Fast Low-Power Modulo 2" + 1 Squarer

Hardware for Efficient Data Processing

Rajashekhar Modugu!, Nohpill Park?, Yong-Bin Kim® and Minsu Choi'
'Dept of ECE, Missouri University of Science and Technology
Rolla, MO, USA, {rrmt4b, leejongs, choim} @mst.edu
’Dept of CS, Oklahoma State University
Stillwater, OK, USA, npark @cs.okstate.edu
3Dept of ECE, Northeastern University, Boston, MA, USA, ybk@ece.neu.edu

Abstract

Modulo 2" 41 multiplier and squarer are critical components in various applications such as secure
communications in networked instrumentation and distributed measurement systems, data encryption
and residue arithmetic that increasingly demand high-speed and low-power operations. In this paper,
an efficient hardware architecture of modulo 2™ + 1 multiplier and squarer are proposed and validated
to address the demand. The proposed modulo 2" + 1 implementations have three major functional
modules including partial products generation module, partial products reduction module and final stage
addition module. The proposed modulo 2™ 4+ 1 multiplier and squarer use novel compressor designs
and sparse tree adders as primitive building blocks for fast low-power operations. The partial products
reduction module is completely redesigned using the novel compressors and the final addition module
is implemented using a new sparse tree based inverted end-around-carry adder with significantly less
structural complexity. The resulting modulo 2™ + 1 multiplier and squarer have been implemented in
standard CMOS cell technology and compared both qualitatively and quantitatively with the existing
hardware implementations. The unit gate model analysis and the experimental results show that the
proposed implementation is faster and consume less power than existing hardware implementations

making it a viable option for efficient designs.
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I. INTRODUCTION

Modulo arithmetic has been widely used in various applications such as digital signal pro-
cessing where the residue arithmetic is used for digital filter design [1, 2]. Also, the number of
wireless and internet communication nodes has grown rapidly. The confidentiality and the security
of the data transmitted over these channels has becoming increasingly important. Cryptographic
algorithms such as International Data Encryption Algorithm (IDEA) [5, 6, 7, 8] are frequently
used secure communications in the instrumentation and measurement systems. Modulo 2" addi-
tion and modulo 2" + 1 multiplication are the crucial operations in the IDEA algorithm and also
modulo 2" 41 arithmetic operations are used in Fermat number transform computation [4]. Now
a days, modulo arithmetic is frequently used in fault tolerant design of ad-hoc networks [3],
digital and linear convolution architectures. Apart from these, residue arithmetic is extremely
efficient for image processing, speech processing and transforms all of which are extremely
important in today’s highly dense computing world.

In residue arithmetic, the moduli set (2" — 1,2™,2" 4 1) has attracted attention because of it
is suitable for effective regular VLSI implementations [9] and easy conversions between binary
and residue number system (RNS) [10]. Numerous algorithms and architectures are proposed
in the literature for the same moduli set. Using this base, the input operands are n — bit wide
for modulo 2" — 1 and 2" operations, where as for modulo 2" 4 1 operations take inputs with
n + 1 bits wide, which makes this modulo operation difficult and calls for special attention.
Several architectures and algorithms have been proposed for the design of fast modulo 2" + 1
arithmetic to address this issue [11, 12, 13, 16, 17, 19, 20]. Modulo 2" 4 1 has found many
applications in Fermat Number Transformation and IDEA [4, 21]. The ability to perform fast
modulo 2" + 1 is then still a major challenge, particularly from a hardware point of view.
Even though a modulo 2" + 1 multiplier can be implemented using look-up tables, the memory
requirements are a big constraint for large values of n. Hence, to avoid the exponential growth
of the memory requirements several implementations based on combinational arithmetic circuits
have been proposed. A few of these implementations are described briefly below.

In the work of Wrzyszcz and Milford [13], the n + 1 x n 4 1 partial product matrix of the

modulo multiplier is transformed into an n x n partial product matrix. This transformation is



based on the observation that the most significant bit of the input operands is 1 only when
the inputs are 1s. And also, the periodic properties of |2|5n,; are employed through out the
computation process. Although this multiplier has a series of three n-bit adders and multiplexers
in the final stage, it has a considerably regular structure that is suitable for VLSI implementation.

To overcome the problem of n+ 1 bit input length, diminished-1 representation has been used
and applied in some of the recent implementations. For diminished-1 operand representation,
bit-pair Booth recoding technique was used in Ma’s work [14] to reduce the number of partial
products to approximately n/2 at the cost of additional Carry Save Adders (CSA). In this work,
a radix-4 Booth recoding technique and modulo CSA modules are used to reduce the partial
products in diminished-1 representation. Zimmerman, in his work [16], proposed a modulo 2" +1
multiplier with weighted operand representation that can be adopted to diminished-1 operand
representation. Wallace tree and Booth encoding are applied to this multiplier to speed up the
operation. However, additional circuitry for the 2" correction is required in this implementation
and considered to be significant overhead to this multiplier. In the work of Wang et. al. [19]
the diminished-1 number representation is used along with Wallace tree architecture. In this
work, modified Booth recoding scheme is used to speed up the reduction of the partial products
and the correction of the final stage addition results. This method has zero handling property
but it requires extra circuits to calculate correction factors. Based on the observations made by
Wrzyszcz and Milford [13], Vergos and Efstathiou et. al. [20] proposed another novel modulo
multiplier which has only one correction factor. In this multiplier design, the final stage modulo
2™ 41 addition is converted into modulo 2" addition using a part of the total correction factor of
the multiplier. This multiplier with weighted inputs has zero handling property without any extra
hardware and does not require any extra encoding either. In the work of Piestrak [37], modulo
squarers with base (2" 4+ 1,2" — 1) are described, in these implementations partial products are
reduced using carry save adder and the final output is produced using end around carry propagate
adder. The modulo 2" 4 1 squarer algorithm is efficiently designed with carry save adders and
parallel prefix based end around carry adder. But, the inputs and outputs are in diminished-1
representation, which require conversions from/to weighted number system.

Even though the multiplier and squarers proposed in [20, 36] achieved considerable en-
hancements over the existing designs in terms of power consumption and delay, hardware

implementation of this multiplier requires a special attention. The critical path of this multiplier



depends on the partial products reduction stage which uses a Carry Save Adder (CSA) and on
the final stage addition. Hence, efficient design of Carry Save adder and the final stage adder is
of high need.

In order to address this issue, a new efficient hardware design for modulo 2" + 1 multiplier
has been proposed and validated in this work.

The rest of this manuscript is organized as follows. In section II, novel multiplexor-based
compressors are briefly reviewed. Section III presents the algorithm from the work of Vergos
and Efstathiou [20] which is used to implement the multiplier and an efficient squarer algorithm is
described based on the multiplier algorithm. In section IV, the proposed hardware implementation
of the modulo 2" 4 1 multiplier/squarer and novel sparse tree based inverted End Around Carry
(EAC) adder are described. Qualitative and quantitative comparisons of the proposed multiplier
and squarer with the well-known existing implementations are discussed in section V. In section

VI conclusions are drawn.

II. PRELIMINARIES AND REVIEWS
A. Compressors for high-speed arithmetic circuits

1) MUX vs XOR: Multiplextor (MUX) is one of the logic gates used extensively in the digital
design, which is very useful in efficient design of arithmetic and logic circuits. According to the
CMOS implementation of MUX [22], it performs better in terms of power and delay compared
to exclusive-OR (XOR). Suppose, X and Y are inputs to the XOR gate, the output is XY +XY.
The same XOR can be implemented using MUX with inputs X, X and select bit Y. Efficient
compressors have been designed using MUX and reported in [23]. In the proposed compressors,
both output and its complement of these gates are used simultaneously and therefore result in
a reduced number of garbage outputs. Existing CMOS designs of 2:1 MUX and 2-input XOR
are shown in Fig. 1 for comparison.

2) Compressors for Arithmetic Circuits: A (p,2) compressor has p inputs X1, Xs... X1, X,
and two output bits (i.e., Sum bit and Carry bit) along with carry input bits and carry output

bits. Its functionality can be represented by the following equation:

p t d
Z X; + Z(Om)’ = Sum + 2(Car7"y + Z(Oout)i)
i=1 i=1 =1
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Fig. 1. CMOS implementation of 2-input (a) XOR (b) MUX

For example, a (5,2) compressor takes 5 inputs and 2 carry inputs and a (7,2) compressor
takes 7 inputs and 2 carry inputs. Block diagrams of 5:2 and 7:2 compressors are shown in Fig.

2. Efficient designs of the existing XOR-based 5:2 and 7:2 compressors have critical path delays

of 4A(XOR) and 6A(XOR) (delay denoted by A), respectively [24, 25].
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Fig. 2. Block diagram of (a) 5:2 compressor (b) 7:2 compressor

The newly proposed efficient compressors use multiplexers in place of XOR gates, resulting
in high speed arithmetic due to reduced gate delays [23]. Also as shown in Fig. 1, in all the
existing CMOS implementations of the XOR and MUX gates both the output and its complement
are available but the designs of compressors available in literature do not use these outputs
efficiently. In CMOS implementation of the MUX if both the select bit and its complement
are generated in the previous stage then its output can be generated with much less delay
because the switching of the transistor is already completed. And also if both the select bit
and its complement are generated in the previous stage then the additional stage of the inverter
can be eliminated which reduces the overall delay in the critical path. The proposed MUX-
based 5:2 [23] and 7:2 compressors are shown in Fig. 3, the critical path delays of which are

A(XOR)+3A(MUX) and A(XOR) +5A(MUX), respectively (where A(x) is the delay of



gate ). CGEN block used in the non-critical path shown in this figure can be obtained from

the equation Cppyy = (X +Y)- Z 4+ X - Y.
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Fig. 3. Proposed MUX-based design of (a) 5:2 compressor [23] (b) 7:2 compressor

ITI. ALGORITHM FOR IMPLEMENTATION OF MODULO (2" + 1) MULTIPLIER

Based on the following description of the algorithm for computation of X - Y mod (2" + 1),
a new algorithm for modulo 2" + 1 squarer is presented below. An efficient modulo 2" + 1
squarer algorithm is presented in [36] using diminished-1 representation. The disadvantage
of the algorithm is the conversions from/to diminished-1 system to/from weighted number
system. Hence, based on the multiplier algorithm which uses weighted number system, modulo
2™ + 1 squarer for weighted number system is proposed. From the architectural characteristic
comparisons [20], the algorithm presented in [20] is considered as the best existing algorithm
for the computation of X - Y mod (2" + 1) in the literature. According to the algorithm it takes
two n + 1 bit unsigned numbers as inputs and gives one n + 1 bit unsigned number as output.
The proposed implementation can be adapted to IDEA cipher [8, 5, 21], in which the modulo
(2" 4+ 1) multiplication module takes two n-bit inputs and gives one n-bit output, by assigning

the most significant bits of the inputs as zeros.



In the following text, modulo 2" + 1 multiplier algorithm is described and modulo 2" + 1
squarer is deduced from this. Let |A|p denote the residue of A modulo B. Let X and Y be
two inputs represented as X = z,x,_1...29 and Y = y,Y,_1 ... 1yo Where the most significant
bits x,, and y,, are ones only when the inputs are 2" and 2", respectively. |X - Y|onyq can be

represented as follows:

P= |X'Y’2n+1 -

i 72" - i y; 2
i=0 j=0

> (Z Pz‘ﬂw)
i=0 Nj=0

2n+1

2n41
where p; ; = x; AND y;.

The n x n partial product matrix shown in Fig. 6 is derived from the initial partial product
matrix in Fig. 4, based on several observations. The first observation is as follows. The initial
partial product matrix can be divided into four groups A, B, C' and D in which the terms in
only one group can be different from *0’. Groups A, B, D and C' are different from ’0’, if inputs
(X,Y) are in the form of (07,02), (12,0%),(0Z,1Z%) and (10...0,10...0), respectively (i.e.,
7’ is a 16-bit vector here). Hence the four groups can be integrated into a single group by
performing logical OR operation (denoted by V in Fig. 5) instead of arithmetically adding the
bits from different groups. Logical OR operation is performed on the terms of the groups B,
D and A in the columns with weight 2" up to 22*~2 and on the two terms of the groups B
and D with weight 22" ! (¢; represents the ORed terms of the groups B and D which are in
the form of p,,; and p;,, where ¢, = p,; V p;,). Since ]22"_1|2n+1 = 2"~1 4 1, the term with
weight 2271, ¢, _; can be substituted by two terms ¢,_; in the columns with weight 2"~! and
1 respectively, and ORed with any term of the group A there. Moreover, since [2%"|yn = 1,
the term p,, ,, can be ORed with any term in the column with weight 2°, in our case it is ORed
with pgo. The modified partial product matrix is shown in Fig. 5.

The second observation is about repositioning of the partial product terms in the modified
partial product matrix, with weight greater than 2"~! based on the following equation:

|52 |gniy = |—s2lil 2" 1 — 5)2li

‘2"+1 - }( }2n+1

2)

= [s2liln 4 2noliln| | "
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Fig. 4. Initial partial product matrix
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Fig. 5. Modified partial product matrix

Equation (2) shows that the repositioning of each bit to i** bit position results in a correction
factor of 272/, In the first partial product vector, there is no bit with weight greater than 2"~!
to be repositioned, in the second partial product vector one bit need to be repositioned resulting
in a correction factor of 2°2" = (2! —1)2" and in the third partial product vector two bits need to
be repositioned with correction factor (2° +2!)2" = (22 —1)2" and so on. Hence the correction

factor for the entire partial product matrix would be:

COR =2"[2"' - 1)+ (2°=1)+...+ (2" = 1)]
=2"[2(14+24+2°+...42"%) — (n—1)] 3)
=2"2"—-n—-1)

The n x n partial product matrix along with the equation (3) results in n + 1 partial product
vectors. These n + 1 partial products are to be modulo 2" + 1 added to produce two final vectors
(i.e., Sum vector and Carry vector). This can be done using a Carry Save Adder (CSA) with

(n — 1) levels. As the CSA works as a modulo 2" + 1 adder, the carry out at each level of the

CSA has to be fed back as the carry-in of the next subsequent level. Suppose the carry-out bit
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Fig. 6. Final n x n partial product matrix

of the n'" column at i level of CSA is ¢; with weight 2", this carry-out can be reduced to:

2" |any1 = | = cifangr = [2" + Cilan

Therefore carry output bits from the n'" column at each level can be used as carry input bits of
the next level. In an n — 1 stage, CSA produces n — 1 such carry-out bits [20]. Hence there is a

second correction factor (4). The final correction factor due to the carry out bits of the CSA is:

CORy = [2"(n = 1)|an i1 4

The final correction factor can be calculated by summing up COR; and COR, as follows:

COR=COR,+ COR,
=12"(n—1)+2"(2" —n —1)|anp1 (5)
= |2"(2" = 2)|anq1 =3
Therefore, the constant *3’ in equation (5) is the final correction factor.

For modulo 2" + 1 squarer, the inputs in (1) are equal are let it be represented by X and

X =x,2,_1...29. The equation (1) is transformed into the following equation.

P:]X~Y2n+1_

2n41

Zn: 1:221 . Zn: T 2j

i=0 =0

> (Z Pz‘ﬂw)
=0

=0

2n4-1

where Dij = T AND Zj.
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Fig. 7. n x n partial product matrix of modulo 2" + 1 squarer obtained from Fig.6

In the above equation (III), p; ; = x; AND z; and p;; = x; AND z;. Therefore, the two terms
pi,; and p;, are equivalent. The final partial products matrix of modulo 2" + 1 multiplier shown
in Fig.6, can be applied to modulo squarer by making the following changes.

« Replacing p;; with p; ; since x; AND x; = x; AND z;.

o Since q; = Pnk V Pkpn a0d Pp i V Din = Pnk V Dnk = Pnks @k can be substituted with p,, .

o Prk = T AND z1, = .

The resulting partial product matrix for the modulo 2" 4 1 after making the above changes is
shown in Fig.7. From Fig. 7 we can observe that some appear twice in the same column as p; ;
or P; ;. Such pairs can be presented as a single term 2(p; ;), since p; ; + p;; = 2(p;,;). The term
2(p;;) in the column with weight 2°*7 can placed in column with weight 2°7*! as p; ;. In each
column, pair of partial product bits with this property are shifted to the left column. Using the
explanation given to compute C'O R,, the paired terms(2(pi,j))in the leftmost column are placed
in the rightmost column resulting in a correction factor of 2" per one shifted term.

The number of terms to be shifted from a column to its left column depends on the value of
n. When n is even then, then columns with weight 2"/ and i + j € 0,2,4...n — 2 have “;*
pairs of equal terms, and when 7 4 j is odd 1.e., i+ j € 1,3,5...n — 1 have ”7_4 + 1 pairs of
equal terms. When n is odd each column of the partial products matrix has ”T_?’ pairs of equal
terms. These changes in the partial product matrix need recalculation of the correction factors for
modulo 2" + 1 squarer. The modulo 2" + 1 squarer has three correction factors. First correction
factor is CORy_squarer and it remains same as it is derived from the repositioning of the partial
product bits from the initial partial product matrix. The second correction factor (COR_squarer)
is computed based on the number of partial products in the final partial products matrix. Since,

in the final partial products matrix of the squarer, we have varied number of partial products
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depending on n and including the correction factor the total number of partial products is given

by.

) n—”T_‘l+1 when n is even
Number of partial products =

n—"T’?’+1 when n is odd

Including the correction factor we have ”T%, "T*E‘ number of partial products when n is even
and odd respectively. These partial products have to be modulo 2" + 1 added to produce the
final Sum and Carry vectors. These partial products can be reduced using a CSA network of
"T“S -2 = "TH full adders in a single column when n is even and ”T*g’ -2 = ”TH full adders
when 7 is odd. As explained earlier, the carry out bits of the full adders in the n** column with
weight 2" of the CSA network have to be fed back as the carry inputs to the column with weight

29, The correction factor CORy_squarer caused by this operation is given by.

2”(”7“) when n is even
OOR2_Squarer = ) .

2"(%)  when n is odd
In modulo 2" + 1 implementation another correction factor COR3_squarer 18 possible as pair
of partial product equal terms from the leftmost column of the partial products matrix are shifted
to the rightmost column. Each shifted term results in a correction factor of 2" and the correction

factor (COR3_squarer) 18 given by.

2"(%5*) when n is even

2
(52

COR3_S uarer —
! ) when n is odd

The total correction factor for a modulo 2" + 1 squarer can be obtained by summing up all the
above three correction factors.

CORSquarer = CORl_Squarer + CORQ_Squarer + COR3_Squarer
when n is even

2n+1 (6)
when n is odd

2"(2" —n — 1) + 2" (%2) + 2" (%)

212" —n— 1) +27(07) +2"(%5%)

2741
=[2"(2" = 2)|or1 =3
From (6), we can observe that the total correction factors for modulo 2" + 1 multiplier and

modulo 2" 4 1 squarer are the same.
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Final 8 X 7 partial products
matrix including the

B correction factor ‘2’
e
17010111
1 0101110
10 17011101 C
000 0000111
1010 1110101
0000 0011111
1011 1010100
- (0ooo0010
Repositioning of the bits C . -
Pz s Pe, V 0.1 where with weight > 2° Correction Factor ‘2
j=1t06 3 input bits to the 3:2 Modified partial
//' compressor products after
010010 0<«]s? 4>(i 0101001 shifting the pair of
[10110015€C2i+1 s2 > 1010000 equal terms
co*l»0]1 011101
A
0100100=36 3831113
0110010=50
0000010:}4'7 1010100
1710110 0«4S2
11011 1 1 1[0«C2"" co11100
87 = €«— Modulo 2"+1 Adder c o 1010101
/[00101001¢\ /[0000010
3 input bits to the 3:2 5 input bits to the 4:2
compressor compressor

Fig. 8. An example of the proposed implementation of the modulo 2™ + 1 squarer

A. An example describing the partial products derivation, reduction and final output generation

Fig. 8 shows an example of the modulo 2" + 1 squarer, which describes the partial products
derivation, reduction and generation of the final output. 8-bit input 001010111, (i.e., 871¢) is
arbitrarily chosen and used to generate the result of 010101115 (i.e., 871¢) in this example. In
part A of Fig. 8, initial partial products generation is given where each bit of the last partial
product vector (I;), the most significant bit of one partial product (m;) and penultimate bit of
another partial product(u;) are ORed as shown in Fig. 8 (where [;, m; and u; are in the same
column), part B shows the conversion of the initial partial products to 7 x 7 partial product matrix.
In this conversion, the bits with weight greater than 2° which are to the left of the straight line
are complemented and repositioned to the right of the line, these repositioned bits are shown
below the stair case line. In part C, the 8 x 7 partial product matrix including the correction
factor 2 is given. The pair of equal terms are shifted to the left column and the reduced partial

products matrix is shown in part D. The 6 partial products are successively reduced to two final
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vectors sum and carry using one 4:2 and two 3:2 compressors. In this process, the carry-outs
with weight greater than 2° are repositioned to the rightmost column and are shown below the
stair case line. These reduced final sum vector 36,9 (= 01001002) and carry vector (the carry
out bit is repositioned) 5059 (= 0110010,) are modulo 27 + 1 added to produce the final result
of 8710 (= 010101115).

IV. PROPOSED FAST LOW-POWER MODULO 2" + 1 MULTIPLIER/SQUARER IMPLEMENTATION

The hardware implementation of the modulo 2" + 1 multiplier and squarer are similar in
all aspects except the number of partial products is less in the squarer implementation. To
present a clear and easy understanding of the proposed implementation, modulo 2" + 1 squarer
implementation is described. The proposed implementation of the mod 2" + 1 squarer consists of
three modules. The first module is to generate partial products, the second module is to reduce
the partial products to two final operands and the last module is to add the Sum and Carry
operands from partial products reduction module to compute the final result.

On comparing the proposed modulo squarer implementation with the existing modulo squarer
implementations, the former implementation has several modifications and are tabulated below.

Table I compares the existing implementation with the proposed one. Two n+1 bit input operands

TABLE I

DESIGN STEPS OF THE PROPOSED IMPLEMENTATION OF THE SQUARER VS. EXISTING METHOD.

Design steps Existing implementation [20] Proposed Implementation
A Number system Weighted number system, no conversions Diminished-1 number systems, conversions to
are required and from weighted number system are
required

B Partial Products Involves complex logic functions to Basic logic gates are used to generate the
generation module generate the partial product terms partial product terms

C Partial products Full Adders and Half Adders are used as Novel MUX-based compressors are used as
reduction module the primitive blocks the primitive blocks

D Final stage addition Parallel prefix inverted EAC Adder is used Sparse tree based Inverted EAC is used

module

are taken and partial products are generated using various logic functions for the existing and
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the proposed methods. These partial products are easy to generate and the generation of the
partial products has negligible effect on the critical path delay and the power consumed by the
overall squarer. This module for modulo multiplier does not require any improvement, hence
efficient and regular implementations from the literature are used without any changes. However,
the partial products generation of the proposed modulo squarer is different from the existing
implementation. The partial products reduction module takes the generated partial products and
reduce them using carry save adder tree. However, the existing hardware implementation uses
full adders to reduce these partial produces and largely contributes to the critical path delay
and power consumption. Therefore, these arrays of full adders in the partial product reduction
module are to be replaced by the proposed MUX-based compressors which have less delay
and power consumption compared to full adders. The final stage addition uses modulo 2" + 1
adder to add Sum vector and Carry vector from the previous stage. In the parallel prefix based
final stage adder implementations, inter-stage wiring and large carry merge cell density make
the inverted End-Around-Carry (EAC) Kogge-Stone adder based on parallel prefix network an
improper choice. A novel inverted EAC based on sparse tree adder is proposed and applied to
reduce the complexity of inter-stage wiring and carry merge cell density in this work. In the
following sections, detailed implementation of aforementioned three modules and an example of
the proposed squarer implementation are presented and explained. These modules are explained
for modulo 2" + 1 multiplier, the same implementation is used for modulo squarers except the

number of partial products in the latter implementation is less.

A. Partial products generation

From the above n x n partial product matrix (shown in Fig. 6), we can observe that the
partial product generation requires AND, OR and NOT gates. The most complex logic functions

of partial product generation module are F;; V g, and P, ; V qi V P, ,,, where P, ; = a;b; and

Gk = Por V Pip.

B. Partial products reduction

The partial product reduction unit is the most important module which mainly determines
the critical path delay and the overall performance of the multiplier/squarer. Hence this module

needs to be designed so as to get minimum delay and consume less power.
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In the partial products reduction module, the n x n partial product matrix and the constant 3
(i.e., correction factor) need to be added to produce the final sum and carry vectors. Zimmerman
[16] demonstrated that (Sum + Carry+ 1) modulo 2"+ 1 (final stage addition module) can also
be calculated by (Sum + Carry) modulo 2" using inverted End-Around-Carry (EAC) adders,
where Sum and Carry are n-bit vectors generated by the partial products reduction module.
Modulo 2" inverted EAC adders have a regular structure that can be easily laid out for efficient
VLSI implementation. Hence, instead of directly adding the correction factor of 3 to the n x n
partial product matrix in the partial products reduction module, an intermediate correction factor
of 2 has to added to the n x n partial product matrix to save a constant 1 for the final stage
addition module. Since there is a saved constant 1 available in the final stage addition module,
modulo 2" inverted EAC adder can be used instead of the complex modulo 2" 4 1 adder.

Along with the constant 2, the n partial products should be added to produce the final n-bit
Sum and Carry vectors. In a single stage of the Carry Save Addition, series of n full adders take
3 input operands and produce two n-bit output vectors. To add n+ 1 input operands, n — 1 Carry
Save Addition stages are required in the partial products reduction module. As the first partial
product is the constant 2, in the first stage of the n—1 CSA stages, half adders can be used instead
of full adders except for the for the second bit [20]. The n — 1 stage CSA can be implemented
using n full adders in each column of the n — 1 stages [20]. In this regular implementation,
series of full adders in the CSA adder columns can be replaced by the proposed MUX-based
compressors that take the same number of inputs, which leads more efficient implementation of
the multiplier. For example, for a modulo 2% 4 1 multiplier the existing CSA design uses 7 full
adder stages in a single column to reduce the 9 partial products, the same reduction can be done
by more efficient designs based on the proposed compressors. Two possible compressor-based
implementations that can replace the existing design are shown in Fig. 9.

In the proposed compressor-based architecture, use of suggested compressors not only reduces
the delay and power consumption but also the area of the circuit. For example, the full adder
implementation requires fifteen full adders in series in any column for a modulo 2!+ 1 multiplier.
However, these fifteen full adders can be replaced by two 7:2 compressors, one 5:2 compressor

and two 3:2 compressors (Fig. 9).
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Fig. 9. Single column of the partial products reduction module of a modulo 2% 4 1 multiplier (a) Using full adders (b) and
(c) show two possible compressor based implementations. Implementation in (c) uses less number of compressors and results

in more savings compared the implementation in (b)

C. Compressors in each column of the partial products reduction module

The type of compressors in each column of the partial products reduction module varies
with the value of n. In the proposed implementation of the multiplier/squarer, 7:2, 5:2, 4:2
and 3:2 compressors are used as the primitive blocks in the partial products reduction module.
Compressors with maximum number of input bits result in higher savings in terms of power and
delay factors. Hence, the order of preference for the compressors used in the implementation
is 7:2 compressors, 5:2 compressors, 4:2 compressors and finally 3:2 compressors. Different
implementations are possible with different combinations of the compressors. Best possible
implementation for a multiplier can be obtained by using compressors with higher number of
inputs. For example, the best possible configuration should contain one 7:2 compressor and two

3:2 compressors for n = 8 case as shown in Fig. 9(c).

D. Final Stage Addition

The partial products reduction module in the previous stage, generates one n-bit sum vector

and one n-bit carry vector, which need to be added in the final stage addition module. As it is
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a modulo 2" + 1 multiplier/squarer, the Sum and Carry vectors should be modulo 2" + 1 added.

In the work of Zimmerman [16] it is shown that:

|Sum + C'carry + 1|anyq = |Sum + Carry + Cout|an (7

From (7) we can observe that the inverted carry out of the addition of Sum and Carry vectors
has to be fed back. Hence, adding a constant 1’ to the Sum and Carry vectors results in Inverted
End Around Carry (EAC) modulo 2" addition which has regular VLSI implementation. The direct
connection of the inverted carry out to the carry-in leads to oscillations in the circuit. Therefore,
significantly efficient implementations of the modulo 2" Inverted End Around Carry adders are
available in literature [16, 30]. The parallel prefix network based architecture of the modulo 2"
Inverted EAC adder is the fastest known implementation [30].

The binary addition of two numbers using a parallel prefix network is done as follows. Let
A=a, 1an—2...a1a9p and B = b,_1bn — 2...b1by be two weighted input operands to the
network. The generate bit (g;) and propagate bit (p;) are defined as g; = a; AND b; and
p; = a; OR b;, and these generate bits can be associated using the prefix operator o as follows:
(9i,pi) 0 (gi-1,Pi-1) = (gi+Pi*gi-1, PiPi-1) = (izi—1, Pii1) Where + is the logical O R operator
and - is the logical AN D operator.

The carry outs (C;) for all the bit positions can obtained from the group generate (G; = C;)
where (G;, P;) = (g5, p:) © (gi—1,Pi-1) © - .- (91, 1) © (9o, po). The parallel prefix network based
Inverted EAC adder [30] achieves the addition of the input operands by recirculating the generate
and the propagate bits at each existing level in logon stages. Let Cf(GY) be the carry at bit

position ¢ in the Inverted EAC, this can be related to G; as follows:

G P =1
@, Py = O i) for 1 | )
(G, Py) o (Gp-1:i41, Po—1:i41) for m—2>i>0

In the above equation (G;, P;) = (G, P),

where (G, ;) = (i, pi) © (gi—1,pi=1) © .. 0 (91,p1) © (go,po) ~ and
(Gn-tiiv1, Pa—tiit1) = (n—1,Pn-1) © (gn—2,Pn—2) © - .. © (Giv2, Piv2) © (Gi1, Dis1)-
In some cases it is not possible to compute (G, P}) in logon stages, then in these cases the

equations in (8) are transformed into the equivalent ones as shown in Eq. (10) by using the

following property [30]:
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Suppose that (G*, P*) = (g,p) o (G, P) and (GY, PY) = ((p,g) o (G, P))

G'=g+p G=g+p-G=75-(p+G) ©

=(g-p+9G)=(p+9G)
Therefore G* = GY and in (8) PY is computed as p - P.

To implement the parallel prefix computation efficiently, these transformations have to be applied

J number of times recursively on (G;, P;) o (Gp—1.+1, Po—1.4+1) using the following relation:

if i>n—
, if i

The new carry outs can be computed using the following equation:

S

1
n—1—i+j= (10)
1

IN V
SIERENTE

|3

Gr1, P, = —1
(G, Pf) = (_ = 1 for (11)
(P, G;) o (Gp-1:i41, Po—1:i41) for m—2>i>0

Hence, the transformations used above to achieve the parallel prefix computation in logsn stages
result in more number of carry merge cells and thereby adding more number of inter-stage wires.
From the observation given in the previous section, parallel prefix adders suffer from excessive
inter-stage wiring complexity and large number of cells, and these factors make parallel prefix
based adders inefficient choices for VLSI implementations. Therefore, a new sparse tree based
Inverted EAC adder is proposed in this work.

In sparse tree based Inverted EAC adders, instead of calculating the carry term G for each
and every bit position, every K" (K = 4,8...) carry is computed. The value of K is chosen
based on the sparseness of the tree, generally for 16 bit and 32-bit adders K is chosen as 4 [32].
The higher value of K results in higher value of non-critical path delay compared to critical path
delay of O(logsm) which should not be the case. The proposed implementation of the sparse tree
based Inverted End-Around-Carry Adder (IEAC) is explained below clearly for 16-bit operands.
For a 16-bit sparse IEAC with sparseness factor (i.e., K) equal to 4, the carries are computed
for bit positions —1,3,7 and 11. Here, bit position —1 corresponds to the inverted carry out
(M) of the bit position 15. The carry out equations for the 16-bit Sparse tree IEAC are

as follows:
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C*y = (Gis, Pis) = (915, p15) © (g4, p14) © - .. © (91, 11) © (9o, Po)

C; = (G, P3) o (G54, Pisa) = (g3,03) © ... 0 (go, Po)o

(91571915) o (914,]714) 0...0 (95,]75) o (94,]74)

C; = (G7, Pr) o (Gis8, Pisis) = (g7, p7) © ... © (9o, po)o (12)

(g15,p15) o (91472914) ©0...0 (997]79) © (98>p8>

Cﬁ = (Gu, P11) o (G15:12, P15:12) = (911,]911) ©0...0 (907p0)o

(915, P15) © (914, P1a) © - .. © (913, P13) © (G12, P12)
From (12) we can observe that some of the group generate terms need to be inverted to
compute the final carries and also Cj cannot be computed in logon stages. Hence, using (9),
(12) can be transformed and implemented in logon stages. Therefore, the new Carry out (C7)

terms (G3, P?) for a 16-bit Inverted EAC at every 4" bit can be formulated as follows:

C*, = (Gis, Pis) = (915, p15) © (G14, p14) © ... 0 (g1, 1) © (o, Po)

C; = (G?,, P3) o (G15:4, P15:4) = (937293) ©...0 (go,po)o

(g15,p15) o (91472914) ©0...0 (957175) © (947])4)

= (?3, G_3) o (G15:4, P15:4)

C: = (Gr,P;) o (Giss, Pisis) = (97,p7) © ... 0 (9o, po)o

(g15,p15) o (91472914) ©0...0 (997]79) © (98>p8>

Cﬁ = (Gu, P11) o (G15:12, P15:12) = (911,]911) ©0...0 (907p0)o

(915, P15) © (914, P1a) © - .. © (913, P13) © (G12, P12)

Fig. 10 shows the finalized 16-bit sparse tree Inverted EAC adder. From Fig. 10, we can
observe that all the carry outs are computed in [ogon stages with less number of carry merge
cells and reduced inter-stage wiring intensity.

The Conditional Sum Generator (CSG) is implemented using ripple carry adder logic, two
separate rails are run to calculate the carries C}, |, C},,, C;, 3 and C}_, assuming the input carry

C7 as 0 and 1. Four 2:1 multiplexers using the carry C from sparse tree network as 1-in-4
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Fig. 10. 16-bit Sparse tree based Inverted EAC adder.

select line generate the final sum vector. The final sum is generated in [ogon stages in Inverted
EAC parallel prefix adder and inverted EAC sparse tree adder with less number of cells and less
inter-stage wiring in the proposed implementation. Hence, this approach results in low power
and smaller area while providing better performance. The final result of the modulo 2" + 1
multiplier has n + 1 bits. The most significant bit is 1 only when Sum and Carry vectors of
the Inverted EAC are complementary vectors which is equal to the Group propagate (P, 1) of
this adder [20].
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E. An example of the proposed implementation

In this section, an example of the proposed implementation of the modulo 2" + 1 squarer is
given. The implementation of the modulo 27 + 1 squarer is given. Let X = z,2,_; ..., be the
input of the modulo squarer. The initial partial product matrix for this input is derived based on
the partial product matrix shown in Fig. 7. The weights of the columns in the matrix range from
20 to 27. The last partial product PP; in the matrix is the total correction factor(CO Rsquarer)-

The initial partial product matrix of modulo 2" 41 squarer is shown in Fig. 11. From the above

26 25 24 23 22 X 20

PPy PsoV P7s Ps.0 Pa4,0 Ps3.0 P2.0 P10 Poo V P76V P77
PP, P51 P4, P3,1 P2,1 P11 Po,1 Ps.1 V P70

PP, P42 Ps,2 P2,2 P12 Po,z Ps.2 V P7,1 Ps,2

PP; P33 P23 P13 Po,3 Pe,3 V P72 Ps,3 Pas

PP, Pz.4 P1,4 Po.4 Pe.a V P73 Ps.a Pa.4 P3.a

PPs P15 Po.s Pss V P7,4 Ps,5 Pa,s P35 P2s

PPsg Po.s Pes V P75 Ps.6 Pa,s [ P26 Pis

PP 0 0 0 0 0 1 0

Fig. 11. Initial partial product matrix of the modulo 27 + 1 squarer

figure we can observe that two pair of terms are equal in each column. Even though, in the
column with weight 2° there are three pairs of equal terms, we consider only two of those three
pairs to shift to the left column. Three pairs can also be shifted to the left column, if there are
any extra slots(i.e., zeros in the left column). The modified matrix consists of only six partial

products including the correction factor and is shown in Fig. 12. The above set of partial products

2° 2° 2 2° 2° 2! 2°
PPy PsoV P76 P40 P30 P20 P1,0 Ps2 Poo V P7sV P77
PP, Pso P31 P21 Ps.4 P11 P43 Pe,1 V P70
PP, P41 P32 P22 Pss VP73 Ps,3 Pe,2 V P71 P16
PP, P33 P33 Pes VP74 Ps.s Pe;3 V P72 Pa4,4 Ps,1
PP,  Pos Pss VP75 Pss Pas P36 P26 P42
PPs 0 0 0 0 0 1 0

Fig. 12. Final partial product matrix of the modulo 27 + 1 squarer

are reduced into two final sum and carry vectors using a CSA network. This CSA network is
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composed of efficient compressors instead of full adders and half adders. At each level of the
CSA carry and sum bits are produced and are fed to the next subsequent level. The carry outputs
at the leftmost column are are fed back as carry inputs of the rightmost column of the CSA
network. The sum vector and the carry vector produced by the partial products reduction module
are driven to the final stage addition module(sparse tree based inverted end around carry adder)
to generate the final output. The proposed implementation of modulo 27 + 1 squarer is shown
in Fig. 13. From the Fig. 13, we can observe that the partial reduction module consists of one

4 : 2 and two 3 : 2 compressors in each column.

PP0-3‘6 PP4.6 PP0-3‘5 PP4,5 PP0-3,4 PP4,4 PP0-3,3 PP4.3 PP0-3‘2 PP4,2 PP0-3,1 F)PAM PPD-3,0 PPA,O
4:2
PP5V3
‘ 3:2
1
+
e e
s 7 \ l
< 4
l—‘ Sparse tree based Inverted End Around Carry Adder
Rz Res Rs R4 Rs Rz

Fig. 13. Proposed implementation of the modulo 27 + 1 squarer using efficient compressors

V. PARAMETRIC COMPARISON

Efficiency of the proposed modulo 2" 4 1 multiplier/squarer implementation is achieved by
the newly-designed partial products reduction and final stage addition modules. The proposed
modulo squarer has a new set of partial products compared to the existing implementation. As is
shown in [20], which discusses the architectural characteristic comparisons of the various modulo
2" + 1 multipliers, the multiplier proposed in [20] has been the most efficient implementation
known in the literature so far. Hence, the proposed multiplier implementation is compared with
the multiplier reported in [20]. The squarer implementation is compared with the known existing
model. The comparisons are carried out using the unit-gate model proposed by Tyagi [35] and
also experimental results are compared. The partial products reduction module largely contributes

to the delay of the overall multiplier. For comparison purposes, the existing implementation
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of the partial products reduction module is done using the Carry-Save-Adder (CSA) array
implementation to reduce the interconnect delay and complexity. The delay terms of the proposed

multiplier and squarer implementation consist of three parts as shown in (13).

Tproposed M = Trrc v +Tprpr v +Trsa v 13)

Tproposed_s = Ippc_s + Tppr_s + Trsa_s
where PPG, PPR and F'S A represent the Partial Products Generation, Partial Products Reduc-
tion and Final Stage Addition modules, respectively. _M and _S notations indicate the multiplier
and squarer parameters respectively.
The delay of the proposed multiplier/squarer consists of three parts. According to the unit-gate
model shown in Tyagi [35], the delay of 2-input monotonic gates is 1-gate equivalent and delay
of 2-input XOR and 2:1 MUX is 2 gate equivalents. In the partial products generation module,

the most complex partial product term takes 3 unit-gate equivalents delay. Hence,

Trpc v =Tppc s =3

The proposed partial products reduction module is composed of various compressors. For a
different value of n, an efficient design is achieved by a formation of various compressors in
the critical path. In the proposed implementation of the multiplier, only 7:2, 5:2, 4:2 and 3:2
compressors are used. For a 3:2 compressor, one XOR/XNOR and one MUX are used in the
critical path, yielding a delay of 4 gate equivalents and 4:2 compressors have one XOR/XNOR
and 2 MUX in the critical path with a total delay of 6 gate equivalents. Similarly, 5:2 and 7:2
compressors have 8 and 12 gates equivalent delays, respectively. Hence, the delay of the partial

products reduction module can be formulated as:

TPPR_M:TPPR_S:12N(72)+8N(52)+6N(42)+4N(32) (14)

In (14), N(i: 2), where i=7, 5, 3 and 2, represents the number of (i : 2) compressors in the
critical path. The FSA is implemented using sparse tree based Inverted EAC, the delay factor of
FSA is divided into three factors including partial sum generation, carry propagate network, and
MUX in the non-critical path. The partial sums can be generated using a 2-input XOR which has

2 unit-gate equivalents delay. The sparse carries are computed in [logsn| levels. Each level is
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an array of carry merge cells, and each carry merge cell has 2 gate equivalents delay. Therefore,
the delay of the carry propagate network is 2[logon]| unit-gate equivalents. And finally, the sum
bits are generated using two 2:1 MUX, with gate equivalent delay of 2. Thus, the delay of the
FSA is:

Trsa v = Trsa s =2+ 2[logan] + 2 = 2[logan]| + 4

Therefore, the overall unit-gate equivalent delay of the proposed multiplier is:

TProposed_M = TProposed_S =Tppe +Tppr+ Trsa
=3+12-N(7:2)+8-N(5:2)+6-N(4:2)+4-N(3:2)+ 2[logan] + 4

=12-N(7:2)+8 N(5:2)+6-N(4:2)+4-N(3:2) +2[logon] + 7

In Table. II, the equivalent gate delays for the proposed implementations and well known
existing implementations are compared for different values of n. It can be observed that the
proposed multiplier and squarer perform considerably better as the value of n increases and the
proposed implementations result in an average of 16% and 14% reduction in the overall delay
of the multiplier and squarer respectively. The delay of the existing squarer does not include the

delays of the weighted to/from diminished-1 number system.

TABLE I

DELAY COMPARISONS FOR THE PROPOSED AND THE EXISTING IMPLEMENTATIONS

n 4 8 12 16 20 24 28 32
Tproposed_M 18 30 42 52 64 72 82 94
TV ergos_M 16 32 50 66 82 98 114 130
% Reduction_M -12.5 6.25 16 21 21 26 28 27.6
Tproposed_s 21 29 35 41 47 51 57 61
TEwisting_s 20 30 40 48 58 66 74 82
% Reduction_S -5 33 125 14.5 18.9 22.7 22.9 25.6

Even though the unit gate model gives delay comparisons in terms of gate counts, the

standard cell based implementation of the proposed compressor based multiplier/squarer gives



25

much more accurate delay and power estimations. The existing compressors and the proposed
compressors have same gate counts, but the laid out implementation of the new compressor
performs much better because of its MUX-based implementation. The actual power and delay
factors are decided based on the inter-stage wires and complexity of the design. The parallel prefix
network based Inverted EAC has a more number of inter-stage connections and intensified wiring
complexity. Hence, for a better perspective for the sake of comparisons, the standard cell based
implementations are designed and the power, delay comparisons are carried out. The proposed
multipliers/squarers for various values of n are specified using Verilog Hardware Description
Language (HDL). The verilog descriptions are mapped on a 0.18 ym CMOS standard cell
library using Leonardo Spectrum synthesis tool from Mentor Graphics. The design is optimized
for high speed performance. Netlists generated from synthesis tool are passed on to standard route
and place tool, the layouts are iteratively generated to get the circuits with minimum area. The
proposed implementation and the carry save array based implementations presented in [20, 36]
are implemented and compared with respect to power and delay. The obtained experimental
results are shown in Table. III. The power values are given in mW and delay values are given
in nS.

TABLE 1II

EXPERIMENTAL RESULTS SHOWING AN AVERAGE REDUCTION OF 10%-12% IN POWER AND DELAY FACTORS

Proposed_M Existing_M [20] Proposed_S Existing_S [36]
n Power Delay Power Delay Power Delay Power Delay
4 0.314 1.064 0.352 0.972 0.296 1.112 0.273 0.865
8 0.872 1.982 0.986 2.157 0.935 2.038 1.169 2.352
16 2.143 4216 2.450 4.639 1.815 3.397 2.233 3.842
24 3.257 6.208 3.724 7.015 2.563 4.895 3.315 5.102
32 7.831 8.542 9.124 9.796 5.841 6.255 6.311 7.313

VI. CONCLUSIONS

A novel implementation of the modulo 2" 4+ 1 multiplier and squarer are presented in this

paper. The proposed design of the modulo 2" + 1 multiplier/squarer uses compressors in the
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partial products reduction stage, the use of the efficient compressors in place of full adders
resulted in considerable improvements in terms of delay and power. A novel sparse tree based
inverted EAC adder in the final stage addition, which has less wiring complexity and sparse carry
merge cells compared to parallel prefix network based implementations. The proposed multiplier
is compared with the most efficient modulo 2" 4 1 multiplier available in the literature. The unit
gate model analysis and standard cell based implementations are carried out on the proposed
implementation and the existing implementation to clearly demonstrate and verify the potential
benefits from the proposed design. The proposed multiplier is proven to perform better than the
existing implementation with respect to three major design criteria (i.e., power, delay and power-
delay product). The proposed efficient designs can be applied to various applications requiring
modulo 2" +1 operations such as the International Data Encryption Algorithm (IDEA) to achieve

faster low-power operation while demanding less area.
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