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Abstract

Error detection/correction techniques have been advocated for algorithmic self-assembly. Under
rectilinear growth, it requires only two additional tiles, generally referred to as Isolation tiles. This
process can be effectively utilized for checkpointing and is analyzed in this paper self-assembly. Ini-
tially, the physical framework (and related features) for the removal of the erroneous sections of an
assembly is outlined. A novel Markov based model is presented to establish the optimal rate of check-
pointing and assess its performance versus other error tolerant techniques that utilize redundancy.
Simulation results are provided.

Index Terms: checkpointing, error tolerance, DNA self-assembly, tiling.

1 Introduction

Self-assembly has been widely advocated as an efficient manufacturing environment for nano-
technologies; self-assembly can be used to avoid expensive nano-lithography in building structures
(such as scaffolds), to which other molecular-based electronic devices can be attached. This process
uses complexes commonly referred to as tiles; for example, in rectangular structures a tile has four
types of DNA strands. For self-assemblying into specified patterns, a large number of tiles (made
of DNA strands) are programmed through their bond types. Previous works have reported that
the assembly of incorrect tiles occurs with error rates between 1 to 10 percent [2]; as millions of
molecules are usually involved, the presence of these errors represents a serious challenge for efficient
manufacturing in the nano ranges. Therefore detection and correction techniques are needed.

Several techniques have been proposed. FError correction techniques that require additional
matching ends, have been proposed in the literature; in [15], pads between tiles decrease the error
rate by requiring more bonds to match for each assembled tile. The use of an additional layer for
error rate reduction requires two layers of tiles to match perfectly (as opposed to a single layer) [16].
Two proofreading methods for error correction include a tile set proposed in [2] (in which a so-called
block consists of four proofreading tiles) and the snake tile set [10] (that requires a block of sixteen
proofreading tiles). The use of checkpoints for DN A-self assembly has been investigated in previous
works; [14] has proposed, simulated, and evaluated a checkpoint scheme based on temperature puls-
ing during crystalline array growth. Periodic pulses remove defective, and adversely affect some
of the correct (error-free) sections of the crystalline arrays. In this process, it is assumed that a
temperature pulse (i.e., a temporary increase in temperature) removes all defective regions of the
structure. Although a portion of the removed tiles are correct, incorrect tiles are removed at a higher
rate. Additionally in [14], the number of temperature pulses required for an error-free assembly, and
the optimal temperature pulse checkpointing interval, have been established. This paper presents
a detaled analysis to extend the process of [20] to tile checkpointing for rectilinear growth in DNA
self-assembly. This analysis utilizes the Error Isolation Tiles of [20] while introducing a physical



framework by which erroneoues sections of the aggregate can be removed. Checkpointing is then
analyzed under a novel Markov model to establish the optimal rate. This technique is compared to
existing redundancy based techniques. It is shown to exhibit superior performance by solving the
proposed Markov model and simulation; a substantial reduction of error rate is also achieved due
to the periodic execution of the checkpointing process.

2 Review of Error-Tolerance for DNA

In algorithmic self-assembly, the growth of a DNA crystal is used for information processing. A
set of DNA tiles is used to execute an algorithm. The abstract Tile Assembly Model (aTAM) [18]
provides the basis for analysis of algorithmic self-assembly in an ideal case. A tile set consists of
a finite set of unique tiles that is used to self-assemble into a DNA crystal. A tile is assumed to
be square and tiles can not rotate by assumption. Each of the four sides of a tile has a bond type.
The bond types of a tile determines the uniqueness of the tile. Each bond type has an associated
bond strength. Bond types can be null (strength of 0), single (strength of 1), or double (strength
of 2). Two bonds of the same type can glue (i.e. bond) together, with a corresponding strength.
It is assumed that the strength between different bond types is always 0. In an ideal process, self-
assembly always begins with a seed tile. A tile can be added to the existing crystal when its total
bond strength to the crystal is greater than or equal to 2. The crystal generated from the seed tile
via a series of legal (correct) tile additions is referred to as the produced assembly. The integer in
the tile denotes the bond type. In practice, a mismatch may occur during this process, such that a
tile with a total bound less than 2 is attached. Additionally, a tile can also fall off from a crystal.

The kinetic Tile Assembly Model (kTAM) [18] provides a framework to analyze and simulate the
non-ideal self-assembly. The kTAM model includes rates for both association and dis-association of
tiles from the crystal. In this model, it is assumed that the on-rate (association) 7., is determined
only by the tile concentration, that is determined by the parameter G,,.. The off-rate ror¢ (dis-
association) is determined by the total bound strength b that holds the tile to the crystal and the
parameter G,.. These rates are given as follows: 7o, = k x e~%mc and Toffp =k X e~ 0G5 where
k is a constant, G, is the physical parameter measuring the tile concentration, while G, is the
physical parameter measuring the unit bond strength.

This paper specifically addresses checkpointing for detection and correction of growth errors,
which are defined as weakly-bonded tile attachments at a location where another tile could and
should attach. Growth errors occur if there exist at least two incorrect (erroneous) attachments
upon the same four-sided tile. The error correction technique presented in [20] is commonly referred
to as the Error Isolation Tile method. Border tiles are defined as any tile on an edge of an assembly,
in which growth has ceased. In the model [20], border tiles assemble at the same rate as the entire
assembly, thus a tile mismatch is allowed to propagate to an edge, and causes a disjointed line to
occur in the border tiles, i.e., the initial error results in a disjointed line in the border tiles, that
should otherwise be straight. At the break in the border line using the proposed method, a so-called
Error Isolation Tile attaches and thus, it effectively tags that section of the assembly for removal.
A growth error is illustrated in Figure 1; the disjoint line (as effect of this error) is evident.
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Figure 1. Initial Growth Error.

Although a set of Error Isolation Tiles that attach to every possible defective structure of two



adjacent tiles could be constructed, the number of tiles in such an Error Isolation Tile set would
be prohibitively large, thus very inefficient in terms of overhead in the final assembly. In addition
to a tile mismatch, it is possible that a growth error is caused by weak bonds. The bond strength
must not allow for shifting a subsequent column up or down by one row; if this occurs, then it is
considered a growth error. The approach of [20] requires only two additional tiles, which are referred
to as the Error Isolation Tile set. The rectilinear growth of the assembly results in the need for
two tiles in the tile set, as opposed to just one tile. (1) The first Error Isolation Tile attaches to
the two disjoint border tiles from the southeast. (2) The second Error Isolation Tile attaches from
the southwest. Errors are detected when an Error Isolation Tile attaches to the assembly at the
location of two disjoint and adjacent border tiles, which can only be adjacent in error. Any growth
error results in a disjoint line at the southern border tiles, so only two Error Isolation Tiles are
required to detect a large number of possible growth errors [20]. Border tiles are employed in most
tile sets for algorithmic self-assembly [9]. In most tile sets these tiles assembly prior to the interior
tiles. Thus, propagation of an error within the interior tiles will be blocked by the border tiles and
prevented from reaching an edge of the assembly. In the proposed model, border tiles in the tile
set may only assemble if an interior tile next to the border is assembled. The growth error in the
interior will cause a break in the straight line of the border tiles. The border tiles make up the
disjoint bottom row. The set employed to demonstrate the Error Isolation Tile correction technique
of [20] is a modified version of the linear tile set presented in [1]. The method proposed in [20] can
be applied to a modified version of any tile set that exhibits algorithmic self-assembly, such as the
Sierpinski triangle or the binary counter tile sets of [9].

3 Physical Framework

In the method of [20], all Error Isolation Tiles hold a metal, i.e. a conductive cargo. Thus, the
assemblies with an attached Error Isolation Tile can be attracted to a charged metal and a section
of the assembly (within a given radius of the Error Isolation Tile) can be raised in temperature, thus
causing bonds to break and a partition of the assembly to occur. This partition divides the assembly
into error-free and erroneous (defective) sections. This is accomplished as follows. (1) The device
that removes the defective section of the assembly is referred to as the Partitioner Cell, and is shown
in Figure 2a. An array of partitioner cells is illustrated in Figure 2b. The Error Isolation Tiles are
attached to the charged metal strip, known as the Error Isolation Tile Attractor, this is shown as
(a) in Figure 2a. The portion of the assembly to be removed contains the initial error and all tiles
to the right of the error, so the assembly attaches to the Partitioner Cell with the Error Isolation
Tile on the south side. (2) To ensure a proper orientation of the assembly, a 3-D Orientation Bar
(shown as (b) in Figure 2a) is employed to prevent the assembly from attaching to the Partitioner
Cell at an incorrect orientation. (3) Lastly, the Partitioner Strip (shown as (c) in Figure 2a) is a
2-D strip of metal that heats the local portion of the assembly directly above it, thus causing the
bonds (also directly above it) to break. Figure 3a illustrates an occupied Partitioner Cell. After an
assembly attaches to a Partitioner Cell and the portion of the assembly (that is located above the
Partitioner Strip) breaks, the assembly is partitioned into error-free and erroneous sections. This is
illustrated in Figure 3b. The erroneous section of the assembly remains connected to the charged
strip, and the error-free sections of the assembly return to the solution. The array of Partitioner
Cells continues to fill with defective portions of the assembly, so there must be sufficient arrays of
Partition Cells for all assemblies with Error Isolation Tiles attached. Arrays of Partitioner Cells are
always immersed in the solution; they attract only erroneous assemblies when the self-assembly is
in a checkpointing state. The checkpoint process is therefore complete, and it may repeat at the
next checkpoint for a set interval.

The section of the asssembly located above the Partitioner Strip ((c) in Figure 2a), is removed, as
well as the subsequent tile growth that could have been affected by the initial error. The Orientation
Bar (given by (b) in Figure 2a) ensures that the erroneous assembly attaches at the proper orienta-
tion with respect to the Partioner Cell. A proper orientation is required, such that only tiles near
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Figure 3. Example of an Occupied Partitioner Cell Before and After Partitioning an
Erroneous Tile Assembly.

and to the east of the error are removed. The checkpointing process occurs over a period of time;
in the current state of self-assembly, ten seconds is an estimate of the length of the time required
for this process. Since the items are in a solution, it is estimated that ten seconds are required for
all assemblies in a solution to pass close enough to the charged metal strip and to become attached.

4 Optimal Checkpointing

The optimal checkpoint interval is determined in terms of the error rate per tile (denoted by A).
A is given by 2 x N x e~*¢ in [2], where N is the number of tiles in the set (N = 10 for the 3 x Y’
rectangular tile set of [20]). The rate at which an erroneous assembly attaches to a Partitioner Cell
and returns to the solution, is given on a per assembled tile basis, and is represented by p. The
optimal checkpoint interval for the removal of the erroneous (defective) sections of the assembly can
be determined. Given an error rate A = 2 x N x e~%*¢, and the rate at which an erroneous tile
attaches and then partitions using a Partitioner Cell (given by u) the optimal checkpoint rate for
error detection and correction is determined in this subsection.

A Markov model is employed to represent the states that an assembly is classified. A discrete-
time Markov model is used; in this model, transitions occur at fixed time intervals of At. The



Markov diagram consists of the three possible states of an assembly and is shown in Figure 4. The
value of a directed edge in the Markov diagram is the probability of moving to the respective state
during the time step At, i.e. At represents the time required for a tile to attach to the assembly.
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Figure 4. Markov Diagram for the Error Isolation Tile Correction Method.

The Markov diagram of Figure 4 has the three possible states of an assembly. (1) When an
assembly is in the Productive state, tiles can attach to the assembly, thus an Error Isolation Tile
cannot be attached to the assembly. (2) If the assembly is in the Unproductive state, then a growth
error has occured. In the model [20], it is estimated that an Error Isolation Tile will always attach
to an erroneous assembly prior to the occurrence of checkpointing. Since an Error Isolation Tile will
eventually attach near the growth error, at the next checkpoint all subsequently attached tiles will
be removed along with the entire erroneous section of the assembly. (3) When a checkpoint occurs,
all assemblies are moved into the Checkpointing state; in this state, the mechanism that partitions
the assembly for containement of errors, is active. Due to the disruption incurred by the array of
Partitioner Cells, it is estimated that no tile attaches to any assemblies while in the checkpointing
state.

As it is estimated that all state changes in the Markov diagram exhibit an exponential distri-
bution, then let Pg,(t) represent the probability of an assembly being in a given state n in the
Markov diagram of Figure 4. On the assumption of an error-free initial condition and non-negative
continuous random variables, in the Laplace transform domain, the first-order differential equations
are solved via algebraic manipulation. Using the Final-value theorem, the steady state availability
is approximated as follows:

Acheckpoint (steady — state) = hII(l) s(Pso(s))
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Thus, the optimal value of x, which results in a maximum of A peckpoint (Steady — state), is given
below in terms of A and p

Optimal checkpoint rate (x) = v/ A (2)

As an example of the convergence of x towards a maximum Acpeckpoint (Steady — state), a plot of
X versus Acpeckpoint (Steady — state) for A = pr = 0.1 is shown in Figure 5. As the tile set employed



exhibits rectilinear growth (from west to east), then once an error occurs all subsequent tiles that
assemble will be removed at the next checkpoint, thus guaranteeing the assembly’s correctness.
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Figure 5. x versus A ccipoint(Steady — state) for A = ;1 = 0.1

5 Simulation Results and Analysis

Two error correction techniques are compared with the Error Fault Isolation Tile method [20].
Results were obtained using the Xgrow simulator [1]; these three techniques are compared using
the probability of error and size of the final assembly as criteria. In the simulation, the following
two parameters represent the physical conditions in which the crystalline arrays assemble: Gse is
defined as the temperature of the solution, and Gmec is the tile concentration. The time required for
a checkpoint is fixed at ten (virtual)seconds. The optimal checkpointing rate for a given error rate
and mean checkpoint length have been determined in (2). For Gse=9.1, the asymptotic error rate is
given as O(e~%*¢) [2], and the mean checkpoint time is estimated as 10 (virtual) seconds. Moreover,
it is also estimated that the entire checkpoint process takes 10 (virtual) seconds (as observed in
the execution of the Xgrow simulation environment). Ten wvirtual seconds is the time spent at a
checkpoint in which no tiles can assemble. In the simulations, the 3 x Y rectangle assembles at a
rate of approximately 0.2 assembled tile per virtual second for Gmc = 2Gse. Once the assembly is
in the checkpointing state, the rate at which the erroneous tiles attach to the Partitioner Cell and
successfully partition, is 1 = 5555 = 0.5 amtfgﬁiﬁig{gﬁfﬁw tile 'When in the checkpointing state,
the assembly ceases, and only partitioning occurs.

The optimal checkpoint rate, for Gse = 9.1, is given by v2 x 10 x e=G%¢ x 0.5 = 0.033 check-
points per assembled tile . Thus, the optimal checkpoint interval (or period between checkpoints) in
this case is given by 161 virtual second/checkpoint. Therefore if the Error Isolation Tile method is
employed with a checkpoint interval of 151+ 10 = 161 virtual seconds, and an assembly is completed
in 1,058 seconds, then [1058/161] x 10 = 70 virtual seconds are spent in the checkpointing state.

The optimal checkpoint rate in term of @ssembled tile o ojpyyp)y 1 5] virtual seconds , () 9 assembled Lile, _

checkpoint checkpoint virtual seconds ~—
heckpoi heckpoi i l d
assembled tile —
30.2 chechpoint for Gse = 9.1.

This section presents the performance evaluation for three error correction techniques, namely
2 x 2 Proofreading [2], 4 x 4 snake proofreading [10], and the Error Isolation Tile method [20] for
the assembly of a 3 x 20 rectangular structure. In the two error correction techniques used for
comparison, each of the three tiles marked either southern border or interior, were subdivided into
2 x 2 proofreading or 4 x 4 snake proofreading tile sets.




[10] has proved that the 4 x 4 snake proofreading method results in no error for Gme = 2Gse
(optimal growth). To compare the performance of the error correction techniques, simulation must
assemble tiles at a cooler temperature, thus resulting in a greater error percentage, i.e. the cooler
the temperature, the stronger the bonds and the greater the error rate due to the faster speed
of assembly. Hence, the values of Gse and Gmc that were used in the presented simulations are
not optimal in terms of a minimum error rate for Gme = 2Gse [2], so to better evaluate the error
correction techniques and to increase the error rates of the original 3 x Y tile set, the error correction
techniques were compared in cooler and non-optimal temperature conditions.

Winfree has noted that for DNA-based self-assembly, Xgrow [18] accurately models the quanti-
ties of all error types observed in physical assemblies [5]. The optimal checkpoint interval for the
conditions of the simulation can then be determined. The optimal checkpoint interval for Gse = 8.5
is 98 virtual (Xgrow time) seconds, and 156 virtuals seconds for Gse = 9.5. Checkpointing intervals
within this range were used for all simulations.

A trial is categorized as an assembly error if the assembly is not error-free, i.e. all columns match
previous columns and the border tiles are not disjoint. The assembly error probability is defined as
the measured proportional probability that an assembly is not error-free. In these experiments, the
assembly of a 3x20 rectangular is considered. Figure 6 plots the assembly error probability versus
Gse, (Gmec is held constant at 15). The tile mismatch probability is the number of mismatched tiles
divided by the number of tiles used, i.e. 60, 240, and 960 for the original tile, 2 x 2 proofreading,
and the 4 x 4 snake proofreading tile sets respectively. Figure 7 plots the tile mismatch probability
versus Gse. The large assembly error probability and the small tile mismatch probability of the
original 3 X Y rectangular tile set are caused by an incorrect formation due to tiles with weak bonds,
such that other tiles attach and strengthen before they fall off.

Figures 6 and 7 show a comparison of the original 3x20 tile set, 2x2 proofreading tile set, 4x4
snake tile set and the Error Isolation Tile Method (averaged over 11 trials. The Error Isolation Tile
correction method [20] exhibits less errors than the 2x2 proofreading and 4x4 snake proofreading
methods. The technique of [20] requires significantly less tiles than the other error correction
techniques listed in Figure 6 (that require an increase in the number of tiles of the final assembly by
a factor of four or sixteen fold due to the massive redundancy required), i.e. if an assembly requires
either four or sixteen times as many tiles, then the final assembly is four or sixteen times as large.

6 Conclusion

A novel method for error correction in nano-scale DNA based self-assembly of crystalline arrays
was presented in [20], it relies on so-called Error Isolation Tiles. In this paper. a detailed treat-
ment of error Isolation Tiles has been persued. Initially, a physical framework has been proposed
for implementing tile removal using the technique of [20]. Through the use of the border tiles in
conjunction with Isolation Tiles, it has been shown that this physical framework with checkpointing
can be used to remove defective (erroneous) sections. A novel Markov model has also been pre-
sented to assess the optimal checkpointing rate of self-assembly; it has been shown that [20] with
checkpointing results in a smaller final assembly than all previous methods known to the authors
because no redundancy in the tiles is utilized.
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