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Abstract

In this paper, we improve on classical averaging theorems
for functional differential equations by proposing new aver-
aged models.

1 Introduction

In the 1960’s, authors such as [4], [5], [6], [17], [3], and [13]
applied the method of averaging to time-varying functional
differential equations (FDE’s) that admit a small parame-
ter. The most general of these results is given in [6], where

the FDE

&(t) = ef(t, z¢) M)
is considered. (For an explanation of this standard notation,
see Section 2.)

Suppose that, for any constant vector ¢, we define &(8) = ¢,
6 € [—r,0]. Then the work of [6] (as well as [4], [5], [17], [3],
and [13]) gives conditions under which solutions of (1) can
be approximated by the averaged autonomous ODE

£(t) = eFan(€); €(8) =£(t), 6 €[~r,0] (2)

where

t+T
Fav(w) = Th—l;r;o %/ f(S,’l[))dS. (3)
t

Additionally, authors have also presented results on av-
eraging of FDE’s in the form of (1) with pointwise de-
lays (5], [17], [3], and [13]. If one carefully examines the
proofs in these FDE averaging papers, it can be seen that
each method proposes two important upper bounds on e.
First, there exists some €3, sufficiently small, such that for
0 £ € £ 1, the FDE can be approximated by a nonau-
tonomous ODE. Next, there exists an upper bound on e
such that for 0 < e < €2, the time dependence can be aver-
aged out. Since averaging theorems are written for “suffi-
ciently small €,” the averaging proofs in [4], [5], [6], [17], [3],
and [13} do not distinguish between ¢, and e2. However, if
€ is not infinitesimely small, this could lead to errors in the
averaging approximation.

In this paper we propose to approximate (1) by the alter-
nate averaged system

#(t) = eFay(2) 4)
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where Fg, is given in (3). Notice that (4) is an FDE and not
an ODE. No attempt will be made to search for the upper
bound on ¢ allowing for a finite dimensional approximation
of (1). Numerical simulations indicate that (4) is usually a
more accurate appoximation of (1) than (2). This seems to
imply that €1 < €2.

It should be mentioned that there has been a recent interest
(see [7], [9], [12] and [10]) in studying averaging for FDE’s in
the form of &(¢) = f(t/e, z:). This FDE has found engineer-
ing applications in vibrational control [9], [12] and periodic
control design [16]. The work of [10] was the first to sug-
gest that (4) may be an improved averaged approximaion
of (1); however, [10] views averaging from a Lyapunov sta-
bility point of view and considers only point delays. In this
paper, we consider general classes of FDE’s and present
fundamental averaging results pertaining to the closeness
of solutions of (1) and (4) over specified time intervals.

2 Preliminaries

Let R™ be the n—dimensional Euclidean space. Let C =
C([-r,0],R"™), 7 > 0, denote the space of continuous func-
tions that map [—r,0] into R". If z(t) is a continuous func-
tion defined on [to — r, L], then we define z; € C by setting
z(0) = z(t+6), 8 € [-r,0] for each tog < ¢t < L, where
L > to. For each ¢ € C, let {|¢)]| denote sup{|(6)] : 0 €
[-7,0]}, where | - | is a norm of R®. For any D C ",
let C(D) = C([—r,0], D). The functional f : ® x C - R"
is always assumed to be continuous. Let ¢(t) be a conti-
nous function on ¢ € [to — r,%o], and assume in (1) that
z(t) = ¢(t) on this interval. Then (1) has a solution which
is denoted as z(t) = z(t;t0,¢). (We also sometimes write
Tty = Pty = ¢ € C, in a standard mild abuse of notation.)
Likewise, the solution of (4) is denoted as z(t) = z(¢; o, ¢)
for z;, = ¢. All derivatives are assumed to be right-hand
dertvatives.

Definition 1 Suppose that f : ® x C — R" is continuous
and is uniformly bounded such that {f(,7)| < M for all
(t,9) on R x C(D). Assume further that f is locally Lip-
schitz, i.e., for any (¢,%',%?) in (R x C(D) x C(D)) there
exists a K > 0 such that |f(¢,v")— f(t,¢¥?)| < K|[¢! —v?|}.
Furthermore, suppose that the average in (3) exist uni-
formly in ¢ for all ¢y € C(D). Then f is said to be a KBM-
functional.



Definition 2 Suppose that z(t) = x(¢; to, ¢) is the solution
to (1) with initial function ¢ € C. The moving average
of z(t) is denoted by Z(t) and is defined as

o o(2), for t € [to — r,%0)
z(t) = L [T z(s)ds, for t > to,
where T > 0.

Definition 3
Consider a functional f : R x C([~r,0], R?) - R*. The
local average of f, denoted by fr is defined by

1 T
=g [ 1w
0

where 7" > 0 and p is a non-negative integer.

Remark 1 The notion of a KBM-functional is an exten-
sion of the definition of a classical KBM-vectorfield for
ODE’s (Krylov-Bogolyubov-Mitropolsky as discussed in [8]
and [1]). The use of moving averages and local averages for
ODE’s has been introduced in [14] and [15], respectfully.

Now in addition to (1) and (4), consider the locally averaged

FDE

y(t) = efr(t,ye)- (5)
As usual, denote the solution of (5) with the initial function
Yio = ¢ € C as y(t) = y(t;to, ¢).

The goal of this paper is to derive conditions in which
|z(;to, d) — z(¢;to, @)| = B(e) on time intervals of length
O(1/e), where B(e) — 0 as € — 0. This is accomplished by
first showing |z(t) — Z(t)| = O(eT). Next, the moving and
local average are shown to be |Z(t) — y(t)| = O(eT") + O(er).
Then, as a final step, it is shown that |y(¢)—z(t)| = O(Beﬁf,),
where B(e) — 0 as ¢ — 0. Hence, it is possible to select
€T = \/B(¢) and prove the final results. In order to achieve
these steps, we will use the following lemmas.

Lemma 1 [11] Assume that the solution to (1) satisfies
z(t) € D for t € [to — r,to + L1 + T] where L, > 0 and
T > 0. Assume further that |f(t,¢)| < M for all (t,¢) on
([to = r,to + L1] x C(D)). Then |z(t) — T(t)| < eMT/2 =
O(eT) for allt € [to — r,to + La].

Lemma 2 [9] Let L1 and T be as defined in Lemma 1.
Assume that for any (t,¢", %) in ([to, L1 + T] x C(D) x
C(D)) there ezists a K > 0 such that |f(t, ') — f(t,1/12)l <
K|[g" = w2ll. Then |fr(t, ') - fr(t, %) < Kllw* — o7,
for all (t,4",9?) in ([to, L1] x C(D) x C(D)).

3 Fundamental Averaging Theorems

Lemma 3 Let the assumptions of Lemma 1 and Lemma 2
hold true for Ly = L/e, where L and € are positive con-
stants. Assume that z(t) = y(t) = ¢(t) on [to — 1, t0), where
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¢ € C(D), and assume that both T(t) and y(t) € D for all
t € [to,to + L/e + T]. Then |y(t) — T(t)] = O(eT) + Ofer)
ont € [to —r,to+ L/e].

Proof: On t € [to — 7, t0), |y(t) — Z(¢)| = 0. For ¢ > to,

ly(t) —z(t)| =

y(to) + ¢ / Fo(s, ye)ds — f(t){ .

Taking the derivative of Z(t), we have for ¢t > ¢

5) = ple(t+T)~ ()

€

4T ¢ [T
T/t f(s,zs)ds = T,/o Flt+ 7, x4 )dr

Therefore, for t > to

W) f<t>|=ty<to>~f<to)+e [ et

to

1 [T
- / fls+1,254.)d7]ds
T Jo

We note that Z(f) usually has a discontinuity at ¢t = t7,
and therefore, T(t — r) has a discontinuity at ¢ = t5 + 7.
This requires us to be especially careful at ¢ = ¢, and at
t =tp+r. Let 6 > 0 be an arbitrarily small constant, and
consider |y(t) — Z(t)| on ¢t € [to,to +r +d]. On this interval

T T
1 1
o< g [ e +sular< g [ adr=
0 0

Likewise, |f(7,z-)] < M on this interval since it has been
assumed that © € D. Therefore, for ¢ € [to,to +r + 4]

ly ()

z(t)] < [Z(to) — y(to)]

to+r+d8 1 s+T ’
+e/ —/ Mdr+ M | ds.
to T s

From the proof of Lemma 1 and the assumption that
y(to) = x(to), we have that |y(te) —Z(to)] < eMT/2.
Therefore, for t € [to,to + 7 + 6], we have |y(¢t) — Z(¢)| <
eM(T/2 + 2r + 26).

Next, assume L/e > r + 6 = ¢1. On this interval we write
() —z(t)] (6)
t
< w21 [ 1feGow) = frs 2l
t1

t
+6/ ifT(S,Es)“fT(‘g;x&)l

t
/t]

From above, we have that |y(t1) — E(t1)| < eM(T/2+ 2r +
26). By Lemma 2 and the assumption that =, ¥ and y
remain in D, we have | fr(s,Zs)— fr(s,zs)| < KeMT/2 and

T
fr(s,xs) — l/ Fls+ 1, 2o r)dr| ds.
T J




|Fr(s,ys) — fr(s,2s)| < Kllys — @l| for ¢ € [to,to + L/e].
Likewise, for s € [to,to + L/€] and 7 € [0, T

1 T
rise) = g [ £+ raand]

T
H [ e n) = ot

<

1 [T
T/o K|lzs — zss-||dr.

For t¢ < to < t3, it is known that z(t3) — z(t2)
¢ f:: F(X\, z2)dA. This implies for s > ¢

z(s+0)—z(s+7+0)
s+7+40
e/ f(s,zs)ds
s+4-8

Therefore, for t € [to,to + L/¢] and 7 € [0,T]

Ts — Ts4r

I

tT 46
£ = 2esel] = el f £(s,.)ds]| < eMr.
t-+0

Using the above inequalities, for ¢ € [to, 0 + L/¢], (6) be-
comes

t
ly@t) —Z@E) < eM(T/2+2r+28)+ eK/ llys — Ts|ds
t
/ (KMT/2+ = / KMrdr)ds

131

< eM(T/2+2r +20) +e2KMTL

+5K/ sup — %(o)l|ds.

o€l tg,s]

The right-hand side of the above inequality is increasing,
and therefore, for t € [to,f0 + L/€]

sup |y(s) —ZF(s)| < eM(T/2+2r+20)+ 2KMTL
s€[to,t]
+€K/ sup ly(o) ~T{o)|ds.
u‘E[to,s]

By Gronwall’s inequality, this implies for ¢ € (to,to + L/¢]
that
<

sup |y(s) — &(s)| [eM(T/2 + 2r + 26)

s€fto,t]
+e2KMTLlexp{eK (t — to)}.

The constant 6 is arbitrarily small (e.g. select § = er), and
therefore, the above inequality implies that |Z(t) — z(t)| =
O(eT) + Oer) on t € [to,to + L/¢]. O

Remark 2 If f is T'—periodic, i.e., f(t+T,-) = f(t,-), then
we have ‘almost’ proven averaging. The only remaining task
is to give conditions which guarantee that z, Z, and y all
remain in D.

Lemama 4 Assume that [ is a KBM-functional, and con-
sider (4) and (5) with continuous initial function z(t) =
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y(t) = ¢(t) on t € [to — 7,to]. Assume thai, for any
L > 0 and € > 0, both 2(t) and y(t) remain in D for

t € [to — rto + Lje + T). Then |y(t) — 2(2)] = O(Z)
ont € [to — 1,10 + L/€], where
B(e) = sup sup 6I [f(3+t ¥) — Fau (¥)]ds].

YeC(D) t2to

Proof: Since z and y have the same initial functions, it is
only necessary to consider to <t < to + L/e. On this time
interval

W) -] = lulto) - =(to)
t
te / (fr(5,5) = Fao(z2)) ds
< 6/ | fr{s,#s) — Fau(2s)| ds

+€/ [Fr(s,ys) ~ fr(s, 25)| ds

LA / e — zollds.

Using the same arguments found at the end of Lemma 3,
by Gronwall’s inequality the proof is complete. O

Remark 3 Since f is assumed to be a KBM-functional,
the function B(e) — 0 as € — 0. Using this fact, it is now
possible to prove fundamental averaging results for FDE's.
In fact, if z(¢), y(t), T(t), and z(t) all lie in D, then there
is very little left to prove.

Theorem 1 Suppose the f is a KBM-functional and that
(1), (4) and (5) have the same continuous initial function,
¢ € C(D), ont € [to—r,to]. Let L > 0 be a constant that is
independent of ¢, and define B(e) as in Lemma 4. Assume
that z(t), y(t), T(t) and z(t) all lie in D fort € [to —r,to+
Lje+ Y2 Then ja(t) - 2(2)] = O(\/B(@)) + Oler) for
allt € [to -7, to + L/E]

Proof: From Lemmas 1, 2, and 4 for t € [to—r,to+L/e+T]

(¢) = 2(8)] |z(2) — ()] + |2(2) — y(t)]

<

+ly(t) — 2()]

O(eT) + O(eT) + Ofer) + O ( (€)

T

IA

Setting €¢I' = +/B{(¢) completes the proof. O

Remark 4 It is common (for ODE’s) to write Theorem 1
assuming that z(t) € Dy C D and to remove the assumption
that z(t) € D and y(t) € D. One can always assume that
Do and D have sufficient distance between them that z(t)
and y(¢) remain in D.



When f is a KBM functional, 1/ B(e) — 0 as € — 0. Hence,
|z(t) — z(t)| becomes vanishingly small as e —+ 0. Using this
fact, it is straightforward to prove averaging results that
encompass functionals more general than f. Consider the
FDE

x(t) =eg(t, xe,€); Xt (t) = . ™
Along with (7) consider the corresponding averaged equa-
tion

U(t) = €Gay(); vy = h, (8)
where T
Cow(®) = lim = / (5,4, 0)ds )
Wl =0T, TR

Notice that it is no longer required that (7) and (8) have the
same initial function and that g can explicitly depend on .
As usual, let x(¢;to,¢) and v(t;tg, h) denote the solutions
to (7) and (8) respectively, and assume that ¢ and h are
continuous functions.

Definition 4 Assume that the functional g is uniformly
bounded by M and locally Lipschitz with constant K for
all ¢ € [0,p]. Assume further that the limit in (9) exists
uniformly with respect to ¢ for all ¢ € C(D). Then the func-
tional g is said to be a KBM-functional for all ¢ € {0, p1].

Theorem 2 Let o, p, and L be arbitrary constants inde-
pendent of €, and define 8 = sup,cizg—ro]|0(s) —h(s)|. As-
sume that g is continuous with respect to all its arguments
and g(t,,€) is a KBM-functional for all € € [0, p]. Sup-
pose that v(t;to, h) together with its o vicinity remains in
D for allt € [to — r,to + L/€]. Then for any n > 0 there
exists a fo = Po(n,L) and an e = eo(n, Po, L), such that,
for0< B < Bo.and 0 <LeX o,

[x(¢:to, ) — v(t;t0, h)| < 7

for allt € [to —r,to + L/e].

Proof: A simple exercise of the properties of continuity of
solutions (see Chapter 25, Theorem E of [2]) combined with
Theorem 1. O

4 Example - An Inverted Cart and Pendulum
Problem

In this section, we present a simple application to a vari-
ation of cart and pendulum stabilization by proportional
feedback. As illustrated in Figure 1, the system consists of
a cart and planar pendulum apparatus in a reference frame
which is being subjected to a periodic disturbance of am-
plitude 8 and frequency w along the horizontal axis. Such a
disturbance might arise as the result of attempting control
on an unsteady platform (i.e. a helicopter) or in the pres-
ence of high frequency variations in the system’s operating
environment.

The net motion of the cart is equal to the sum of the distur-
bance and the cart’s motion in the local frame of reference.
The pendulum is modelled as a rigid, massless link of length
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Beosat

Figure 1: Cart and Pendulum subjected to periodic dis-
turbances.

£ and a bob of mass m, and its displacement is referenced
to the vertical. The cart and pendulum are connected by a
single degree of freedom planar joint. Suppose that the cart
position may be precisely controlled. Then the differential
equation of motion for the pendulum is

me?0 + caf — ml (ticos@+gsinf) =0, (10)
where @ = —w?B coswt+ %, # is the acceleration of the cart,
and cq4 is the damping coeflicient for the planar joint.

Remark 5 The assumption that the cart dynamics can
be explicity controlled is fairly common and forms a basis
for a theory of the control of velocity controlled mechanical
systems. For an introduction to this tepic, see [19] and {18].

To stabilize the inverted equilibrium, we prescribe the pro-

portional control & = —K,0(t —r), where r > 0 is a control
delay perhaps due to sampling, computation, or even tele-
remote operation. Then i(t) = —w?8 coswt — Kpf(t — 1),

(10) can be written as a dimensionless delay differential
equation

8" + ’ct’ — ecosT + € (kf(T — ') cos 6 — sinf) =0,

where 7 = wt, () =d/dr, e = 8/¢ = \/g/t]w, c = Lca/g,
k = £K,/g, and r' = wr. Prescribing the coordinate change
6 =y1 —ecosTcosyr, & = eys + esin 7 cogy, and proceed-
ing as in [1], we eventually have the system of first order
equations

o= e+ O
7o € [—cyz + sin g1 cos 1 cos® T + yg sinyi sinT

—ky1(r —r")cosy +siny1] + (). (11)

By Theorem 2, the average of (11) is given as

le = €z2
sin 71 cos z
2 = ¢ [—czz + —1—2—1 — k2 (r — ') cos 21
+ sin z1]. (12)

Linear analysis of the inverted equilibrium for the case
r’ = 0 shows that the system is stabilized if the propor-
tional gain k& > 3/2.
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Figure 2: Nonautonomous (solid) and averaged (dashed)
trajectories for the controlled cart and pendu-
lum with feedback delay.
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Figure 3: Averaged trajectories with and without feed-
back delay.

The results of simulations of the nonautonomous and aver-
aged systems are shown in Figure 2. The parameter values
used in the simulations are e = 0.1, k& = 3, and delay value
r’ = 0.5. In the original time scale, these delay values scale
back to r = r' /w = er'+/g/¢. Initial condition and function
data is given by (y1(7),y2(7)) = (21(7), 22(7)) = (0.5, 0) for
T €[-7,0]

In Figure 2 we see the phase portrait for the averaged and
nonautonomous systems. The averaged phase portrait ap-
proximates the nonautonomous trajectory. The significance
of this result is that it shows that the appropriate averaged
equations retain the delay term, as opposed to earlier re-
sults which suggest that the delay term is not important. In
Figure 3, we see a comparison of the averaged trajectories
for the system without and with delays. It is clear from the
figure that these trajectories are distinct, and that trajec-
tory with delay is not a small perturbation of the trajectory
without delay. This is true in spite of the fact that the delay
is O(e) in the original time scale. Hence, the new averaged
models seem to be an improved approximation compared
to the classical averaged models of [4], [5], [6], [17], (3], and
[13].
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