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1. Introduction 

Quantitative description of the isothermal crystallisation kinetics of amorphous solids is often made by 
means of the concept first developed by Kohnogorov (l), and later independently derived by Johnson and 
Mehl(2) and Avrami (3). If the following two assumptions are made: (a) nucleation rate is either zero (i.e. 
crystallisation occurs due to the growth of pre-existing nuclei) or constant, and (b) isotropical growth rate 
is proportional to either time t or to.S (depending whether the devitrification is interface or diffusion con- 
trolled), then the classical Kohnogorov-Johnson-Mehl-Avrami (KJMA) equation can be derived to be (4): 

x(t)=1 -exp[-K(t-t)“] (1) 

where x(t) is the volume fraction transformed at time t, z is the incubation time or time lag, and n is the 
Avrami exponent which reflects the nucleation rate and/or the growth morphology. K is the pre-exponen- 
tial factor, a kinetic parameter depending on the annealing temperature, nucleation rate and growth rate. 
For isothermal crystallisation, the Avrami plot of lnln( 1 - x)-l versus ln(t - T) should give a straight line 
with a slope of n. 

However, many anomalous Avrami exponents and non-linear Avrami plots have been observed in the 
crystallisation processes of various metallic glasses (5-11). Greer (5) has pointed out that the average 
Avrami exponents, n, for the crystallisation process of Metglas 2605 Fe&, alloys differ Ii-om 0.7 to 4.87, 
but no explanation was proposed for the abnormally low values of n. Nicolaus et al. (6) have studied the 
crystallisation kinetics of amorphous Co,,Zr,, alloys, they found out that the average Avrami exponents 
were not consistent at different temperatures, and they obtained a mean Avrami exponent of n = 2.44, 
which is also lower than 3 .O, the expected value for a polymorphic crystallisation process according to 
the KJMA equation, and cannot be explained by the classical KJMA equation. 

Schaafsma et (91. (7) have observed a decrease in local Avrami exponents n(x) (defined as n(x) = alnln 
(1 - x)-‘/a (t - 7) [S]) at high x in the crystallisation process of Metglas 2605 Fe,,,B,, alloy, which they 
attributed to the delayed crystallisation near the substrate side of the ribbons obtained by melt-spinning. 

However, Gbosh et al. (9) have observed an abnormal rise of the local Avrami exponents at high x 
in the crystallisation process of amorphous Ni,,Zr,, alloy ribbons; Lu et al. (10) have detected a similar 
rise of n(x) in the crystallisation process of amorphous N&Zr,, alloy ribbons, This abnormal rise of n(x) 
was also observed 

1201 



1202 AN EXPLANATION TO THE ANOMALOUS Vol. 34, No. 8 

E Fe&r,, , 390°C 

0,O 0,2 0,4 0,6 0,8 I,0 

Volume fraction, x 

Figure 1. Local Avrami exponent, n(x), vs X, the transformed volume fraction for the crystallisation process of amorphous Fe,,Zr,, 
alloy ribbons at 390°C. 

in the crystallisation process of amorphous Fe,,Zr,, alloys, as shown in Fig. 1 (1 l), which is a typical plot 
of the anomalous local Avrami exponents: when x > 40%, n(x) drop continuously from 3.6 to a minimum 
of 2.3 at x = 95% and then rise sharply from below 2.3 to about 4.0 at x = 100%. 

Ghosh et al. (9) have proposed that the impingement effect at the final stage may account for the 
abnormal rise of the local Avrami exponents at high x, but it needs further theoretical and experimental 
confirmation. Holzer et al. (12) have observed that the Avrami exponents were in the range 2-2.5 for the 
polymorphic crystallisation process of melt-spun amorphous Al-Cu-V alloys. They claimed that, these 
anomalous Avrami exponents arose from an inhomogeneous distribution of pre-existing nuclei, and they 
derived a modified KJMA equation using a concept of “extended area fraction,” but it is related with a lot 
of parameters and seems inconvenient. 

Here, by assuming a spatial distribution of nuclei, i.e. a spatial distribution of pre-existing nuclei and/or 
nucleation rate, a modified form of KJMA equations is proposed, which can account for the widely ob- 
served anomalous average Avrami exponents and the abnormal drop and rise of local Avrami exponents 
n(x) at high X, i.e. non-linear Avrami plots in the crystallisation process of various amorphous alloys. 

Anomaly of the (local) Avrami exponents and/or nonlinearity of the Avrami plots can be caused by vari- 
ous reasons such as: (i) different mechanisms controlling in the crystallisation process (13); (ii) a time 
dependent nucleation rate (14); (iii) possibility of simultaneous grain growth of the crystallised region 
during crystallisation; (iv) impingement effect, which is important especially at the final stage of crystal- 
lisation, if the anisotropy of the crystals is sufftciently high ( 15); and some other reasons, etc. But it seems 
that none of them can account for the anomaly of the (local) Avrami exponents mentioned above satis- 
factorily. 

As Johnson and Mehl(3) have pointed out that their analysis pertains to reactions in which nuclei form 
at random throughout the matrix, without regard for the matrix structure, but if the pre-existing and/or 
newly formed nuclei distribute inhomogeneously, the Avrami exponent will be changed. 
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A modified form of KJMA equations has been derived by assuming a spatial distribution of the density 
of pre-existing nuclei, n(y), and nucleation rate, i(y), along the thickness of the ribbon, y. If the isotropic 
growth rate, U, is linear (as for interface controlled growth), then, the particle radius, r, at time t is 

r=ut (2) 

or if the growth is controlled by diffusion (volume controlled), it normally follows a parabolic law, the 
particle radius, I’, is then 

r = A (D t)“.5 (3) 

where A is a constant of the order of magnitude one and D is the diffusion coefficient. If dvB is the volume 
of the newly formed p phase in volume dy, and dVhis the extended volume of the p phase, then 

d(dVB)/(dy- dP)=d(dV,J/dy (4) 

Integrating equation 4, we get 

- dV!J dy = In (1 - dvB / dy) (5) 

for linear growth rate, r = u t, so 

1 
I 

dV&= (4x13) o u3 (t - T)’ dr i(v) dy + (4n/3) u3 P n(y) dy (6) 

while for parabolic growth, r = A (D t)“‘5, then 

clV$= (4~r/3) s :, {A [D (t - T)]“.‘}’ d7 i(y) dy + (4n/3) [A (D t)“.5]3 n(y) dy (7) 

Substituting equations 6 and 7 into equation 5 respectively, and integrating them, we get the modified 
form of KJMA equations for interface controlled and diffusion controlled growth mechanisms, respec- 
tively, 

(i) linear growth 

s 
h 

x(t) = Va /h = 1 - (l/h) o exp[ - (n/3) u3 P i(y) - (4x/3) u3 t’ n(y)] dy (8) 

(ii) parabolic growth 

s 
h 

x(t) =: VP / h = 1 - (l/h) o exp[ - (8x/15) i(y) A’ LY P - (47r/3) A3 D3 P n(v)] dy (9) 

where h is of the ribbon, x(t) is of the transformed p phase. 

3. Results and 

There have a lot experimental studies theoretical analyses the flow heat and in 
melt-spinning 6- 1 and there compositional and inhomogeneity along thickness 
of melt-spun ribbons but quantitative of n(y), density of nuclei, and 

the nucleation along the y is lacking to knowledge, and further in- 
In order show the of the of the distribution on Avrami 

exponent, assume that 
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KY)ZO+Z,Y (11) 

where N,, N, and Z,,, I, are coefficients. So, N, and Z, can be a quantitative description of the inhomogeneity 
of the nuclei distribution. Then, different Avrami exponents can be obtained by substituting equations 10 
and 11 into equation 8 for varied N,, N, and I,, Z, (because the available Avrami exponents for diffusion 
controlled crystallisation processes are rare, so discussion is only confined to equation 8). 

If Nr = Z, = 0, Le. a random distribution of nuclei, then equation 8 will have the form of equation 1, i.e. 
the classical KJMA equation. According to equation 8, the Avrami exponent n is 3.0 when I, = I, = N, = 
0; however, if N, # 0, the Avrami exponent will be changed. Figure 2 shows the corresponding curves of 
volume fraction x(t) versus time t, the Avrami plot lnhr( 1 - x)-’ vs lnt, and the local Avrami exponents n(x) 
vs x with different N,. It is evident that, with the increase of Nl the deviation of the Avrami plot from a 
straight line is more and more pronounced and the anomaly of the local Avrami exponents is also more 
and more obvious. When N, =l .O x 10z6 rnM4, the Avrami plot is actually a straight line, and the 
corresponding local Avrami exponents n(x) is nearly 3.0; however, when N, =5.0 x 10” mW4, nonlinearity 
of the Avrami plot is obvious at high x , and the corresponding n(x) drop continuously from n = 3.0 at x 
= 0, to a minimum of n = 1.3 at x = 97%, and then rise sharply to 2.0 at x = 1 OO%, a similar abnormality 
as those experimentally obtained. Also, when No = N, = I, = 0, an Avrami exponent n = 4.0 is expected 
in classical KJMA analysis; if I, + 0, the three kinds of curves as those in Fig. 2 are also obtained and 
shown in Fig. 3, similar results as those in Fig. 2 have been obtained. 

From Figs. 2 and 3, it is evident that the n(x) vs x curves actually overlap at low x, which means that 
at low x, the local Avrami exponents are the same without regard for the distribution of the nuclei, so, the 
local Avrami exponents at low x can reflect the nucleation rate and/or the growth morphology, just the 
same as the Avrami exponent of the classical KJMA equation; with the increase of x, the n(x) curves 
begin to deviate from a straight line, further, with the increase of N, and/or I,, the deviation is more and 
more obvious, that is, the more inhomogeneous distribution of nuclei, the lower the Avrami exponents; 
at high x (for example, x > 95%), the local Avrami exponents rise sharply from the minimum value of n(x). 
The anomaly of Avrami exponents is also reflected in the Avrami plots. 

From the discussion above, one can see that inhomogeneous distribution of nuclei will result in the 
following two effects: 

(a) lowering the local Avrami exponents, therefore the average Avrami exponent, 
(b) nonlinearity of the Avrami plot, especially at high x. 

If there exist inhomogeneously distributed pre-existing nuclei in the ribbons, and/or a inhomogeneous 
nucleation occurs in the crystallisation process, anomalous Avrami exponent and non-linear Avrami plot 
will be expected, just as what have been observed in references (5-l 1). So, the inhomogeneous distribution 
of nuclei in the ribbon samples may be one important factor resulting in the widely observed anomalous 
Avrami exponents and non-linear Avrami plots. 

Then, one should be careful in using the Avrami exponent to determine the nucleation rate and/or 
growth morphology, especially with the presence of inhomogeneous distribution of nuclei. The n(x) at 
high x and the average Avrami exponent will not reflect the nucleation rate and/or growth morphology 
correctly, if the nuclei distribute inhomogeneously; while the local Avrami exponents at low x are actually 
unaffected by the inhomogeneity of the distribution of nuclei, when the inhomogeneity of the distribution 
of nuclei is not high enough, as can be seen in Figs. 2 and 3, so, one can still use the local Avrami 
exponents at low x to determine the nucleation rate and/or growth morphology. 
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Figure 2. Simulated plots with varied N,, (a): x(l) versus r, (b): Inln( 1 - cc)“ versus lnt, (c): n(x) versus x, with I, = I0 = 0, No = 1 .O 
x 1022m-3,u=1.0* 10-1’m/s,h=10-5m. 
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Figure 3. Simulated plots with varied I,, (a): x(t) versus t, (b): Inln(l - x)” versus lnf, (c): n(x) versus x, with N, = No = 0, 1, = 1.0 
x 10z2 m-l, u = 1 .O x lo-” m/s, h = 2.0 x 1W5 m. 
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Summarv 

A modified form of KJMA equations has been derived by assuming a distribution of pre-existing nuclei, 
and nucleation rate. It was found that the inhomogeneous distribution of nuclei can result in two effects: 

(a) lowering the Avrami exponent, 
(b) nonlinearity of the Avrami plot, especially at high x. 

The modified form of KJMA equations can be an explanation to the widely observed anomalous Avrami 
exponents and nonlinear Avrami plots. 
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