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Abstract - - This paper presents a recent extension of 
averaging theory for  power electronic systenis to in- 
clude feedback controlled converters. A ripple estimate 
is presented. New switching frequency dependent aver- 
aged modelsfor PWM dc-dc converters are introduced. 
Two important benefits of these new averaged tnodels 
are the correction of dc offset error in steadj-state, and 
the modeling of switching frequency effects on closed 
loop pet$orniance and stability. 

I. BACKGROUND 
Averaging techniques provide the analytical 

fmndation for most power electronic design procedures 
of the system level. These techniques are widely used 
i n  the analysis and control design of pulse width modu- 
lated (PWM) power electronic systems [ I ] .  It was not 
until recently, however, that rigorous mathematical jus- 
tification [2.3,4] has been given to theoretically explain 
the application of these averaging techniques. 

In [2], classical Russian averaging methods [5] are 
shown to be applicable to open-loop PWM dc-dc con- 
verters. However, the results of [2] are limited to sys- 
tems with time discontinuity. In fact, classical averag- 
ing theory is not applicable when there are state 
discontinuities. This is significant because all feedback 
controlled converters are state discontinuous systems. 
(See [ 4 ]  for explanation of time and state discontinuity.) 

This paper summarizes recent advances in averag- 
ing theory using formal mathematical methods for peri- 
odic differential equations. In Section 11, the results of 
[ 2 ]  are extended to include feedback controlled convert- 
ers. Section I11 then makes advances on the techniques 
of [2] by introducing improved averaged models which 
are frequency dependent. 

XI. ADVANCES IN THEORY 
The difficulty in mathematically justifying averag- 

ing qproximation techniques for state discontinuous 
systems can be best explained by considering the fol- 
lowing example, 

= f ( x )  + bii(J(x) - tri[t, TI) dJ 
dt 
whcre Y E W , b  E W , f :  9%” -, a n d d :  w” -[0,1] 
aie both continuous functions, and U (  . )  is the Heaviside 
uni t  step function, i.e. ~ ( s )  = 1 forx 2 0 and u(s)  = 
0 for s < 0. The function tri[t, r]  = U - p o o r  ( t ,7) .  The 
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PWM feedback controlled buck converter [2] is typical- 
ly  described by an equation in the form of ( I ) .  

Thc right-hand side of ( I )  is not Lipschitz because 
it is discontinuous with respect to x. In general, “stan- 
dard” solutions to ( I )  are known to exist, under the 
conditions that there only a finite number ofjumps in the 
right-hand side of ( I )  on any finite time interval. and 
that each jump is norm bounded. Under these condi- 
tions, the solution of the integral equation, 

. 

X(t; t ,),  X ( t ( ) ) )  = s(t)  = X ( t [ ) )  

+ /,I If(&)) + bu(d(.r(s)) - tri[s, TI)& ( 2 )  

is unique and satisfies the state differential equation ( I )  
almost everywhere. The underlying assumption is that 
the mathematical models do not exhibit chattering 
(switching infinitely often, i.e., power electronic 
switches turn on and off only once each PWM switching 
period). Conditions for avoiding chattering arc dis- 
cussed in [7]. Under the assumption of no chattering, 
this paper applies new averaging results [SI to the intc- 
gral equation (2). 
A. Averaging Theorems 

In general form, feedback controlled PWM dc-dc 
converters in continuous conduction mode can bc mod- 
eled by the differential equation, 
dr  - = A($ + b,, + [A  dt 
where x E %“, d(x) = V ,  - [k , ,  k?. ... k,lx 
= V,, - Kx, and tri( , * ) and U (  * ) are as previously 

defined. Along with (2). consider the corresponding av- 
eraged equation 

+ bI]ii(d(x) - tri(t, r ) )  . (3) 

(4) dY - = A~.Y + bo + [A,y + b11(101) dt 
where y E 8” . Under the assumption of no chattering, 
the following theorem relates solutions of the averaged 
system (4) to the original system (3). 

THEOREM 1 : Let x(t) and y(t) denote solutions to 
(3)  and (4) respectively. For any constant L > 0 and for 
any constant > 0 , there exists a TO =  TO(^, L) 7 0 and 
a constant K > 0 such that for 0 < T S To. 
11 x ( 0  - At) 11 I (11 x(0) - ~ ( 0 )  I1 + r l )  exp { Kt 1 

for all t E [0, L]  . 
(5 )  
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When x ( 0 )  = y(O),  Theorem 1 guarantees that 
there will always exist a sufficiently small switching pe- 
riod such that for any > 0, however small, 
11 x ( t )  - y ( t )  11 < 7 on any finite time interval. This 
bound is true, even when (3) or (4) is unstable. The ex- 
tension to the infinite time interval is given in the fol- 
lowing theorem. 

THEOREM 2: Let x( t )  and p(t) denote solutions to 
(3 )  arid (4) ,  respectively. Suppose that y,r is a iinifornily 
asymptotically stable eqriilibriiim point. arid that 
y ( t )  - y ,  as t - Q) . Then there exist coilstants 
B0(7)and T0(7) such that, for any q > 0. any 
11 x(O) - y(O)  11 < ,B, O 5 ,5 < ,Bo < 7 arid any O < T 
5 Tov 

II d t )  - A t )  II 5 7 (6) 
for all t 2 0 .  

therefore are omitted ([9]). 
The proofs of Theorems 1 and 2 are lengthy and 

111. ADVANCES IN PRACTICE 
In this section, the application of the averaging 

theory presented in the previous section is shown to pro- 
vide two practical benefits: ( I )  periodic ripple functions 
which provide a post-simulation estimate of ripple wa- 
veforms and ( 2 )  new averaged models which more accu- 
rately track the one-cycle average value of state vari- 
ables. 
A. Ripple Estimate 

It is often desirable to obtain an estimate on the rip- 
ple of the system, which will be denoted in this paper as 
q(t, T ,  3 )  . Practical applications of averaging tell us 
that a better approximation of the solution to (3) will be 
given by 

.r(r) = y ( t )  + q(t, T ,y ( t ) ) ,  (7) 
wherex(t) andp(t) are the solutions of (3) and (4) respec- 
tively. T is  the switching period, and q(t, T, a )  is the rip- 
ple estimate which is obtained by the following algo- 
rithm: 

Consider only the right-hand sides (R.H.S.) of (3) 
and (4). Let x(0) = j(O), and replace every x(t)  and p(t) 
in  the R.H.S. of (3) and (4) by the constant c E % .  
Now take the difference between the R.H.S. of (3) and 
(4) and integrate to obtain 

T(r. T,  c)  = [ A  ,c + b , ]  [u(d,(c) - tr i ( t ,  r))  - d , ( c ) ] d t , ( S )  I, 
where 

tive of h(r). The ripple estimate is given as 

h(t)dt denotes !he indefinite integral or primi- I, 
q(t, c )  = r(t, T, c )  - (9) 

Replacing c by y ( t )  yields q(t, T, a )  . 

(4), an estimate on the ripple is computed to be 
q(t. T, YO)) = TA , y ( t ) {  [ i i ( d ( j ( t ) )  - W t ,  7 ) )  - 

d(y(t))]tri(t, 7 )  + [ I  - u(db(t))  - tri(t, 7 ) )]  

Performing integrations ( 8 )  and (9), using (3) and 

4m) + $Cv(t))[db(i)) - 11 . (10) 

As the switching period becomes smaller, the am- 
plitude of q(t, T, * )  will also become smaller, and ripple 
of the system will almost become negligible. Addition- 
ally, an adjustment on the initial condition can be made 
by solving the equation x(0) = y(0)  + q(t, T,y(O)), for 
y(0)  in terms of x(0). 
Example 1 

Consider the dc-dc boost converter with PWM 
feedback control shown in Fig. I .  The equation for this 
converter is of the form of (3) with b,, = [ E / L  0Ir, 
b ,  = 0, 

. 

For this example, the component values are E = 5V, 
L = 50 pH, C = 4.4 pE and R = 28 R The controller 
parameters are Vrp/ = 0.13 V , kl = 0.174, and 
kz = - 0.0135. 

Figure 2 shows capacitor voltage and inductor cur- 
rent of the original system for 100 kHz switching. A 
comparison of these plots can bc made with Fig. 3, 
which shows the iinprovement of the averaging tech- 
nique using the new ripple estimate 
.r(f) = y ( t )  + +(t, T , y ( t ) )  . 
B. Switching Frequency Dependent Averaged 
Models 

In order to illustrate limitations of the conventional 
averaged model [ I ]  given by (4). consider the simulated 
start-up transient for Example 1 shown in Fig. 4. 

The output voltage transient vC( t )  for the averaged 
model is shown together with switching transients for 
several switching frequencies: fs = I/;r = 50 KHz. 100 
K H z  and I MHz.  At the slower switching frequencies, 
the averaged model fails to accurately capture the aver- 
age value in steady-state. This is a practical concern in 
applications where semiconductor device capabilities 
constrain the controller to operate at slower switching 
frequencies. 
Example 2 

The same PWM controlled converter will now be 
used to illustrate the effect of switching frequency on 
closed loop stability. For this example, the component 
values are E = 4V, L = 5.2381 p H 9  C = 0.2 pE and R = 
16 !2 The controller parameters arc Vrcf = 0.48 V ,  K, 
= 0. I ,  and Kz = - 0.01. 
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A simulated transient is given in Fig. 5 for the aver- 
aged and switching model for& = 500 KHz and 1 MHz. 
Note that the closed loop system is stable forfs = 1 MHz, 
but unstable forfs = 500 KHz. Additional simulations 
confirm the closed loop system is stable for frequencies 
greater than 500 KHz, and unstable for lower frequen- 
cies. 

The conventional averaged model [ I ] ,  which is in- 
dependent of switching frequency, predicts that the 
closed loop system is stable. The assumption is that the 
switching frequency is “fast enough”. The practical 
concern here is that the conventional averaged model 
gives no precise insight or guidance as to “how fast” the 
switching frequency needs to be for acceptable closed 
loop performance. As a result, transient performance is 
sacrificed. 
3Iodified Averaging Techniaue 

verting to slow time, T = t/T 

dr 
where the perturbation parameter is seen to be the 
switching period T = Using the “near identity” pe- 
riodic transformation x = z + Tq(r,t), ( I )  becomes (ne- 
glecting O(T2) terms) 

d7 

Equation (3) is placed in “standard form”. by con- 

= n A , +  + b,, + [Alx + bl]u(d(.r) - rri(t, n)], (1 I )  

- “ = 7lA,,(z + T+) + b,, + [ A d z  + TW) 

aly (12) 
ar” + b,]rr(d(z + T$J) - tri(t,  I ) )  - 

where cp is a periodic function which gives the ripple in 
the state variables ( I O )  in rescaled time. It can be shown 
that a more accurate averaged model is obtained by si- 
multaneous solution of the two equations 

g07 r )  = 1.’ [A001 + 7-q) 

I 
+ [A,O, + TI$) + b,]u(d(y + TV)- tri(t, 1 ) ) J d t .  

(13) 

ly(LY. r )  = [AIIO, + TV) + bt, + [A 10 + 7-V) 

+ bil4dO, + TW) - tn’(t, 1)) - gO,, - h 0 ,  r )  
(14) 

for g and Y, where h is chosen so that Y has zero aver- 
age. In order to obtain the new model for P W M  feed- 
back controlled dc-dc converters, it will be necessary to 
estimate solutions of (13,14). Because of special prop- 
erties of the step functioi, this is not too difficult and it  
can be shown that a new averaged model, in fast time, 
is 

(15) dY - = At9 + bo + [Aiy + bllts, dt 

where f s  is solved for via the second order polymonial 

(16) T d ( ~ )  = t ,  + ~ ( t ~  - tS)K[Aly + b , ]  . 
I 

A detailed derivation of this model is lengthy and will 
be presented in the journal version of this paper [ IO] .  

Returning to Example 1. Fig. 6 shows a simulated 
start-up transient for the original switching system (3) 
together with the start-up transient for the conventional 
averaged model (4) and the new averaged model (15,16) 
forfs = 100 KHz. The new averaged model accurately 
captures the one-cycle average, while the conventional 
model exhibits a significant offset error. 

Returning to Example 2. Fig. 7 shows a simulated 
transient for the original system (3) together with the 
conventional (4) and new (15,16) averaged models for 
fs = 1 MHz. Note that the new model provides a much 
more accurate one-cycle average than does the conven- 
tional model. 

Fig. 8 shows the transients for the new (1516) and 
switching (3) models for two different switching fre- 
quencies. Additional simulations confirm that the new 
averaged model accurately predicts the critical switch- 
ing frequency for closed-loop stability. The discrepan- 
cy between steady-state valucs in the unstable case is 
because the averaged model permits duty ratios less 
than zero. If duty ratio saturation were modeled in (16). 
the two waveforms would coincide in steady-state. This 
sinrrtlation result denionstrates that the new nveraged 
model captures the control loop instability at low 
switching frequencies. The conventional model tran- 
sient fails to exhibit this phenomenon, since it only mod- 
els the behavior in the limit ash - m. 

IV. CONCLUSIONS 
A rigorous averaging theory for power electronic 

systems has been presented. This new theory extends 
previous work to include state discontinuous (feedback 
controlled) P W M  systems. The two theorems presented 
in this paper provide a basis for answering fundamental 
questions about the averaged model and its relation to 
the original switching model. First order ripple esti- 
mates are computed for a feedback controlled boost 
converter, and a new averaged model for PWM dc-dc 
converters is presented. The new averaged model is 
switching frequency dependent. Simulated transients 
demonstrate the improvement over the conventional ap- 
proach. Two benefits of the new averaged model are the 
correction of dc offset error and the modeling of switch- 
ing frequency effects on closed-loop stability and per- 
formance. 

REFERENCES 
[ I ]  R.D. Middlebrook and S. Cuk. “A general unified approach to mod- 
eling switching-convener power stages.” IEEE Power Efecfronics 
Speciulisfs CrmJ Rec.. pp. 18-34, 1976. 

4469 



[2] P.T. Krein. J .  Bentsman, R.M. Bass. and B.C. Lesieutre. "On the use 
ofavenging for the analysis of powerelectronic systems,"l€€€Trum- 
ucrions on Power Elecrronics. vol. 5 ,  pp. 152-190. April 1990. 

[3] H. Sira-Rasnirez. "A geometric approach to pulse-width modu- 
latedsystems."l€€E~r~ins.r\urom. Cunrr:,vol. 34.no. 2,pp. lYt-157. 
Feb. 1999. 

[4] J. Sun 3nd H. Grotstollen, ".4ver~ged modelling of switching power 
converters: reformulation and theoretical basis." lEEE Power Elec- 
rronics Specicilisrs Con$ Rec.. pp. 1165-1 172. 1992. 
[5] N.N. Bogoliubov and Y.A. ~ l i ~ o p o l s ~ y , ~ s ~ m ~ r o r i c , ~ ~ ~ r ~ [ ~ ~ d . ~  in rhe 
Theory ofiVunlinetir Oscillurions. NY: Gordon and Breach Science 
Pub.. 1961. 

[6] A.F. Filippov. Diferenritrl Eqicurions with Disconrintrous Righ- 

E 

FIGURE 1. Boost converter with PWM feedback 

hand Sides. The Netherlands: Kluwer hmd .  Pub.. 1988. 

[7] R.M. Bass and P.T. Krein. "Large-signal design alternatives for 
switching power onvener control" l E € E  Power Electrunics Specialisis 
Coni: Rec.. pp. 552-887. 1991. 

[SI B. Lchman. "Avera3n,o of differential delay equations." Proc. 
1992 lEEEACC. vol. 2. pp. 195.5-1956. 1992. 
[9] B.  Lehman and R..Cl. Buss. "Extensions ofaveraging theor forpow- 
er electronic systems" submitted to /E€€ Trunsucriuns on Power €lee- 
rronics. 1993. 

[ I O ]  B. Lehman and R..Cl. B a s .  "Switching frequency dependent aver- 
aged models for PWM dc-dc conveners." submitted to /€E€ Trunsuc- 
tions on Pukcer Elecrronics. 1994. 

i /I ~ - .  . -  - 
(.,..,,.,..I ,.,... . ,....,..,.,,..(,I..(. .... 1 - 

gii& ]I ,.I I'., ,.I I # . ,  

FIGURE 2 .  Simulated start-up transient response of 
both capacitor voltage and inductor current for (;)when 
switching frequency equals 100 KHz. 
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FIGURE 3. Simulated start-up transient response of 
both capacitor voltage and inductor current for (4)and 
with ripple correction when switching frequency equals 
100 KHZ. 
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FIGURE 4. Output voltage of simulated start-up tran- 
sient for averaged and switching models. Example 1. 
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FIGURE 5. Output voltage of simulated start-up tran- 
sient for averaged and switching models. Example 2. 
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FIGURE 6. Output voltage of simulated start-up tran- 
sient for conventional, new and switching models. 
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FIGURE 7. Output voltage of simulated start-up tran- 
sient for conventional, new and switching models. 

FIGURE 8. Output voltage of simulated start-up tran- 
sient for, new and switching models. 
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