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Abstract

In this paper, two queuing models have been developed
to obtain closed-form solutions for performance metric
distributions in a real-time wireless communication
environment using IEEE 802.11 DCF. The first one
is based on a Markov chain model and the other an
approximation model. An M/G/1/K queuing model is
incorporated in both models. In the first model results
are based on arbitrary contention conditions, namely,
collision probabilities, transmission probabilities and
contention window sizes vary arbitrarily among nodes
contending for channel access. In the second model,
however, the contention condition is limited by the
assumption that collision probabilities remain constant
among contending nodes. Results are presented for the
fully-connected case. Two models are compared and
validated via simulation with statistical analysis. Not
only the sensitivity analysis is done very thoroughly
but error analysis is also carried out. The main con-
tributions are the analysis of DCF and the foundation
for the analysis of multi-hop scenarios.

I. Introduction
The performance of the IEEE 802.11 MAC protocol

for wireless LANs has been evaluated by means of
many research. Most proposed analytic models focus
on the analysis of throughput and transmission delay
for the saturated traffic conditions only. However, there
is no analytic model for the MAC queuing analysis
considering all traffic conditions, which is critical for
effective performance evaluation. The objective of this
paper is to present two generalized queuing models for
Markov arrivals which have been well validated via
simulation under the range of traffic conditions.

Two analysis models are based upon a bounded net-
work of M/G/1/K queues, whereK represents the max
queue length at each node. In the analysisN represents
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the number of potentially interfering nodes. For multiple-
hop systemsN is the number of nodes within two-hops
of either a sender or receiver. In the first analysis each
of the N nodes may be in any state of a given time,
namely, any node may be busy or idle, and a busy node
may be in any back-off stage. In contrast to related work
[3] [10] [18] [17] [8] [7], no limiting assumption are
made that force uniform collision probability, uniform
back-off stage distribution or saturation conditions. For
the comparison reasons a new model based on [17] is
proposed as a second model. In the second model, it is
assumed that uniform collision probability is enforced
for each contending nodes. Both analysis assume only
Markov arrivals at each node that are pairwise and
collectively independent.

Another representation for the queuing model is the
M/MMGI/1/K: The service times are modeled as a
Markov Modulated General Independent process. In
principle this system is an example of a Phase-Type
(PH) service. Hence, comprehensive analysis is well con-
formed to matrix-geometric techniques. The difficulty
of this approach, however, is in finding an accurate
parametric description of the PH service. For steady-
state analysis a general service distribution in which the
service-times depend onlocal collision probabilities of
the RTS/CTS frames and the distribution of the time to
resolve them, which, itself is dependent on the number
of busy nodes in contention for the channel.

It is necessary to know the node distribution for single-
hop analysis and it is sufficient to determine the afore-
said values: a two-dimensional Discrete-Time Markov-
Chain (DTMC) that characterizes the back-off stages
and collision probabilities associated with each node
effectively modulate the general process, thus facilitating
the estimation of the needed parameters. The model
introduced by Ozdemir and McDonald in [13] provides
the first element underlying general queuing analysis
here. The second model here is considered to be pursued
in the multi-hop methodology because of its simplicity.
The broader objective is to develop a methodology that



is extensible to multi-hop ad hoc networks scenarios.
The importance of the M/MMGI/1/K model presented

in this paper is that it provides a foundation for the
sensitivity analysis and can be extended to model ar-
bitrary network configurations. Thus, it is the basis for a
fundamentally different strategy for understanding and
improving the effectiveness of practical networks. A
key point and novel aspect of the model is that the
complexity level normally encountered is reduced by
effectively restoring the independence between service
times and packet inter-arrivals through the DTMC for-
mulation. Thus, direct steady-state analysis is possible
using iterative techniques to estimate the model pa-
rameters for different traffic intensity levels. Practical
future applications include routing, admission control
and scheduling in ad hoc networks.

Performance measurements are shown using the ana-
lytical model over IEEE 802.11b wireless networks. The
goals of these measurements are to assess whether there
are significant issues with 802.11b wireless networks
regarding real-time applications, as it is stated in several
papers ([3], [6], [20] and [15]). With this information it
is intended to obtain a better understanding of wireless
networks’ suitability for real-time applications. Practical
future applications include routing, admission control
and scheduling in ad hoc networks.

It is well-known that the wireless channel is error-
prone due to noise and interference in the channel.
However, the impact of bit errors in the packet is not
considered in the previous analytical models ([3], [8] and
[17]). It is expected that when bit error rate is high, the
good throughput of DCF access mechanism will degrade
significantly. But it is not well-known how the bit error
rate affects other performance measures such as MAC
delay, jitter, blocking and dropping probabilities. Thus,
the tradeoff of DCF performance metrics and packet
reliability is investigated by extending the proposed
model to error-prone channels.

The remainder of this paper is organized as follows:
Section II describes the system model which encom-
passes models for the back-off algorithm, service time
distribution and the M/G/1/K formulation. Performance
measures are given in section III. Section IV shows how
to carry out the error analysis on top of the system model.
Section V applies simulation and statistical analysis to
validate the analytical results and section VI depicts
some sensitivity analysis results. Finally, Section VIII
presents conclusions and discusses future work.

II. System Model
This section describes the basic methodology and

components of the M/MMGI/1/K queuing analysis. The

DIFS DIFS

DIFS

DIFS

CTS ACK

1 2 3 j 1 2 3 j

Min Backoff Stage

Dest

Src

Other

DATA

NAV(RTS)

NAV(CTS)

SIFS

SIFS

SIFS

Contention Period

Contention Period

Contention Period

BUSY IDLE

arrives
a new packet

Defer Access

RTS

Slot Time Slot Time

Fig. 1. IEEE 802.11 DCF RTS/CTS procedure

main parameters are identified and applied to each of
the system entities—the back-off algorithm, the service
time distribution and, finally, the queuing model. In the
present analysis the states of each node are considered
independently and then coupled through an iterative
process in order to evaluate the system state. Specifically,
the MAC algorithm executes at each node leaving each
in an arbitrary back-off stage at any time. Due to
the independent and identically distributed (IID) arrival
processes and assuming uniform traffic distribution and
positions it is possible to evaluate the expected value
of the global service time by determining the busy
probability, transition probabilities and mean waiting
times from the DTMC.

Figure-1 illustrates how each node alternates between
busy and idle periods. During a busy period the node
executes the RTS/CTS protocol, transmits its data and
receives an acknowledgment. If it has multiple frames to
send, it may contend and transmit more than one during
the same busy period. After each transmission a node
goes into back-off following DIFS; other nodes continue
counting down the back-off time according to IEEE
802.11 standards [4]. Given random packet arrival times
and transmission success probability, the busy nodes
do not generally share a common Contention Window
(CW) at a given time. Moreover, the number of busy
nodes that have at least one frame to send may vary
from one contention period to another. Each busy node
becomes idle when there are no more frames to send.
A packet is reserved in the queue on arrival if at the
instant of arrival, the node is non-empty. One of the basic
parameters that must be evaluated isb0, the steady-state
probability that a node is busy or approximately non-
empty. The state probabilities depend on the traffic rate
λ. Packet inter-arrivals are assumed to include packets
originating at a given node and those routed through the
node. This reflects the broader objective of applying the
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model to generalized wireless ad hoc networks. Based
on the Markov assumption the inter-arrival times are IID
with exponential distribution.

An iterative process that is dependent on the busy
probabilities is used to evaluate the system behavior.
Values are estimated through using an initial guess and
iterative correction. The process is depicted in Figure-2
and outlined as follows:

• Step 1:Initialize b0 and the probabilities that a node
is in any ofm + 1 back-off stages. These must be
known to determine the collision probabilities for
the back-off algorithm.

• Step 2: Calculate the collision probabilities,ci, for
each back-off stage and the corresponding transmis-
sion attempt probability,τ .

• Step 3: Given ci andτ , evaluate the packet service
rate,µ, where 1

µ is the mean packet service time.
• Step 4:Givenµ andλ, find all the state probabilities

in M/G/1/K queuing system. This process will
result in a new value ofb0 - the steady-state busy
probability.

• Step 5:Repeat Steps 2, 3 and 4 until the difference
between a new and previous value forb0 is small.

The remainder of this section provides detailed explana-
tion of the loop steps which reflect three system entities.
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A. The First Modeling of Back-off Algorithm
A core contribution of this modeling is that evaluation

of collision probabilitiesis not limited by the assump-
tions that packets collide with constant equal probability
and collisions are pairwise and collectively independent
over all transmission attempts [3],[10]. A more accurate
characterization is invoked reflecting random variation
of back-off stage among nodes and correlation between
back-off time and back-off stage which depends on the
time the number of collisions already experienced during
a given packet transmission attempt. The generalized
analysis of collision probability is achieved through a
sequential process of conditioning and applying total
probability.

The first step is to evaluate the conditional probabil-
ities for two busy nodes in each back-off stage.αij,k

is the conditional collision probability given node1 is
in stagei and node2 in stagej, and node1 selects
slot k. For notational conveniencek ∈ (0, (Wi − 1)),
whereWi is the stagei contention window size.α00,k is
first considered. The following must hold:α00,1 = 1/Wj

since if node1 picks slot1, node2 must also pick slot1
for a collision to occur. If node1 picks slot2, then there
are two scenarios that result in a collision: (1) node2 also
selects slot2, or (2) node2 first picks slot1 after which it
becomes busy again and chooses slot1—corresponding
to the same time as node1’s initial occupancy of slot2.
Here it is assumed that any transmission attempt does not
affect the busy probability,b0. The conditional collision
probability is given by the following:

α00,2 =
1

W0
+

1
W0

b0
1

W0
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=
1

W0
+ b0

1
W 2

0

Consider the following example for finding the prob-
ability of a collision given node1 is in back-off stage
0, node 2 is in back-off stage0 conditioned on node
1 selecting slotk = 3: α00,3. There are four scenarios
that can result in a collision: (1) node2 also select the
same slot—slot3, (2) node2 selects slot1 becomes busy
again and selects slot2, or the reverse situation—slot2 is
selected first followed by slot1, and, finally, (4) if node
2 selects slot1 three times consecutively. The resulting
conditional collision probability given by:

α00,3 =
1

W0
+

1
W0

b0
1

W0
+

1
W0

b0
1

W0
+

1
W0

b0
1

W0
b0

1
W0

=
1

W0
+ 2b0

1
W 2

0

+ b2
0

1
W 3

0

A clear pattern emerges by continuing in this way, thus
resulting in the following general expression forα00,k:

α00,k = 1
W0

∑k−1
m=0

(
k − 1

m

)(
b0
W0

)m
1 ≤ k ≤ W0 − 1

Given an arbitrary back-off stage a node selects a
transmission slot randomly from a uniform distribution
covering the window size of the stage. Letpsk

be the
uniformly distributed random variable that determines
the probability that node1 chooses slotk. Applying
the theorem of total probability the first condition is
eliminated:c00,2 is the probability of a collision between
two nodes in stage0:

c00,2 =
W0∑
k=1

α00,kpsk

=
W0∑
k=1

1
W0

k−1∑
l=0

(
k − 1

l

)(
b0

W0

)l 1
W0

=
1

W 2
0

W0∑
k=1

k−1∑
l=0

(
k − 1

l

)(
b0

W0

)l

(1)

Consider the case in whichj = 0. Let node1 be in
stage1 with back-off window size64 and let node2 be
in stage0 with window size32. A collision occurs only if
both nodes select a slot in the first half of stage1 which
is equivalent to stage0. Hence, if node1 selects a slot
from the first half of stage1 the collision probability
is equivalent toc00,2. This is the probability given by
Equation-1. If, however, node1 picks a slot from the
second half of stage1, then a collision can occur only
if node 2 becomes busy. The corresponding collision

probability is c00,2. The total collision probability for
j = 0 for the example is:

c10,2 =
1
2
c00,2 +

1
2
b0c00,2

Following with the logic the resultc20,2 is given by the
following, where node1 is in stage2, thus, has a back-
off window size of128:

c20,2 =
1
4
c00,2 +

1
4
b0c00,2 +

1
4
b2
0c00,2 +

1
4
b3
0c00,2

=
c00,2

4
(1 + b0 + b2

0 + b3
0)

A pattern emerges that gives the general result for
collision probabilityci0,2:

ci0,2 =
c00,2

2(i)

(2i−1)∑
k=0

bk
0 (2)

To complete the resolution of the first condition consider
the case in whichi = 0. Let node1 be in stage0 and
let node2 be in stagej. Node2 picks a slot and if there
is no collision, node2 goes to stage0 and chooses a
slot from stage0 until collision occurs. In other words,
it is assumed that a node that is at stagej starts from
the stage0 after any number of its subsequent successful
attempts. Except for picking the first slot at stagej, the
rest is same toc00,2. With the help of Equation-(1), the
total collision probability fori = 0 is:

c0j,2 =
1

W0Wj

W0∑
k=1

k−1∑
l=0

(
k − 1

l

)(
b0

W0

)l

=
W0

Wj
c00,2 (3)

Following with the same logic and using Equation-(2)
and (3), the general result is given by:

cij,2 =
W0

Wj

c00,2

2(i)

2i−1∑
k=0

bk
0 (4)

Given the steady-state occupancy probabilitiespj , j ∈
(0,m) for the m + 1 back-off stages total probability is
used to remove the condition on node2 resulting in the
collision probabilityci,2 conditioned on node1 selecting
stagei and a second busy node (node2):

ci,2 =
m∑

j=0

cij,2pj (5)

Assuming that the probabilities of collisions between
different node pairs are independent, then the collision
probability ci,n conditioned on node1 selecting stagei
andn busy nodes is given by the following, whereN is
the total number of competing nodes:
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ci,n = 1− (1− ci,2)(n−1) 2 ≤ n ≤ N (6)

The next step is to find the transmission attempt
probability, τn, for an arbitrary node givenn nodes are
busy. Let b(t) and s(t) be continuous time stochastic
processes representing the back-off time counter and
back-off stage associated with an arbitrary node at
time t. Taken together(b(t), s(t)) is a two dimensional
process. Figure-3 relates the values ofci to the individual
node back-off window sizes that are determined by this
two dimensional process. Based on the independence
between nodes and the exponentially increasing back-
off times a DTMC formulation similar to the one first
proposed in [3] and later modified in [10] is used to
model the process. Referring to Figure-3 ifbi,k,n =
limt→∞ P{s(t) = i, b(t) = k, n busy nodes }, where
i ∈ [0,m] and k ∈ [0,Wi − 1] is the stationary
distribution of the Markov chain, then all probabilities
bi,k,n can be found using standard Markov analysis.

bi,0,n = ci−1,n · bi−1,0,n 0 < i ≤ m

bi,0,n =
∏i−1

k=0 ck,n · b0,0,n 0 < i ≤ m
(7)

Equation-7 reflects the condition that a node proceeds
to the next back-off stage only if there is a collision
in the current stage and the collision probabilities are
independent from one stage to the next. The suggested
node short retry countm = 7 according to the standard
[4]. Herem is equivalent to the maximum back-off stage.
The MC is irreducible and ergodic, for eachk ∈ [0,Wi−
1] expressbi,k,n as follows:

bi,k,n = Wi−k
Wi

· bi,0,n 0 < i ≤ m (8)

Equations-(7) and (8) express allbi,k,n values as func-
tions of b0,0,n and of collision probabilitiesci,n. The
normalization condition leads to the following:

1 =
Wi−1∑
k=0

m∑
i=0

bi,k,n

=
m∑

i=0

bi,0,n

Wi−1∑
k=0

Wi − k

Wi
=

m∑
i=0

bi,0,n
Wi + 1

2
(9)

Combining Equation-7 with the normalization condition
and applying algebraic manipulation results in the fol-
lowing expression forb0,0,n:

b0,0,n =
1∑m

i=0(
∏i−1

k=0 ck,n)Wi+1
2

(10)

Each node attempts to transmit when its back-off
counter reaches zero. The transmission probabilityτn

can be found by considering the summation of the total
back-off stage probabilities weighted by the collision
probabilities. Hence, the probability that a node transmits
a packet in a randomly chosen slot is:

τn =
m∑

i=0

bi,0,n =
m∑

i=0

(
i−1∏
k=0

ck,n) · b0,0,n (11)

Similarly, the steady-state occupancy probabilitiespj,n

for each back-off stagej are readily determined:

pj,n =
Wj−1∑
k=0

bj,k,n = bj,0,n ·
Wj + 1

2

= (
j−1∏
k=0

ck,n) · Wj + 1
2

· b0,0,n

Given the individual node busy probability,b0, the proba-
bility that n nodes are busy,βn, is a random variable with
a binomial distribution. Thus, the steady-state occupancy
probabilitiespj , conditioned on being in stagej is then
determined by total probability:

βn =

(
N
n

)
bn
0 (1− b0)N−n (12)

pj =
N∑

n=2

pj,nβn (13)

B. The Second Modeling of Back-off Algorithm
The second model is proposed in order to compare it

with the first model in the simulation results. Also, this
model promotes future in terms of developing a method-
ology that is extensible to multi-hop ad hoc networks
due to its simplicity compared to the first model. Unlike
the first modeling, the collision probability is limited by
the assumption that packets collide with constant equal
probability, c. This modeling is based on the analytical
work in paper [17]. In [17], the collision probabilityc
was derived for the saturated network case in which
every node always has a packet to transmit at any
given time. In this paper, it is extended to model the
general case by obtaining an approximate expression for
collision probabilities. In [18], the model in [17] is also
extended for the general case. G/G/1 queuing model
where the queue length is not involved is considered
in [18] but M/G/1/K is considered in this paper to
take the queue length into consideration. Evaluation of
collision probabilities is based on the node model in this
modeling whereas in [18] it is based on the system model
which consists ofN node model. Unlike that in [18],
an iterative process in Figure-2 is used in order to get
more accurate estimates of the collision probabilities in
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a similar way the first modeling of back-off algorithm
uses. In section-V, both models are compared with the
simulation results.

With probability c the transmission is collided and
with probability1−c, it is successful. Hence, the number
of transmissions per packet is modeled as geometrically
distributed with probability of success1−c. The average
back-off window in the saturated case is given by [17]:

W = (1− c)
W0

2
+ c(1− c)

2W0

2
+ · · ·+

cm(1− c)
2mW0

2
+ cm+1 2mW0

2

=
1− c− c(2c)m

1− 2c

W0

2
(14)

Now consider a network withn busy nodes. A packet
is reserved in the queue on arrival if the node is non-
empty. It is said before that the probability that the node
is busy or non-empty (node utilization factor) when an
arbitrary arrival occurs isb0. Hence, for any arbitrary
packet, with probability1 − b0, the back-off window is
0 and with probabilityb0, it is reserved in the queue.
Because the average back-off window size isW , the
probability that a node attempts a transmission in an
arbitrary slot is given byb0/W .

Following the arguments of [17] and considering the
fact that only busy nodes can actually collide with
packets from other busy nodes and conditioned onn
busy nodes, the conditional collision probability is given
by:

cn = 1−
(

1− b0
1− 2cn

1− cn − cn(2cn)m

2
W0

)n−1

(15)

Note that all other parameters can be easily found by
replacingci,n by cn since allci are assumed to be same
in the second modeling.

C. The Service Time Distribution

In the next part of the analysis it is necessary to
find the the distribution of the back-off window size.
Herem is the maximum back-off stage and can have a
value larger or smaller thanM . The back-off window
size random variableWi is uniformly distributed at each
stage:

Wi ∼
{

U(0, (2iW − 1)) 0 ≤ i ≤ M
U(0, (2MW − 1)) i > M

(16)

whereW is the initial back-off window size andU(a, b)
shows the uniform distribution betweena and b. The
aggregate back-off window size random variableWn

depends on the number of busy nodesn and the collision
probability ci,n:

Wn =
m∑

i=0

(
i−1∏
k=0

ck,n

)
Wi (17)

Consider the following probabilities and random vari-
ables as given in [3]:Ptr is defined as the probability
that at least one transmission occurs in a given slot time.
Sincen stations contend to access the medium and each
station transmits with probabilityτn, Ptr,n is given by:

Ptr,n = 1− (1− τn)n

The probability Ps that an occurring transmission is
successful is given by the probability that a station is
transmitting and the remainingn − 1 stations remain
silent, conditioned on the fact that at least one station
transmits:

Ps,n =
nτn(1− τn)n−1

1− (1− τn)n

Ts is the average time that the medium is sensed busy
due a successful transmission andTc is the average time
that the medium is sensed busy by each station when
a collision occurs andσ is the duration of an empty
slot. The values ofTs and Tc depend on the channel
access mechanism. Assuming that all stations use the
same channel access mechanism,Ts andTc are defined
as follows, assuming the RTS/CTS access mechanism is
employed:

Ts = DIFS + RTS + SIFS + CTS + SIFS +

H + E[P ] + SIFS + ACK + σ

Tc = DIFS + SIFS + RTS + CTS

Where H = MAChdr + PHYhdr, and E[P ] is the
average length of the frame. LetTslot,n = (1−Ptr,n)σ+
Ptr,nPs,nTs +Ptr,n(1−Ps,n)Tc. Note that collision only
occurs between RTS frames andTc is different from
that in paper [3] because the CTS timeout effect is
considered.

The conditional service time for an arbitrary frame
givenn busy nodes is determined based on the paramet-
ric model of 802.11:

Bn = Ts + (WnTslot,n)

The unconditional service time is found by combining
this result with the binomial distribution for the proba-
bility of the number of busy nodes given in Equation-
12–the mean value of service time b is used to solve the
queuing problem in the next section:

B =
N∑

n=1

Bn · βn (18)
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Fig. 4. M/G/1/K state transition diagram: single node case

Note that while a packet arrives to an idle node at
a moment where other nodes have non-empty queues
but are in back-off, it will be transmitted right away
if the channel is idle for DIFS time. In the analysis,
the occurrence of such cases are disregarded since this
possibility is very small. As verified in section-V-D, this
consideration results in reasonably close results.
D. M/MMGI/1/K Queuing model

Let λ be the packet arrival rate and denote byB(x)
and b the distribution and expected value of packet ser-
vice time respectively (see Equation-18). The maximum
number of packets that can be accommodated at any
node in the system (including the one in service) at any
time is given byK < ∞. Those packets that arrive when
K packets are already present are dropped. The initial
throughputγ for an arbitrary node can be expressed
in terms of the probability of packet loss, which is
equivalent to the probability of an arrival findK in
the system. Since the arrival process is Poisson this is
equivalent to the time average of findingK in the system:
Pk.

γ = λ(1− PK) (19)

The traffic intensity oroffered loadis defined asρ:

ρ = λb =
λ

µ
(20)

The offered load is distinguish from the carried load,
which is defined asρ′ and accounts for those packets lost
due to buffer overrun. Thus, it represents the fraction of
time the server is busy. It can also be viewed as is the
probability that a server is busy at an arbitrary time; this
probability is equivalent to the node busy probability,b0,
from the previous section:

ρ′ = γb = ρ(1− PK) (21)

Let E[L] be the mean number of messages in the sys-
tem at an arbitrary time. From Little’s theorem applied
to those message that are accepted in the system, we
have the relation:

E[L] = γE[T ] (22)

system, including the one in services (called the queue
size). We first apply the method of the imbedded Markov

chain to obtain the queue size distribution immediately
after service completion. We choose a set of imbedded
Markov point at those point in time when packets leave
the system after service completion. LetLn be the
number of packets left behind in the system immediately
the nth Markov point, wheren = 1, 2, ..., and let the
steady-state probability distribution forLn;n = 1, 2, ...
be

πk = limn→∞ Prob[Ln = k] 0 ≤ k ≤ K − 1 (23)

Note thatLn cannot beK, because when a packet leaves
the system, it cannot leave behind a completely full
system; at least one waiting position must be empty. Let
pjk; 0 ≤ j, k ≤ K − 1 be the probabilities of the state
transitions in the Markov chainLn;n = 1, 2, 3, ... :

pjk = Prob[Ln+1 = k|Ln = j] (24)

independent ofn (a homogeneous Markov chain). They
are given by

p0k = ak 0 ≤ k ≤ K − 2
=

∑∞
l=K−1 al k = K − 1 (25)

and, for1 ≤ j ≤ K − 1, we have

pjk = ak−j+1 0 ≤ k ≤ K − 2
=

∑∞
l=K−j al k = K − 1 (26)

where

ak =
∫∞
0

(λx)k

k! e−λx∂B(x) k = 0, 1, 2, . . . (27)

is the probability thatk packets arrive during a service
time.

The steady-state equations for state transitions are
given by

πk =
∑K−1

j=0 πjpjk 0 ≤ k ≤ K − 1 (28)
K−1∑
k=0

πk = 1 (29)

Substituting (25) and (26) into (28), we obtain:

πk = π0ak +
∑k+1

j=1 πjak−j+1 0 ≤ k ≤ K − 2(30)

πK−1 = π0

 ∞∑
k=K−1

ak

+
K−1∑
j=1

πj

 ∞∑
k=K−j

 (31)

Note that (31) is redundant. Equations (29) and (30)
provide K independent equations forK unknowns
πk; 0 ≤ k ≤ K − 1.

An efficient algorithm for computing
πk; 0 ≤ k ≤ K − 1 can be given in terms of

π′k = πk

π0
0 ≤ k ≤ K − 1 (32)
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[5]. It is easy to see from (30) thatπ′k; 0 ≤ k ≤ K − 1
can be recursively calculated as follows:

π′0 = 1 (33)

π′k+1 = 1
a0

(
π′k −

∑k
j=1 π′jak−j+1 − ak

)
0 ≤ k ≤ K − 2(34)

andπ0 is found from (29) as

π0 =

(
K−1∑
k=0

π′k

)
(35)

Thus we getπk; 0 ≤ k ≤ K − 1 from (32). The com-
putational complexity of this algorithm is of the order
O(K2).

Let Pk be the probability that there arek messages in
the system at an arbitrary time, wherek = 0, 1, 2, . . . ,K.
From [5] and [16] Pk can be evaluated in terms of
the steady-state probabilities. Moreover, this leads to an
expression for the value ofPK :

Pk =
πk

π0 + ρ
0 ≤ k ≤ K − 1 (36)

PK = 1− 1
π0 + ρ

(37)

Substituting Equation-37 into Equation-21 gives the
following expression for the busy probability or node
utilization factor:

ρ′ =
ρ

π0 + ρ
= b0 (38)

III. Performance
While 802.11b networks have proved their appro-

priateness for best effort traffic, i.e. e-mail, browsing,
chat or file transfer, their lack of QoS support makes
it questionable whether the use of real-time multimedia
applications, such as voice communication, is possible in
these wireless networks. For QoS applications, there are
many system measures to be decided according to the
application. The ones to be measured are MAC delay,
jitter, delay, variance of waiting time, throughput, drop-
ping probability, and blocking probability. For instance,
in order to establish a successful voice session, three
critical network parameters must be kept under certain
levels. These parameters are loss, jitter and delay.

Hence, since all these measures are of such importance
to obtain a good perceived quality in QoS applications,
it is interesting to know what causes the deterioration of
these parameters in a wireless network, and how these
parameters are affected by the 802.11b standard design.
Whilst in wired networks the deterioration is generally
caused by congestion, in wireless networks it can be
caused both by degradation of the signal (due to fading

or interference), the bad choice of system parameters and
congestion.

MAC Delay and Jitter: The average MAC delay
for a successfully transmitted packet is defined to be
the time interval from the time the packet is at the
head of its MAC queue ready to be transmitted, until an
acknowledgment for this packet is received. If a packet
is dropped because it has reached the specified retry
limit, the MAC delay time for this packet will not be
included into the calculation of the average MAC delay.
The average packet MAC delay, provided that this packet
is not discarded, is obtained easily by:

Pr,n =
∏i−1

k=0 ck,n −
∏m

k=0 ck,n

1−
∏m

k=0 ck,n

E[D|n] = Ts + Pr,n
Wi

2
Tslot,n

E[D] =
N∑

n=1

E[D|n]βn (39)

where(1−
∏m

k=0 ck,n) is the probability that the packet
is not dropped andPr,n is the probability that a packet
that is not dropped reaches thei stage given thatn busy
nodes.

Jitter is defined as the variance of interpacket arrival
times compared to the inter-packet times of the original
transmission. In other words, it is the variance of MAC
delay. A buffer is commonly used to absorb this vari-
ation, at the cost of some delay. Jitter’s effect in some
QoS applications can be harmful if it is not kept under
certain level, because it can lead either to additional
packet losses or to additional delay. The jitter is found
using (39) and assuming allWi’s are independent:

V ar(D|n) = [Pr,nTslot,n]2 V ar(Wi)

V ar(D) =
N∑

n=1

V ar(D|n)β2
n (40)

whereWi is found from (16):

V ar(Wi) =

{
(2iW−1)2

12 0 ≤ i ≤ M
(2MW−1)2

12 i > M
(41)

Delay: Delay is the time that data packet takes to
travel from the sender to the receiver. This parameter
is important in QoS applications, because over a certain
value it lessens the interactivity between QoS entities.
Finding the mean number in the system,E[L], is straight
forward:

E[L] =
K∑

k=1

kPk =
∑K−1

k=1 kπk

π0 + ρ
+ K

(
1− 1

π0 + ρ

)
(42)
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Based on Little’s Law and [16] the mean delay is given
by:

E[T ] =
1
λ

[
K−1∑
k=1

kπk + K(π0 + ρ− 1)

]
(43)

Variance of Waiting Time: Delay is the sum of
waiting time and the service time. From (43) the mean
waiting time is given by:

E[W ] = E[T ]− b (44)

From [16], the second moment of the waiting time is
given by:

E[W 2] = (K − 1)
[
(K − 2)b2 + E[B2]− Kbπ0

λ
−

2b

λ

K−1∑
k=1

kπK−k

]
+

1
λ2

K−1∑
k=1

k(k + 1)πK−k (45)

Where E[B2] is the second moment of the service
time and can be easily found in section II-C. Thus, the
variance is given by:

V ar[W ] = E[W 2]− E[W ]2 (46)

Throughput: A packet loss can be defined, in the
scope of QoS applications, as a packet that never reaches
its destination, or a packet that arrives too late and thus
cannot be used to play out the multimedia content. It is
directly related to throughput.The initial throughput was
given by (19). From the back-off algorithm if a packet
collides m times it is dropped. Hence, theadjusted
throughputΓ is given by:

Γn =
λ

π0 + ρ
·
(

1−
m∏

i=0

ci,n

)

Γ =
N∑

n=1

Γnβn (47)

There are two more measures to be considered for
QoS applications in terms of packet reliability. One is the
blocking probability which is the probability of blocking
of a packet that arrived to the MAC layer from upper
layer when the MAC layer buffer is full. The other one is
the dropping probability which shows that some packets,
given that they are not blocked, will be dropped since it
has reached the specified retry limit. They are given by:

Pblock = PK = 1− 1
π0 + ρ

(48)

Pdrop = (1− PK)
m∏

i=0

ci (49)

IV. Error Analysis

The ideal channel model is assumed in the analysis
up to this point. However, during the previous research
work, the impact of bit error rate on the performance of
802.11 DCF is not taken into consideration for the whole
spectrum of traffic load. In [11] and [14], the saturation
conditions are assumed to see the effects of channel
errors. In [12] the specific wireless channel models [9]
are considered and in [2] channel models are presented.
The more general error analysis is developed here and it
can be applied to any kinds of wireless channel models.

The proposed analytical model predicts 802.11 DCF
protocol performance very accurately so the effect of
errors on the performance of the access scheme, in terms
of all measures mentioned in the previous section, is
explored by the extension of error analysis to this model.

Error analysis is divided into two distinct parts in
the analytical model. First, the impact of bit errors on
the collision probabilitiesci in the back-off algorithm is
analyzed based on bit error ratePb and length of data
packetP . Second, using new values ofci, the rest of the
analytical model is pursued.

For basic access mechanism, a data packet needs
retransmission if any one bit in the packet is corrupted.
For RTS/CTS mechanism, RTS and CTS packets may
also be corrupted. For convenience, a variablePe is
defined as a probability that a back-off occurs in a station
due to bit errors in packets. It is further assumed that bit
errors randomly appear in the packets. In the case of
RTS/CTS access mechanism, it is easy to get:

Pe = 1− (1− Pb)RTS+CTS+P+ACK (50)

Since error analysis considers transmission errors,cei

is now the collision-error probability that a transmitted
packet encounters a collision or is received in error
provided that no collision occurs and is given by:

cei,n
= ci,n + (1− ci,n)Pe (51)

This new probabilitycei
is used instead ofci in the

analytical model between (13) and (50). For example,
τ andpj is found usingcei

rather thanci in the back-off
algorithm. Also, it is used in the service time distribution,
M/G/1/K queueing model and performance metrics.

V. Simulation Model and Validation
The main objective of the simulation model is to pro-

vide an unbiased and systematic performance analysis of
the queueing analytical model. This section presents the
simulation environment, the system parameters, design
of the simulation, discussion of the statistical analysis of
the simulation results, and model validation.
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A. Environment Model
The environment model provides a framework to sim-

ulate the network topology and the behavior of network
nodes. The primary design requirement is to provide an
environment capable of modeling WLAN and to support
the features of IEEE 802.11 MAC protocol. The simula-
tion environment consists of three models: the network
model, the node model and the process model. Several
simulation environments are available that can be used
for modeling IEEE 802.11 MAC Wireless LANs. The
discrete-event simulator OPNET is chosen to implement
the simulation model. OPNET Modeler is the industry’s
leading environment for network modeling and simula-
tion, allowing you to design and study WLAN networks
with unmatched flexibility and scalability. Modelers
object-oriented modeling approach and graphical editors
mirror the structure of WLAN networks.

OPNET Modeler is based on a series of hierarchical
editors that directly parallel the structure of real networks
protocols, here WLAN. One of them is the Project Editor
which graphically represents the topology of a WLAN
network that is the network model. Network model
consists of node and link objects, configurable via dialog
boxes. Node and link models is dragged and dropped
from the editor’s object palettes to build the network
model. The Project Editor provides geographical context,
with physical characteristics reflected appropriately in
simulation of WLAN networks.

The next one in the hierarchical editors is the Node
Editor which captures the architecture of a network
device or system by depicting the flow of data between
functional elements, called ”modules.” Each module can
generate, send, and receive packets from other modules
to perform its function within the node. Modules typi-
cally represent applications, protocol layers, algorithms
and physical resources, such as buffers, ports, and buses.
Modules are assigned process models (developed in the
Process Editor) to achieve any required behavior.

The last one is the Process Editor which uses a power-
ful finite state machine (FSM) approach to support spec-
ification, at any level of detail, of protocols, resources,
applications, algorithms, and queuing policies. States and
transitions graphically define the progression of a process
in response to events. Each state of a process model
contains C/C++ code, supported by an extensive library
of functions designed for protocol programming. Each
FSM can define private state variables and can make calls
to code in user-provided libraries. FSMs are dynamic and
can be spawned (by other FSMs) during simulation in
response to specific events. Dynamic FSMs dramatically
simplify specification of protocols that manage a scalable
number of resources or sessions. The Process Editor can

802.11 Parameters Values
PYH Layer Specification DSSS

Channel Transmission Rate1Mbits/sec
CWmin 32
CWmax 1024

m 4
σ 20µs
H 6Bytes

DIFS 50µs
SIFS 10µs
RTS 44Bytes
CTS 38Bytes
ACK 38Bytes

TABLE I

IEEE 802.11 SYSTEM PARAMETERS VALUES

be used to develop entirely new process models, or the
models in OPNET Technologies Model Library can be
used as a starting point. IEEE 802.11 Wireless module
from the model library is used in the simulation model.
B. Simulation Design

Poisson arrival traffic model is employed at each node
during simulation run. Smaller traffic rates are used for
light load and larger rates for the heavy load. For each set
of experiments the number of nodes and packet lengths
were fixed. The model assumed an ideal channel and
fully connected network, which matched the assumptions
of the analytical model.

System parameters are ones that remain fixed to
predetermined values throughout the experiments. They
reflect a notion of something that does not change, at
least within the scope of the experiments. The system
parameter values are given in the IEEE 802.11 MAC
layer implementation in OPNET modeler, given in table-
I.
C. Statistical Simulation Analysis

The data obtained from a simulation should be con-
sidered as an instance of the random variables they
represent. Hence these data may potentially exhibit high
variation and differ a lot from the represented random
variables’ characteristics [1]. As such, the data must be
analyzed in terms of interval statistics. This section de-
scribes the approach adopted for computing confidence
intervals and ensuring independence of observations and
steady-state.

1) Confidence Interval:Let X1, X2, ..., Xn be n ob-
servations from conductingn independent experiments
(runs of the simulation model). Then it is wanted to
estimate the steady-state meanµ = E(X). Let the
sample mean be denoted bȳX:

X̄ =
∑n

i=1 Xi

n
(52)



11

According to the strong law of large numbers, this
sample mean is an unbiased estimator ofµ [1]. Similarly,
let the corresponding sample variance be:

S2 =
∑n

i=1[Xi − X̄]2

n− 1
(53)

This is an unbiased estimator of the varianceσ2 of the
random variableX. Then, if n is sufficiently large, an
approximate100(1− α) percent confidence interval for
µ is defined as the time interval given by:

X̄ ± tn−1,1−α/2 ·

√
S2

n
(54)

where tn−1,1−α/2 is the upper1 − α/2th critical point
for the t distribution with n − 1df (degree of freedom)
[1]. The underlying physical meaning is that givenn
sufficiently large, the probability that the derived con-
fidence interval containsµ is 100(1 − α). Hence if
one independently constructs a very large number of
confidence intervals, each based onn observations, the
proportion of these that coverµ is expected to be1−α.

A number of n = 10 independent observations is
employed in order to get an estimator̄X of the mean
µ of each output in the simulation analysis. Calculation
of 95% confidence interval is used to provide us with
the interval within which the meanµ lies with 0.95
probability.

2) The Problem of Initial Transient:Special consider-
ation needs to be given to the choice of initial conditions
of a simulation. Since it is difficult to choose such
conditions to represent the steady-state distribution of the
simulated system, they bias the output distribution of the
simulation. As time progresses, this bias becomes less
evident, and the simulation output distribution converges
to the distribution of the simulated system.

Typically, an initial small part of the simulation output
data is truncated as it is considered biased by the initial
conditions. The corresponding time interval is known as
the transient period. The simulation reaches steady-state
after this period, meaning that the output distribution
approaches the probability distribution of the system
state. The technique most often suggested for dealing
with this problem is calledwarming up the modelor
initial-data deletion. The idea is to delete some number
of observations from the beginning of a run and to use
only the remaining observations to estimateµ.

The simplest and most general technique for deter-
mining the transient period is a graphical procedure due
to Welch [19]. Its specific goal is to determine a time
index l such thatE(Xi) ≈ µ for i > l, where l is
the warmup period. In general, it is very difficult to
determinel from a single replication due to the inherent
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Fig. 5. Moving average with w=60 for the end-to-end delay

variability of the process. As a result, Welch’s procedure
is based on makingn independent replications of the
simulation (heren = 10) and the procedure how to
find the moving average is given in [1]. Figure 5 shows
the end-to-end observations and moving average with
window size w = 60 as a function of instance. The
simulation is run for60 seconds, a time much longer
than the anticipated transient interval. As seen in the
figure, the simulation outcome beforel = 1000 shall not
be considered. In section V-D, all initial transient parts
of the simulation results are ignored according to the
mentioned procedure.

3) Independent Observation Acquisition:In order to
estimate the meanµ of the desired output, a number
n of such observations are needed. These should be
statistically independent.

A straightforward approach is to conductn simu-
lation run, employing distinct random number seeds
for different runs. This is known as the method of
replication/deletion. Each simulation runs for an amount
of time l + k. After deleting the transient part of the
simulation up to the timel, Xi is obtained as the mean
of all observations of the corresponding output during
the last time intervalk. The duration of the intervals
k should be long enough to assure that the meanX̄j
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Load(Kbps/node) 81.92 90.11 98.30 106.49 114.68
95%CI(high) 0.0793 0.1089 0.1128 0.1140 0.1144
Simulation 0.0573 0.0869 0.0908 0.0920 0.0925

95%CI(low) 0.0354 0.0649 0.0688 0.0700 0.0705
Analysis1 0.0379 0.0945 0.0953 0.0954 0.0954
Analysis2 0.0193 0.0417 0.0942 0.0943 0.0943

TABLE II

ANALYTICAL AND SIMULATION RESULTS WHEN THE NUMBER OF

NODES IS10 AND THE PACKET SIZE IS1024BYTE

of the observationsXi from jth replicaton will actually
be an estimate of the meanµ of the desired output.
An approximately unbiased point estimator̄X for µ is
given by the mean ofX̄j , E(X̄j) and an approximate
100(1 − α) percent confidence interval forµ is given

by X̄ ± tn−1,1−α/2

√
S2

n whereX̄ andS2 are computed
from Equations (52) and (54).
D. Model Validation Results

The theoretical analysis presented in this paper is
validated using the simulation model described in the
previous section.
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Fig. 6. MAC Delay vs Load

The comparison between the analytical and simulation
result of MAC delay for1024, 512, 256 and 128 bytes
packet sizes where the number of node is10 is shown
in Figure-6, taking into consideration of the same traf-
fic load. In the figures, the first modeling of back-off

algorithm is represented by ’Analysis1’ and the second
one by ’Analysis2’. In Table-II the corresponding95%
confidence interval is presented for the MAC delay for
1024 bytes packet size. It is observed that ’Analysis1’
fits better in the confidence interval and closer the simu-
lation mean values in the transition part when compared
to ’Analysis2’. Hence, with95% certainty ’Analysis1’
outperforms ’Analysis2’ with respect to MAC delay.
Another observation is that at bigger packet sizes the
MAC delay becomes higher during saturation but the
network gets congested with lighter traffic load at smaller
packets. It is clear that at saturation the packet collision
is almost same for all packet sizes, therefore, the bigger
transmission times, the bigger MAC delay. It is also
obvious that the packet arrival rate is higher with smaller
packets for the same traffic load. Hence, the higher
arrival rate, the earlier congestion starts regardless of the
packet size.
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Fig. 7. Delay vs Load

Figure-7 also shows that the simulation validates the
analysis in terms of delay under the full spectrum of
traffic load. Each simulation point represents the average
of 10 independent steady-state replications. The obser-
vations are same as in the previous figure since there
is a direct relation between MAC delay and end-to-end
delay.

In Figure-8 the comparison of the analytical and
simulation throughput results versus the traffic load is
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Fig. 8. Throughput vs Load

depicted. It is evident that throughput deteriorates with
smaller traffic load for smaller packets. This is also
because of the early congestion of the network at smaller
packets.

Figure-9 shows the comparison of the analytical and
simulation results for the collision probability versus the
traffic load for the case of the first stage in the back-
off algorithm. In Figure-995% confidence intervals are
also shown. It can be observed from figures that the first
analysis model performs better than the second analysis
model in the transition part while the second is better
than the first in the saturation part of the traffic load.
Both analytical results match the simulation result very
closely. Since much less research has been done on the
transition part when compared to the saturation part, the
first analytical model gives opportunity to delve into the
transition part. Hence, the first model is used in the
following sensitivity analysis section.

VI. Sensitivity Analysis
The objective of this study requires the development

of a sensitivity analysis which gives a deeper insight
into the inherent characteristics of IEEE 802.11 MAC
protocol.

The first sensitivity analysis is done by changing the
number of nodes in the system. The results for all
performance metrics are shown in Figure-10 and Figure-
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11. As the number of nodes increases, all performance
metrics deteriorate in a very clear way. That is because
more nodes lead to more collision in the network. By
restricting the number of nodes accepted in the WLAN,
the desired performance can be obtained for a specific
QoS application.

Next, sensitivity analysis results for all performance
metrics are shown in Figure-12 and Figure-13 while
varying the queue lengthK in terms of how many packet
it can accommodate. As the queue length increases, the
end-to-end delay increases, on the contrary, both the
MAC delay and jitter remain same afterK is 10. In
the transition part, the waiting time variance jumps up
with bigger queue length. Furthermore, the less through-
put and bigger dropping and blocking probabilities are
observed with less queue length in the transition part.
Looking at these figures, the appropriate queue length
can be easily chosen for a specific QoS application.

The relation betweenM and the maximum back-off
stagem is given in Equation-16. The sensitivity analysis
is performed by changing the value ofM and the results
are shown in Figure-14 and Figure-15 given thatm is
5. It is seen that asM increases, all metrics get better
except for the variance of waiting time.

The performance results while changingm are shown
in Figure-16 and Figure-17. All throughput metrics are
approximately close to each other. At saturationm = 3
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Fig. 10. Sensitivity analysis for delay metrics while varying the
number of nodesN

gives the best result. However, better results for de-
lay metrics are observed with increasingm, shown in
Figure-16. There is a tradeoff in terms of balancing better
delay or throughput for a particular QoS application.
When compared the results with the ones inM , they
are not as distinguishable as them.

The sensitivity analysis results are displayed in Figure-
18 and Figure-19 when altering the initial back-off
window sizeW . Having smaller initial back-off window
size leads to not only better delay metrics except for
the variance of waiting time but also worse throughput
metrics except for the blocking probability. Likem,
W causes a tradeoff between delay and throughput.
Therefore, the specialW must be chosen for a specific
application.

Finally, the effect of bit error rate in the channel
on performance metrics is shown in the Figure-20 and
Figure-21. Keep in mind that all previous figures were
obtained considering the ideal channel. Obviously, not
only all delay metrics in Figure-20 increase but also all
throughput metrics in Figure-21 decrease with enlarging
bit error rates. Especially, ifPb is bigger than10−3, the
system collapses at saturation for this specific scenario.
As also seen from the figures, the best results like in
the ideal channel is obtained ifPb is smaller than10−6.
Furthermore, the other important result is that as the bit
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Fig. 11. Sensitivity analysis for throughput metrics while varying
the number of nodesN

error rate increases in the channel, the transition starts
earlier which makes more variance and less degradation
in the metrics.

VII. Discussion
The analysis presented in this paper has shown that the

analytical model is capable of providing a good match to
IEEE 802.11 MAC protocol. The following discussion
presents possible enhancements to an admission con-
troller as an application that suggest how the controller
might benefit from the results presented in this paper.
While these suggestions are based on knowledge gained
through the results presented in this paper, further study
is required to verify the extent of their potential benefits
to the controller or other applications such as scheduler
or routing protocol. Extension of the simulation model
to an admission controller is planned as future work.
• The admission controller decides whether a new

connection can be granted or not, depending on
the status of the network resources and the level of
service called for by the new request. The purpose
of any admission control is to ensure that admit-
tance of a new data flow into a resource-limited
network does not degrade QoS committed by the
network to the admitted data flows while optimizing
network resource usage. Since the network resource
is changing dynamically depending on the number
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Fig. 12. Sensitivity analysis for delay metrics while varying the
queue lengthK

of nodes, the packet size or system parameters,
the optimum resource usage should be decided.
Seen from the sensitivity results, if the network
is in the saturation, there is no need to grant any
new request. It is suggested that each node in
the network measures the traffic condition (traffic
load) on the wireless link. When the traffic load is
greater than a threshold, this means that the 802.11
wireless network is experiencing the overload, long
medium access delay and possible the degradation
of throughput. For instance, this threshold could be
the MAC delay variance since it is easy to obtain
the MAC delay for each node.

• The queue in the MAC layer should be in the right
length for each admitted request in the admission
controller. After a threshold queue length, even
though the MAC delay remains same, the end-to-
end delay increases steadily. Using the analytical
model it is easy to find this threshold queue length.

• In any admission controller once a request is admit-
ted, the service provided to it must not be affected
by requests of other nodes. When the number of
nodes in the WLAN gets more, the performance
of admitted services scales down because of the
more packet collisions. Hence, the channel access
time for the ordinary service (best-effort) must
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Fig. 13. Sensitivity analysis for throughput metrics while varying
the queue lengthK

be increased depending on the channel conditions.
From sensitivity analysis results changing the sys-
tem parameters,m, M , and/orW dynamically will
provide a scalable admission controller.

VIII. Conclusion
This paper represents an important advance in the

analysis and design of effective ad hoc wireless net-
works. It also provides an significant contribution to
the performance analysis of IEEE 802.11 wireless
LANs. A novel queuing theoretic models based on the
M/MMGI/1/K queue and parametric service model for
IEEE 802.11 DCF using RTS/CTS was solved. The re-
sults are based on the single-hop case, but they represent
an extensible and flexible approach. It is investigated
using the sensitivity analysis results what causes the
deterioration of performance measures in a wireless
network. The applications for the type of queuing models
developed in this work include routing, admission con-
trol and scheduling. Future work includes a methodology
that is extensible to multi-hop ad hoc networks scenarios
and to an admission controller.
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Fig. 16. Sensitivity analysis for delay metrics while varying the
maximum back-off stagem
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Fig. 17. Sensitivity analysis for throughput metrics while varying
the maximum back-off stagem
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Fig. 18. Sensitivity analysis for delay metrics while varying initial
back-off window sizeW
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Fig. 19. Sensitivity analysis for throughput metrics while varying
initial back-off window sizeW
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Fig. 20. Sensitivity analysis for delay metrics while varying the the
bit error ratePb
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Fig. 21. Sensitivity analysis for throughput metrics while varying
the bit error ratePb


