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Fig. 3.

Stability region in the parameter plane of the system (17).

The result obtained may include information on the delay 7 and
complements the existing delay-independent stability criteria. Its relation
to the criteria is also discussed. The point of the theorem is twofold: the
facts that for time-delay systems unstable characteristic roots exist only on
some restricted bounded region of the complex plane and that to exclude
the roots from that region it is sufficient to impose certain conditions on its
boundaries. An interesting open problem is to consider situations where
the condition (7) for s on some edge among (8)-(10) can be dispensed
with.

APPENDIX

Definition of the Matrix Measure {11]: The matrix measure of a
matrix X derived from the given norm || - ||. is defined as follows:

I+eX|. -1
mn‘H_‘tf”— (A.0)

uAX):=1
¢ €

Lemma 3 [11]: For any matrices X, ¥ € C7*", the following
inequalities hold:

Re Ni(X) = u(X) (A.1)
—p(jX) = Im N(X) = p(—jX) (A2)
w(X+Y) = p(X)+u(Y) (A.3)
w(X) = x| A4
p(eX)=en(X), Ve z 0. (A.5)

Computation of the Matrix Measure [11]: For a matrix X = {xu}
€ C7"*", the matrix measures u.(X), -= 1, 2, oo are calculated as
follows:

(X)) =max (Re (xkk)+2 [ x|
3

(A.6)
i=1
#k

#Z(X):% max M X*+X) (A7)

pef X)=max | Re (x,)+ D, |x,kl> ) (A.8)
! k=1

#i

Here. (*) denotes the conjuate transpose symbol.
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Stability of Fast Periodic Systems with Time Lags

JOSEPH BENTSMAN, JAMEL FAKHFAKH,
HARRY HVOSTOV, aNnpD BRADLEY LEHMAN

Abstract—This note extends the stability criterion of [1] for fast
periodic linear systems to systems with time delays. Applying the results
of Hale [5, 3.3], the asymptotic stability criterion for a class of time lag
systems is derived. A comparison to a nondelay case is made, and it is
demonstrated that small delays can significantly affect the stability
properties of this class of systems.

I. INTRODUCTION

A recent paper [1] presented a stability criterion for the system

X(t)=<A +% D

where A is a constant matrix, ¢ is the dimensionless time, D(#/¢) is a zero

x(1), X:R,—R" )
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average periodic matrix with the period of the order ¢, and € is a positive
constant. Specifically, in [1] it was shown that there exists ¢, such that for
any 0 < e < ¢, the asymptotic stability and instability properties of (1)
are identical to those of the time-invariant system X(¢) = Ax(t), where A
is a constant matrix, calculated as

_ 1 (7
A =;im T S &z, 0)Ad(7, 0) dr 2
and (7, 0) is the almost periodic state transition matrix of
dy(r)/dr=D(1)y(1), 1=1t/¢ 3)

provided A has no eigenvalues with zero real parts. Whenever the state
transition matrix of (3) can be found, this result becomes a constructive
tool for the stability analysis of (1).

Since this stability condition has been utilized in the design of
vibrational and periodic feedback controllers for finite-dimensional
systems (see [2]-[4]), and since time lags are commonly encountered in
practice, it seems desirable to obtain a similar condition for the time lag
systems as well.

Using the approach of [1] we demonstrate that the stability properties of
a linear system with a finite number of constant delays of the form

xa):(MgD(g))

where each B; is a constant matrix, and each 7; is a positive constant in (0,
r], r = const > 0 are also determined by the eigenvalues of a constant
matrix

x(H)+ E Bix(t—er;)

i=1

4)

>

Ly B )
i=1

where A is given by (2), and each B, is calculated as

_ 1 (7
B, & lim 75 @ '(1, 0)B,b(r~r,, 0) dr.
B .

®

6)

II. PRELIMINARY LEMMA

Consider a linear almost periodic system

WO =e Y Ft)yyt—r),

=1

ri €10, r], vi=1, ---, m,

yil=r, ©)=R" F: R, —R™",  0<e< 1, t€[0,®). (7)

Define the averaged equation corresponding to (7) as the ordinary
differential equation

m
iy=e Y, Fz(),z: R, ~R"
i=1

;
F=lim (I/T)S F(ydr, i=1, -, m. (8)
T—o °

Lemma: Assume that matrix £™,_, F; has no eigenvalues with zero real
parts. Then there exists ¢, such that for any 0 < € < ¢,

i) the trivial solution y(¢) = 0 of (7) is asymptotically stable if z(¢) = 0
of (8) is asymptotically stable;

ii) the trivial solution y(¢) = 0 of (7) is unstable if 2(¢) = 0 of (8) is
unstable.

Proof: Noting that y(¢) = 0 is an a priori known almost periodic
solution of (7) in the neighborhood of z(f) = 0, the proof of the lemma
directly follows from [5, 3.3].

Remark 1: A solution of every delay equation in this note is interpreted
in the sense of [6, p. 257] as a continuous function x: [ —r, ©) = R" that
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reproduces the initial data on [ — r, 0] and satisfies the equation considered
for t = 0, with X(0) being understood as the right-hand derivative.

Remark 2: Since analytical estimates of e, are usually extremely
conservative (e.g., see [1]), the value of ¢, is best determined via
numerical simulations.

III. THE MAIN RESULT

Theorem: Assume that the state transition matrix ®&(7. 0), 7 €
(— o0, ®) of (3) is almost periodic. Then there cxists ¢, such that for any 0
< € < ¢, the trivial solution of (4) is:
1) asymptotically stable if C defined in (5) is a Hurwitz matrix;
ii) unstable if C has at least one right half-plane eigenvalue and has no
eigenvalues on the imaginary axis.
Proof: In time 7 = /e, (4) takes the form

m

dx(r)/dr=(cA+D()x(r1+e D, Bx(r—r.). ©9)
i1
For the purposes of the proof introduce a substitution
x(n=%(r, —r)y(7) (10)

which for the delayed states with 7 — 7 — r; takes the form

X(r=—r)=®@—r, —nNy@-r), =1, -, m (n
Since r = max; r;, substitution (1) is well defined on 7 € [0, o). Using

(10) and (11), equation (9) can be transformed into the equation

dy(r)/dr=¢ |id>‘(7, —nA®(r, —ry(n

m

+Y @ (1, —NB( -1, ~r)y(T—I‘,):| .12

i=1

Since (12) is of the form (7), the lemma of the previous section can be
used for the stability analysis of (12). Averaging the right-hand side of
(12) with respect to 7 and dropping delays in the argument of a state
variable, we obtain

dv(n)/dr=¢ [F(T—_r)m

+Y @ ', —NBe(-7;, fr):] v(7)

i=1

=ed (0, ~1) [cb'(r, 0)AD(7, 0)

+E &-'(7, 0)B,®(7 1, o)] ®(0, ~r)v(7)

i=1

where u(r) = lim 7o, (1/T) {Tu(7) dr and (0, — r) is a constant matrix,
nonsingular as the state transition matrix of (3). Consequently, noting that
the averaged equation corresponding to (12) with z(7) £ (0, —r)u(r) is
given by () = ¢Cz(7), where matrix C is defined in (5), and that if ®(7,
0) is almost periodic, then (10) and (11) arc stability preserving, the
assertions of the theorem directly follow from the lemma. Q.E.D.

Remark 3: One can regard delays d; er; in (4) as fixed numbers
independent of €. Then parameterization er; and boundedness of r;, i = 1,
-+, m, simply mean that the result presented above applies to systems
with fixed delays of the same order of magnitude as the period of
oscillations, T = 2we, or lower. If d; = 0(¢), Vi, then from (5) and (6) it
follows that parameters r; = di/e = 0(1) appear explicitly on the right-
hand side of the averaged equation Z(r) = eCz(7) that governs the stability
properties of (4). The values of r, = 0(1) significantly affect the spectrum
of matrix C, giving rise to the added difficulty in stability analysis of (4) in
comparison to systems considered by Hale in [5] as well as those
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discussed in [1]. If d; = O(e?), Vi, then r; = O(e) and for sufficiently small
e the spectrum of C by continuity is close to that of the corresponding
matrix for a system with no delays. Thus, delays d; = O(e?) can be
neglected and the above theorem with r;= 0, Vi, reduces to the theorem of

[1].

IV. EXAMPLE

Suppose thatin () n =2, m=1,r,=r,
ay  an by bi 0 1
A= , B B= y = .
[021 022] : [bu bzz] D(ny=acos 7 I:O 0]

13)
Then, the state transition matrix of (3) is given by

1 «asinT
®(r, 0)= [ 0 ] ]
the delayed matrix is

®(r—r, 0)= [(1) asinl(r—r)

]

and matrices A, B, and C take the following form:

A= a,  ap—(a?/2)ay o by bia—(a?/2)by cos r
= , B=
ap ay by by
and
c— an+by an+bin—(a?/2)(ay + by cos 1) . (14)
ay + by an+by

Thus, according to the theorem the eigenvalues of matrix C define the
stability properties of (4) for any 0 < e < ¢,, where ¢, is a sufficiently
small number.

Let us examine the effect of a fixed delay, d er const, on the
stability of the system and determine the size of ¢, for » = const. For this

purpose, consider (4) with
0.3 1 0.3
A‘[o.s —1] "“dB‘[ —0.6] :

Then the asymptotic stability of (4) is guaranteed for a sufficiently small

€, 0 < € < ¢,, whenever Det C > 0 and Tr C < 0, where C is given in
(14). With A and B of (15) this yields

5 172
| 06+02cos r :

Instability takes place when the inequality sign in (16) is reversed. Setting
in (16) r = 0 we recover the stability bound « > 2.5 derived in [1] for the
system without delay. The sets of the values of « that satisfy (16) and o >
2.5 will be further referred to as the admissible stability regions for « for
systems with and without delay, respectively.

Figs. 1 and 2 show the asymptotic stability and instability regions
(shaded and clear areas, respectively) of a system without delay and with
the delay d = 1.6 7 in the parameter plane o versus 1/¢. From Fig. 1 itis
seen that for any fixed value of a > 2.5, say «, the value of ¢, that
ensures stability is given by the first and the only point of the intersection
of the horizontal line &« = «; with the stability-instability boundary (the
dashed curve in Fig. 1). Fig. 2 shows that the introduction of the delay d
drastically changes the relation between the stability and instability areas
in the same region of the parameter plane. Since in this case the value of r
in (16) is varying as a function of ¢, r = 1.6 w/e, the inequality (16) yields
the lower bound of the admissible stability region for « given in Fig. 2 by
the curve periodic in 1/e.

The actual stability-instability boundary that separates shaded and clear
areas in Fig. 2, given by the dashed curve, has been determined with the
help of the numerical functional equation solver of [7].

0.3

0.2 s

(16)
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Fig. 1. Superposition of admissible and actual (simulated) regions of stability of a
system without delay.
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Superposition of admissible and actual (simulated) regions of stability of a
system with delay cqual to 1.67.

Fig. 2.

Fig. 3. Stability-instability boundary in the (e, 7, @) parameter space of a system with
delay d € [0.27. 1.67i

Let us now note the following important difference between Figs. 1 and
2. Unlike Fig. 1, for most values of « in its admissible stability region in
Fig. 2 there is no e, that ensures stability for any e in (0. €,] under the
presence of a fixed delay d. This is, of course, in no contradiction with the
theorem which guarantees the existence of e, for a fixed ratio r = d/e
rather than for a fixed delay d itself. Thus, unlike the no delay casc where
the stability area is bounded by the curves monotonic in /e, the presence
of a fixed delay introduces the sequence of stable and unstable intervals in
1/e for most values of « in its admissible stability region.

Keeping r fixed and decreasing delay d, the value of ¢, can be found
which ensures that stability properties of system (4) with A and B given
by (15) and D(#/¢) given by (13) with 7 = 1/ are governed by inequality
(16). Fig. 3 shows part of the actual (simulated) stability-instability
boundary for the system with the delay d = er given by the surface M in
the (a, r, d)-space. Every point in the (r, d)-plane corresponds to e given
by d/r. It is seen that for every fixed value of 7 in the interval r €[ 10w,
127] and for all delays @ < 0.87, the value of ¢ is small enough for a
simulated boundary to coincide with the theoretically predicted one. This
indicates that for this system ¢, = 0.08, which agrees with e = 0.1 found
in [1] for the corresponding system without delay. Note that for many
values of r and «, the stability takes place for ¢ higher than 0.08. For
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example, the point of the intersection of line (¢ = 4.0, r = 1l7) with
surface M corresponds to d = 1.1x and, hence, e = 0.1. Thus, system
(4) with A and B given by (15), 7 = 117. and D(#/¢) given by (13) with
= 4.0 and 7 = /e is asymptotically stable for any positive e =< 0.1.

V. CONCLUSIONS

This note presents a constructive tool for the stability analysis of
periodic linear time lag systems of the form (4). It shows that stability
properties of this class of systems are sensitive to small delays, and
thercfore caution should be exercised in applying vibrational and fast
periodic feedback controllers designed under the no delay assumption via
results of [2]-[4]. to systems with small delays.
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The Recursive Algorithm for the Optimal Static Output
Feedback Control Problem of Linear Singularly
Perturbed Systems

7. GAJIC. DJ. PETKOVSKI, anp N. HARKARA

Abstract—The recursive algorithm is developed for solving the alge-
braic equations comprising the solution of the optimal static output
feedback control problem of singularly perturbed linear systems. The
proposed algorithm is very efficient from the numerical point of view,
since only low-order systems are involved in algebraic calculations and the
required solution can be easily obtained up to an arbitrary order of
accuracy, that is, O(c*) where ¢ is a small perturbation parameter. The
real world example demonstrates the failure of O(¢) theory—used so far
in the study of this problem, and the necessity for the existence of 0(e)
theory.
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I. INTRODUCTION

In the early 1970’s, increasing attention was given to the problem of
designing output constrained regulators where a very limited number of
state measurements are available for control implementation (e.g., [1]-
[41). The optimal solution for this control problem is obtained in terms of
high-order nonlinear matrix algebraic equations. The convergence com-
plexities of the algorithms proposed for the solution of these equations
have hindered for quite a long time a wider application of this technique.
Recently, the convergence problem was solved in [5].

The output feedback control problem attracted the attention of the
researchers from the field of singular perturbations in the 1980°s [6]-
[10], [14]. It is well known that the singularly perturbed systems belong to
the class of systems with ill-conditioned dynamics which makes corres-
ponding numerical problems stiff. Thus, in addition to the high-order
nonlinear matrix algebraic equations, one is faced with the ill-defined
numerical problems also.

Motivated by the results of [11]-[13] and [5], we have developed the
well-defined recursive numerical technique for the solution of nonlinear
algebraic matrix equations associated with the output feedback control
problem of linear-quadratic singularly perturbed systems. Moreover, the
numerical slow-fast decomposition has been achieved so that only low-
order systems are involved in algebraic computations. It is shown that
each iteration step of the proposed algorithm improves the accuracy by an
order of magnitude, that is, the accuracy of O(e*) where ¢ is a small
perturbation parameter, can be obtained by performing only k iterations.
This represents a significant improvement since all results on the output
feedback control problems for the singularly perturbed systems have been
obtained so far with an accuracy of O(e) only.

The real world example, an industrially important reactor, which
demonstrates the efficiency of the proposed algorithm and the failure of
O(e) theory is included in the note.

1. OuTPUT FEEDBACK CONTROL FOR SINGULARLY PERTURBED
LINEAR SYSTEMS

Consider the singularly perturbed linear system [15]

Yi=Axi+ A+ Biu xi(to) =x10 Q)]
eXy=Asx) + Aaxr+ Byt X2(1g) = X20 2
y=Cix;+Cx, 3)

where x; € R™ and x, € R"2 are state vectors, ¥ € R™is a control
mput andy € R’ is a measured output. In the following, 4;, B;, and C;, i
=1,-+-,4,j = 1,2 are constant matrices of compatible dimensions; in
general, they are continuous functions of a small positive parameter e
[11). With (1)~(3), consider the performance criterion

+u7Ru} dt

with positive definite R and positive semidefinite Q. which has to be
minimized. In addition, the control input u(¢) is constrained to

T X\

Q C

X2

u()=Fy(1). )
The optimal constant output feedback gain F is given by (1]
F=R'BTKLCT(CLCT)"! (6)

where matrices K and L satisfy high-order nonlinear coupled algebraic
equations
(A—=BFC)L+L(A—BFC) +xox/=0 N

(A—BFC)'K+K(A—~BFC)+Q+CTF'RFC=0 (8)
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