such that
[y leult/e,x,,xe) < 5@ + ki)

i) leau(t/e,x,,xz,f)_

3 d(tfe,x,,x,)\

<&@k | + ]

sau(t/e xl,xz,e)

@ii) | [ = &@© i=12.

Remark 2. 1. The function u in Lemma 2.1 can be chosen
as

i
u(d, x, x,5,€) = J [ A=(5, ), X2, 0) = folx,. x;))ds.

or in the special case when f’is periodic, u can also be chosen as

u, x,x;) = j[f(l,x,,x;, 0)~ folxy,x,)ldA — glx,,x,)(2.3)

where g(x,, x,) is selected so that u has zero average. Note that,
in(2.3),uisindependentof €. Additionally, for the periodic case

with u given as in (2.3), the bound in (ii) of Lemma 2.1 is given

£du(t/e, x|, xy)

as zero, i.e., | m - d(t/e,x;,x)l = 0.

In most applications (2.3) is used for ». In general, howev-
er, u in (2.3) is not guaranteed to be bounded, even if fis almost
periodic. Therefore, forthe proofsofthe above Lemma, itisnec-
essary to define & as in (2.2).

Inorder forusto proceed further, itis necessary to introduce
the following assumptions on fin (1.5) (or equivalently (1.3)).
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ASSUMPTIONS. For some
QCR0EQ and gy > 0
(A1)
second and third arguments, i.e., for all (s, x|, x,, €) in compact
sets  of P x 2 x 2 x(0,¢],
k, = 0 and k, = 0 such that

f(-,0,0,0) = Oand f is Lipschitz with respect to its

there exist constants

(s, %\, x5, 8) — [(5,%),X3,€)|

(A2) Jis Lipschitzin € ,uniformly withrespect toits first ar-
gument and linearly with respect to its second and third argu-

ments, ie., for

< kb, — x| + kb, — 3l .

all  (s,x,,x,,€) in compact sels of

PR x Q2 x Q x (0,,), there exist constants
kyz0and ky 2 0
such that
Vs, x . x.80) = ST, %0, X2, €2)|
< [hsbol + kgbeol] - ey — €
(A3) The functiond(s,x,,x,) = [f(5,%,,%5,0) — fo(x,%3)
satisfies the conditions of Lemma 2.2.

LEMMA 2.2. Suppose fsatisfies assumptions (A1)—(A3).

Then, there exists a function u, as defined in Lemma 2.1, and
€9 > Osuch that the transformation

x(f) = z(t) + eu(t/e, 2(t), 2t — r),€) 24
is a homeomorphism in B, forall 0 < ¢ < ¢, .
Consider the two delay differential equations
YO = g/t = 1), o U~ m)) 2.5
Z'() = g, z2(t),z(t — ry), ..zt —ry)) +
h(t,2(0),2(t — d)), ...z2(t — d,),z'(t — dy)) 2.6)

where
g Rx2x2..xQ—>R"

and A RxRxR..x2—->R"
are both continuous on R and satisfy sufficient conditions such
that the solutions to (2.5) and (2.6) exist. Constants
r,(G =1, ..,m)and d; i = 0,1, .., n)areintheinterval
[0.r], where r > 0. We will further assume that
g(1,0, ... ,0) = Oand A(t,0, ... ,0) = Oforalls.

LEMMA 2.3. Suppose that the trivial solution to
(2.5) is exponentially stable (exponentially unstable). Suppose,
further, that there exist non—negative constants K and N such

that for (t,x) € B x Qy
[h(, 20, x(t = d)), ... x(t — du)x'(t = dp))|
< K(l x|l + be(c — dol)

and

gt x(O, 2t = 1))y o x(t = radi= N

Then there exists a positive constant, o, sufficiently small,
such thatif K < a, the trivial solution of (2.6) is uniformly as-
ymptotically stable (unstable).

3. AVERAGING OF DIFFERENTIAL DELAY
EQUATIONS

We are now in a position to present the main results. Were-
mark, once again, that the main contributions of the theorems are
actually in the technique in which they are proved. These tech-
niques permit the development of an averaging algorithm simi-
lar to those which have been developed for ODE’s. This is fur-
ther explained in Section 4 and Section 5.

This section will show that it is possible to introduce the
change of variables X(¢) = z(¢) + eu(t/e, z(1), 2(t — r), &) into
(1.5) in order to transform (1.5) into (1.6) plus small perturba-
tions (if function fsatisfies specified properties). Then the lem-
mas of the previous section will be applied to relate the stability
properties of (1.6) to (1.5).

Often [1-7], it is assumed that the function to be averaged,
£, is almost periodic in #. Then the existence of the mean value
is guaranteed, and Fredholmalternatives can be applied to prove
existence of almost periodic orbits. In this paper, instead of as-
suming almost periodicity, it is assumed that the mean value of
[fexists and satisfies certain properties. Thisapproachtoaverag-
ing is a popular method in engineering applications (see Sastry
and Bodson, Chapter 4 [12]), from which we have been greatly
influenced, due to its simplicity. For results on the existence of
almost periodic orbits, the reader is referred to Hale and Verduyn
Lunel [6,7].
THEOREM 3.1. Assume that fin (1.5) satisfies assump-
tions (A1) — (A3). If
(0,0 _ 34(0,0)
) st —r
has all solutions with real parts less than zero (where [ is de-
fined in (1.6)), then there exists an €, > O such that, for

det[s/ — e =0

0 < & < &, thetrivial solution of (1.5) is uniformly asymptot-

ically stable.
Likewise, if
94(0,0)  94(0,0) _,
det[s/ — E¥0) - me =0

has at least one solution with real part greater than zero, then
there exists an £, > 0 such that, for 0 < ¢ < g, the trivial
solution of (1.5) is unstable.

Proofof Theorem 3.1. Let d(s, x,, x,)in Lemma 2.1 be giv-
en as

d(s,xy,x;) = f(s,%1,x2,0) ~ fo(x1,%2)

and let u(s, x,, x,, £) be as given in Lemma 2.1 with thisd. Sup-
pose x(f) = x(f;t,,¢) denotes the solution to (1.5) with
x(f) = ¢(Hyon t € (= =,1), and ¢ is a continuous function
in a sufficiently small neighborhood of the origin, to be defined
later. (If ¢ is only continuous on the interval of
t € [ty — r, 1), then, it can be assumed that ¢(1) = 0 for
t < ty — P). Introduce substitution x(f) = 2(1) + eu(t/e, z(t),
2(t — r),€)into (1.5). By Lemma 2.2, this change of variables
is a homeomorphism in a neighborhood B, of the origin for suf-
ficiently small £, 0 < &¢ < ¢, . Then, (1.5) becomes

413




%[z(l) + su(t/e, A0, 2t — 1)) = fUt]e,20) + eult/e, 2(0).

At — M) ot — 1+ euF L, 2t - D2 - 29,€),8),

which yields
(4 ¢ 2EHL = D0
E{au(t/s,azz((tt),_z-(tr)— ’)’E)]z'(: -9

= fo(z(),2(t — ) + [f(t/e,2() +
: eu(t/e,z(l),z(t - r)’s)’z(t -+

euC5L, 2 — 0,2t - 20),8).€)

= JU/fe,z(0),z(t — ), 0)] +
[d(t/s,z(t),z(t — 1)) _ g ult/e, 20,2 = r),e)]
— o

= fo(®0,2(t — 1) + F\(fe,2(0), 2t — ),z - 2r),¢) .
(3.12)

For sufficiently small ¢,0 < & < &,, the inverse of
ou(t/e, 2(¢), z(¢ — 1), €)

[/ +e 27)
identity). Therefore, we have

] exists forall ¢(and is close to the

-1
200 + e[l + 5"_"(15.3(;)_2(21()_"_”_52]

. [3“('/&822((‘[)’_’_(")_ r)’ e)]z'(r -7

-1
B au(t/e, 2(1), 2(t — P),¢€)
= [[ + 5_._52(T._.__:|

0,2t = ) + F\(t/e,2(0),2(¢ = r), 2(¢ = 2r),¢€)]

-1
= foz0), 2 = ) + [1 + e_""('/&z(;)z,(z[;t - r),s)]
[F /e, 20y, 20 = r),2(t — 27),£)

a ,2(0),2(t = r),€)
- YLD DD gz~ ).

(3.1b)

We now will obtain a bound on terms in both the right and
left-hand side of (3.1b), which will then permit the application
of Lemma 2.3.

From Lemma 2.1, we deduce for

z€EQREB,and 0 < & s ¢, that

(2 3 'y =7
o 2/ z(f.,)z(zlg' 28 < ke,

where &,(€) € 9 . Furthermore, for 0 < ¢ < min [g,,¢;]
andforz € 2 C B,,

du(t/e, 2(1), 2(¢ — r),¢€) 1

0 W +e e I Ok
) /e, 00 -y~ 2LETOH D)

= &)zl + Iz« — ) .

Similarly, it is easy to show [9] that Assumption (A1) implies
that, for z € Q, [fy(2(0),z(t — ) < k|lz(0) + kylz(t — 7)l,

and

We/e, 20) + eult/e, 20,2t - r),€),

Z(t—-n+ eu(‘ ; r,z(t - r,z(t — 2r),¢), €)

= fit/e, 2n),z(t — 1), 0)|
+ [(t/e, 2(0) + eu(t/e,2(), (¢ — r),€),

r

o - D + eul5L, 20 = 9,20 ~ 2n),€), 0)

= J@/e. 20,21 — n),0).

Using assumption (A2) and (i) of Lemma 22, for
zE€Q, and for 0 < € < ¢;,

W(tfe, 2ty + eutt/e, 20,200 — r),e),
dt -0+ et e -0, 2= 20,0, €)

- fltfe, 2(0) + eutt/e, z(),z(t — r).€),
I

A - 1)+ el
= &) | 20 [l
where £,(¢) € % . Likewise,
Yt/e, z0) + eultfe, 20,2t — r),€),
F,2 = 2 = 2r),6), 0)
= Jufe. 20,20 = 0 < &) | 20 |l
where £4(¢) € % .

2t = ), 2t = 2r)¢), 0)

At~ r) + eul T

Hence for z € 2 and 0 < ¢ < min [g,,¢,,&;),

ou(tfe, 21, z(t — r).€). _,
(1) 1

I+ ¢

* [Fy(tfe, 2(0), 20 = 1), 2(t — 20),€)|

a N y - 'y
e u(tfe Z(;)Z(Zt;l r) C)fo(z(‘)vz(’ -l
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!
ST 20l +

Ex(e) ]| 2() o + EreXi2l + (¢ = M)

+ SNk () + Alz(e — D]
where £,(6) € % .

s &@ 201 (-2)

Likewise, we can obtain a bound on the term multiplying
the derivative of the delayed state in the right had side of (3.1).
Define

I\(t/e,2(0),2(¢ = 1),€)

_ du(t/e, 20,2t — r),e)]
= 8[1 +¢ E0) ]

u(t/e, z(0), 2t — r),&)
{ az(t — r)

Thenfor 0 < ¢ < ¢; and for z € Q, I', is well defined and

IF\(efe 20,20 = 7,0 < T sbie) = st
' (3.3)
Now, suppose that
Ya0,0)  3(0,0) .
detlsl = = = = o =n® 1=

has all solutions with real parts less than zero (at least one solu-
tion with positive real part). Theny=00of(1.6) is exponentially
stable (exponentially unstable). Hence, by Lemma 2.3, (3.1),
(3.2) and (3.3) there exists a sufficiently small
£4,0 < & < ¢, < min [g,,&,,&,] such that (3.3) has a uni-
formly asymptotically stable (unstable)trivial solution. Q.E.D.
As previously mentioned, the above averaging techniques
can be applied to (1.3). An interesting consequence of these
techniques is that a new averaged model, (1.8), is obtained
instead of the classical model, (1.4), introduced by [4,5]. Classi-
calaveraging techniques for (1.3) suggest that it is not necessary
to consider the effects of the delay in the averaged model. How-
ever, the following theorem suggests that it is more accurate to
include the delay in the averaged model:
THEOREM 3.2. Assume that f'in (1.3) satisfies assump-
tions (A1)~4-3). If
0/o(0,0) . 9/¢(0,0)
) ot —r)
has all solutions with real parts less than zero (where fy and is
defined in (1.8)), then there exists an ey > 0 such that, for

det[s/ — ¢ e "1 =0

0 < & = &, the trivial solution of (1.3) is uniformly asymptot-

ically stable.
Likewise, if
8(0,0) %(0 0 _,.
det[s/ — ¢ o) ay(t—r) " =

has at least one solution with real part greater than zero, then
there exists an €, > 0 such that, for 0 < ¢ < &, the trivial
solution of (1.3) is unstable.

The proof of Theorem 3.2 is almost identical to the proof
of Theorem 3.1. In this case, the near identity change of vari-
ables is given as

x(t) = «t) + eu(r,z(r), z(t — r),¢)

Remark 3.1. Theorem 3.2 suggests thatamore accurate av-
eraged model of (1.3) is given by (1.8) instead of the classical
model (1.4) described in [4,5]. However, there is a strong rela-
tionship between (1.8) and (1.4). Note that the transcendental
characteristic equation given in Theorem 3.2 can be rewritten as

det(Z! - ifag;%')o_) - 5%3 —#t] = 0, where { = %

As e becomes smaller, e =% approaches the number 1, and

the transcendental characteristic equation given above ap-
proaches the non—transcendental characteristic equation given

3y(0,0)  9/,(0,0)
S CINC RN
when linearizing (1.4) about its zero equilibrium. This can be
formalized by the following corollary, which reduces to the re-
sults of [5,6].

COROLLARY 3.1.

0 , which is obtained

Assume that [ in (1.3) satisfies as-

sumptions (A1} ~A43). If det[s] — 6,_{;_,}(_)(()3)_) - :T;o:o—f)%)] =0

has all solutions with real parts less than zero (where fy andis
defined in (1.8)), then there exists an €, > 0 such that, for

0 < € < &, thetrivial solution of (1.3) is uniformly asymptot-

ically stable.

9/5(0,0)  9/5(0,0)
) T — r)

least one solution with real part greater than zero, then there ex-

Likewise, if det[s] — = 0 has at

istsan g, > Osuchthat, for 0 < & < &, thetrivial solution of
(1.3) is unstable.
4. EXAMPLES

EXAMPLEA4.1. Consider the non—autonomous scalar dif-
ferential delay equation given by
x'(1) = e[ — dcos’ (Nt — 1) + x(0)] = f (6, x(0), x(¢ — r)),

@.n

which, according to the classical results of [,5], has an average
corresponding to (1.4) of
YO =el-200+ 0] = - ). 4.2)

For sufficiently small £,0 < ¢ < g, the stability proper-
ties of (4. 1) are the same as those of (4.2). Therefore, for
0 <es= so, the averagmg theory of[l3 14] predicts th, at th

stable. Note thatall influence of the delay has been neglected in
analysis. System (4.2)isan ODE thatalways has asymptotically
stable trivial solution, and hence, for sufficiently small &, the
trivial solution to (4.1) will be asymptotically stable. Further-
more, if x(0) = )(0), then the solutions to (4.1)and (4.2) shouid
remain close to each other provided 0 < ¢ < &,

Using Theorem 3.2, however, the newly developed aver-
aged model is given by

() = e[— 22(t — ) + 20)] = gfylz(),2(t — 1)) . (4.3)
For sufficiently small £,0 < ¢ < &, one might expect that
(4.3) more accurately estimates (4.1) than (4.2), due to the fact
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thatinformation on the delay is maintained inthe averaged equa-
tion. This, in fact, turns out to be true.

A great deal of information has been lost by averaging out
the delay in (4.2). For example, stability of (4.3) is governed by
the location oftherootsofthe transcendental characteristic equa-
tion

s =¢g[—2e"" + 1],

or equivalently z = [— 2¢7 %7 + 1] . It is a simple exercise
(see [13]) to show that all roots of this equations all have nega-

tivereal partsifandonly if er < =z Additionally at leastone

33

of the roots will have positive real parts if er > .,
3/3

For the purpose of illustration, let » = 5in(4.1). Thenthe
transcendental characteristic equation predicts that, for
0 < & < g, the trivial solution of the original system (4.1) is
asymptotically stable if ¢ < 0.121 and is unstable when
e > 0. 121. Thisprediction of instability forranges of & can-
not be determined by analyzing (4.2), as suggested by [4,5].

Computer simulations show that the trivial solutionof (4.1)
is asymptotically stable for 0 < ¢ < 0. 126 and is unstable
for £ > 0. 126. These valuesclosely correspond with the val-
ues predicted using the average (4.3). In summary, the classical
averaging techniques [4,5] provide less information on the true
behavior of the original system the newly proposed averaged
model given by (1.8).

EXAMPLE4.2. Consider the non—autonomous scalar dif-
ferential delay equation given by

xX'(t) = [— 4ecos®(t/ex(t - r) + x(P)] . 4.4)
By Theorem 3.1 and 3.2, the average of (4.1) is given by
YO =[-20-n+x9]. 4.5)

For sufficiently small £,0 < ¢ < g, Theorem 3.2 guar-
antee thattheasymptotic stability propertiesof(4.4) arethesame
as those of (4.5).
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