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Abstract—The nonlinear torque-voltage characteristics in
two-terminal electrostatic actuators can be utilized to magnify
the torque generated by a drive voltage applied to one electrode
if a fixed dc bias is applied to the other. The resulting torque is
enhanced by torque gain factor 1, and the drive voltage is
effectively multiplied by voltage gain factor 1 compared
to that of an actuator with no dc bias. These gain factors are
generated at the expense of a reduced stable range. In this paper,
we study and determine experimentally the tradeoff between
torque and voltage gains versus stable range for one-dimensional
(1-D), three-terminal, parallel-plate angular electrostatic actua-
tors under dc bias. Simple approximate analytical relations are
derived for voltage and torque gain as functions of applied dc bias
voltage. We demonstrate that for voltage gains of 2–4, the angular
range is marginally reduced. [1361]

Index Terms—Electrostatic actuators, micromirror, parallel-
plate, torque magnification.

I. INTRODUCTION

ANGULAR parallel-plate electrostatic actuators such as
those shown in Fig. 1 have received much attention

recently as candidate devices for implementing optical fiber
switches [1]–[4]. In these applications large mirror sizes
( 1 mm) and tilt angles are generally required to
establish low loss connections. These specifications inevitably
lead to high voltage ( 100 V) drives because the steering
planar electrodes have to be placed at a relatively large vertical
gap from the mirror. It is therefore highly desirable to find
techniques that reduce the drive voltage to levels compatible
with conventional low-voltage electronics. Among several
possible voltage reduction techniques (mechanical advantage
[5], raised electrodes [6], nonlinear springs [7], etc) the torque
gain technique is relatively easy to implement, and it does not
rely on complicated fabrication steps or a major redesign of the
actuator.
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Fig. 1. Schematic cross section of typical angular electrostatic actuator
showing different bias configurations. (a) The device can be driven single
ended or (b) differentially. The significant parameter is the voltage swing at the
drive electrodes.

The torque gain technique uses a fixed dc bias and the
nonlinear dependence of torque with voltage to reduce the drive
requirement [9], [10] (see Fig. 1). For example, in the single
ended drive of Fig. 1(a), the torque voltage relationship at low
deflection angles is approximately of the form

(1)

where is

(2)

Equation (1) shows that if the torque is magnified by
gain , and the effect of the drive voltage is magnified by
voltage gain . If large torque (and voltage)
gains are achievable; however as is increased, the actuator
becomes unstable and pulls-in; therefore this method has been
largely used for digital or bistable applications, such as the Texas
Instruments digital micromirror device [10].

In this paper, we investigate the suitability of this technique
for analog drive applications. We first calculate the relationship
between gain and stable range of operation as functions of dc
bias and actuator dimensions, and these relationships are ob-
served experimentally on a silicon micromachined mirror struc-
ture. The relationship equations yield a general design method-
ology for maximization of stable range at a given dc bias.

The straightforward use of a dc biasing scheme for torque
magnification comes at a cost. If the electrostatic torque is
a monotonically increasing nonlinear function of displacement
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Fig. 2. Cross section of bulk micromachined mirror used for measurements. The entire structure is made of single crystal silicon.

angle, the nonlinearity produces a spring softening effect which
is magnified by the presence of the bias. The effective spring
constant for the device with bias becomes

(3)
hence the bias decreases the resonant frequency of the struc-
ture resulting in extended settling times. The closer the device
is to instability, the longer the settling time is under conventional
linear control schemes. The extended settling time however can
be largely eliminated if the device is driven differentially with a
digital-pulsed control method [11].

II. DEVICE STRUCTURE

Torque and voltage gain measurements were carried out
on bulk micromachined angular mirror actuator made of sil-
icon-on-insulator (SOI). Fig. 2 shows the cross-section of the
device [8]. The device is fabricated by anodically bonding a
7740 Pyrex glass wafer with patterned metal electrodes to an
SOI wafer with 100- -thick device layer. Prior to bonding,
the silicon device layer is anisotropically etched to precisely
define the thickness of both flexures and mirror support plate.
Electrical lead transfers are made by overlapping the glass
metal onto the silicon, and lead wires are routed to bonding
pads located at the edge of the chip. After bonding, the silicon
carrier substrate is dissolved in TMAH and the buried oxide is
removed. Next, the gold mirrors are defined, and the gimbal
structure is patterned using deep RIE. Fig. 3 shows a SEM
photograph of the completed device array. Even though this
device permits rotation on two axes, the angular measurements
were carried out on the frame actuator axis which conforms to
the diagram of Fig. 1. More details about the device construc-
tion and performance are presented in [8].

III. SIMPLIFIED DEFLECTION MODEL

We consider the structure shown in Fig. 1(a) with fixed nega-
tive bias voltage applied to the movable plate and single
ended drive voltage applied to one of the drive electrodes.
The actuator has electrode of width and a torsional spring of
constant . For this simplified model the flexures are assumed
to be infinitely stiff vertically.

Fig. 3. SEM photograph of a MEMS mirror array.

The equilibrium angle of the actuator can be determined from
the minimum of the system energy versus angular deflection

. This energy is the sum of the mechanical energy stored in
the spring and the electrical energy of the charge stored in the
two drive electrodes and the power supplies. Using the coenergy
formulation [12]

(4)

where and are the capacitances of the left and
right electrodes to the tiltable plate. Assuming low deflection
angles, , and ignoring fringing field contributions,
these capacitances can be calculated analytically yielding

(5)
where is the normalized actuator deflection,

, , and is the natural log
function. is length of the electrode, and is the vertical gap
between mirror rotation axis and the glass substrate. Equation
(5) is valid if and are large and fringing fields are
negligible. If these ratios are not large the capacitances must be
increased by an appropriate geometric correction factor.
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Fig. 4. Relation between normalized bias, deflection angle and bias gain.
A plot of (@ U =@n ) reveals that the truncated surface is stable.

If , corresponding to zero drive voltage, it is well known
[9] that the energy curve has one stable minima at between
two unstable maxima equidistant from the origin. The angle dif-
ference between the two maxima defines the stable range. The
energy curve has three distinct equilibria as long as the dc bias
is sufficiently low such that parameter . At high dc
biases when the three equilibria merge to produce
a single maximum, and the actuator becomes unstable. Clearly,
this instability threshold limits the maximum bias voltage that
can be applied when for a given .

In practice, if the stable range is reduced even more
further limiting the achievable gains. The equilibrium deflec-
tion, for a given and can be determined by setting

in (5) at (the equilibrium value) and
solving for as shown in (6) at the bottom of the page. In gen-
eral, it is desirable to minimize the drive voltage (and ) for a
fixed maximum required rotation angle and maximum avail-
able bias . The worst case stable drive condition develops
when is equal to the voltage required for a maximum ro-
tation angle ; hence we set the normalized deflection to its
maximum value obtaining the expression (7)
at the bottom of the page where the normalizing voltage

(8)

Fig. 5. Normalized voltage sum as a function of deflection and bias ratio.

Fig. 6. Contours of normalized voltage sum as a function of deflection and
bias ratio. At high ratios the contours are nearly independent of bias ratio.

is only a function of the spring constant , electrode width
and maximum rotation angle . For convenience we also define
the bias ratio parameter . Using these definitions we
can now plot the relationship between , and as shown
in Fig. 4. Any value of above this surface causes pull-in,
and for any value below it, the device is stable. The truncation
of the surface along the normalized deflection axis corresponds
to the pull-in instability boundary as the smooth surface yields

(6)

(7)
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unstable equilibria for larger (because ).
Note that for large and small the surface
becomes nearly independent of bias ratio , and in principle,
large biases can be applied at the expense of reduced stable
This is more noticeable if we plot the normalized quantity

as shown in Fig. 5. For larger the surface is weakly
dependent of the bias ratio as shown in the contour plot of Fig. 6
showing nearly parallel contours for .

The thick line in Fig. 6 indicates the stability boundary. Note
that for zero dc bias, the device is stable for (ignoring
fringe fields). The stability boundary in Fig. 6 suggests that for
most practical bias ratios the maximum stable .

For and using (7), the function

(9)

has a range . A useful first order approxi-
mation is thus obtained if the nonlinear function of is replaced
by its average

(10)

Equation (10) tells us that to first order if , , and are fixed,
at high bias ratios and maximum deflection the sum of the bias
and drive voltage is approximately constant. Therefore the max-
imum bias that can be applied while keeping the device stable
is , and this voltage is also the drive voltage required
for maximum angle deflection when . The effect of the
dc bias voltage is hence expressed in terms of a voltage gain.
From these observations, at maximum deflection, the last term
in (1) indicates that . Using this result and (10)
we obtain

(11)

Due to fringing effects and the variation of with , a
more practical semi-empirical expression is

(12)

where is the experimental voltage required to drive the full
range with zero bias and is a fitting factor, and the torque gain
is

(13)

which is simply the square of the voltage gain.
Even though the equations presented here are highly simpli-

fied, the experimental data presented below suggest that they are
approximately valid. They also provide a systematic procedure
for choosing the bias and device parameters for a given range.
For example, (10) tells us that should be set to the max-
imum voltage available but less than . Once is set, the
voltage gain is calculated from (11). With known one may
select so that stays within the stability region of Fig. 6

Fig. 7. Single-ended deflection of actuator for different dc biases.

(and near the assumed ). Furthermore, if the device
length (the extent of the movable plate from its axis of rotation)
is known, the minimum gap can be determined from the clear-
ance requirements for maximum deflection . With known
and , a unique value for is obtained.

IV. EXPERIMENTS AND ANALYSIS OF DATA

The devices shown in Fig. 2 were subjected to various bias
and single-ended drive conditions. The electrode length was

, width and the gap .
Each device had two sets of orthogonal torsional flexures with
expected total . Angular measurements
were performed using a Zygo NewView 5032 interferometer
with automated data acquisition system.

Fig. 7 shows deflection curves for outer frame as a function of
single ended drive voltage for different dc bias voltage .
The single ended drive voltage is reduced as the bias voltage is
increased, and the stable angular range (at the onset of pull-in)
is gradually reduced. For zero bias, the device pulls-in at about
6 . The maximum measured stable normalized deflection,

which should be stable (according to Fig. 6) when
it is below 0.45. Therefore the device should not pull-in, but it
does. The origin of this discrepancy is the fringing field effect
which was ignored in the calculation. For this device, the ratios

and are insufficiently large for fringing
field effects to be neglected.

A simple correction factor at low-deflection angles can be
added by effectively enlarging and [15]

(14)

yielding which according to Fig. 6, becomes
unstable at large bias gains causing the range reduction.

Using this approximation, a fit of the zero bias deflection
curve yields in rough agreement
with the expected value. From these we calculated
and . Fig. 8 shows the single ended voltage gain
achieved as a function of the dc bias with fitted .

Authorized licensed use limited to: Northeastern University. Downloaded on May 25, 2009 at 17:02 from IEEE Xplore.  Restrictions apply.



PAREEK et al.: TORQUE MULTIPLICATION AND STABLE RANGE TRADEOFF IN ELECTROSTATIC ACTUATORS 1221

Fig. 8. Single-ended voltage gain for maximum angular range as a function of
dc bias voltage.

Fig. 9. Single-ended drive voltage required for maximum deflection for a
given dc bias.

Note that the curve qualitatively resembles (12) and provides
a good fit with experimental data with . The simplified
equation overestimates the voltage gain at high biases due to the
higher (than average) value of .

Fig. 9 shows the experimental single ended voltage for dif-
ferent biases at maximum stable deflection. The curve is almost
a straight line as predicted by (10), but the slope suggests the
form .

Fig. 10 shows the measured stable deflection angle (half
range) that can be achieved for different voltage gains. For
gains of 2–4 the angular range is marginally reduced, but at a
gain of 10, the angular range is reduced by half. The simplified
model surface of Fig. 6 predicts a more modest range reduction
of 30% when fringing field approximations of (14) are used.

V. SUMMARY

In this paper, we examined the relationship between the
maximum stable deflection angle, the voltage gain, and the dc
bias in an electrostatic angular actuator. A simplified model
was constructed yielding a three dimensional surface that
relates these three parameters in terms of the physical actuator
dimensions. The model predicts that for maximum range, the

Fig. 10. Stable maximum deflection angle versus (stable) voltage gain. There
is little loss in the angular range for gains 2–4�.

weighted sum of the bias and drive voltage is roughly constant,
and the maximum bias that can be used is roughly equal to the
full range single-ended drive voltage at zero bias. Furthermore,
stable large voltage gains can be achieved making low voltage
actuation of the drive electrodes possible.

The constant sum relation and the expression of the voltage
gain versus bias are in reasonably good agreement with the ex-
perimental data. We also observed that as the voltage gain is
increased, the maximum stable deflection angle is reduced. A
practical voltage gain of 2–4 causes a marginal reduction of
the stable range of deflection.
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