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The probability distribution of ocean-acoustic broadband signal energy after saturated multipath

propagation is derived using coherence theory. The frequency components obtained from Fourier

decomposition of a broadband signal are each assumed to be fully saturated with energy spectral

density that obey the exponential distribution with 5.6 dB standard deviation and unity scintillation

index. When the signal bandwidth and measurement time are larger than the correlation bandwidth

and correlation time, respectively, of its energy spectral density components, the broadband signal

energy obtained by integrating the energy spectral density across the signal bandwidth then follows

the Gamma distribution with a standard deviation smaller than 5.6 dB and a scintillation index less

than unity. The theory is verified with broadband transmissions in the Gulf of Maine shallow water

waveguide in the 300 to 1200 Hz frequency range. The standard deviations of received broadband

signal energies range from 2.7 to 4.6 dB for effective bandwidths up to 42 Hz, while the standard

deviations of individual energy spectral density components are roughly 5.6 dB. The energy

spectral density correlation bandwidths of the received broadband signals are found to be larger for

signals with higher center frequencies and are roughly 10% of each center frequency.
VC 2012 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4763547]
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I. INTRODUCTION

The probability density functions for the energy spectral

density1 and total energy of a broadband signal transmitted

through an ocean-acoustic waveguide are derived using

fourth-order coherence theory.1–4 The probability distribu-

tions are formulated in terms of the signal bandwidth, mea-

surement time, frequency, and temporal correlation of the

broadband signal’s energy spectral density components. The

statistical theory is verified with data from the Gulf of Maine

2006 Experiment (GOME’06)5,6 where broadband acoustic

transmissions in the 300 to 1200 Hz frequency range and

effective bandwidths up to 42 Hz were measured at source-

receiver separations of up to 20 km.

When an acoustic field propagates through a temporally

random and spatially inhomogeneous ocean waveguide, its

intensity or energy fluctuates in both time and space. In both

deep ocean and shallow water continental shelf environ-

ments, a major source of acoustic field scintillation is inter-

nal waves.7–9 Early efforts to describe signal scintillation

statistics in the ocean were based on multipath theory, with

the resultant field being the sum of multiple random phase

components.10–12 The instantaneous received signal there-

fore has an exponential distribution for intensity or a Ray-

leigh distribution for amplitude,10–12 and a 5.6 dB intensity

standard deviation.11 The formulations in Refs. 10–12

assume a uniform distribution for instantaneous phase at sat-

uration due to multipath effects. In a later study,2 statistics of

acoustic signals were characterized as a function of measure-

ment time T and intensity correlation time sc, where a time-

averaged measurement of signal intensity was shown to be

equivalent to a measurement of instantaneous intensity con-

tributions from lT independent and identically distributed

fluctuating sources or correlation cells. The time-averaged

signal intensity therefore has a Gamma distribution1,2,13,14

and a standard deviation less than 5.6 dB. Here we derive the

probability distributions for the bandwidth-integrated energy

of a broadband signal and its corresponding time-averaged

quantity by applying coherence theory, which characterizes

the coherence or correlation properties of a wave field

through second or higher-order correlation functions.1–4 The

derivation in the current paper generalizes and extends the

statistical theory of Ref. 2 since it includes the frequency

correlation of broadband signals not considered in that refer-

ence. We show that the total number of independent statisti-

cal fluctuations or correlation cells1,2 l can be increased for

a broadband signal by extending either or both the signal

bandwidth and measurement time.

The energy spectral density components as a function of

frequency of the received broadband signals in the Gulf of

Maine were found to have standard deviations of approxi-

mately 5.6 dB and scintillation indices (SIs) that approach 1,

which are characteristics of a saturated field. The energy

spectral density components of the measured data fit well

with the exponential distribution based on a two-sided chi-

squared test. The broadband signal energies obtained by

integrating the energy spectral densities over the signal
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bandwidths were found to have smaller standard deviations

ranging from 2.7 to 4.6 dB and SIs significantly smaller than

1 for signals with effective bandwidths of up to 42 Hz. The

broadband signal energies were found to follow the Gamma

distribution and depart significantly from the exponential

distribution when the total number of frequency correlation

cells of the broadband signal exceeded 2. Smaller standard

deviations and SIs were associated with a larger bandwidth

and smaller center frequency signals. The measured broad-

band signal contains saturated frequency components but

decorrelation across its bandwidth after forward propagation

and scattering in a random ocean waveguide leads to one or

more independent frequency fluctuations or frequency corre-

lation cells, thereby reducing the broadband signal’s energy

standard deviation. The energy spectral density correlation

bandwidth of the measured broadband signals is found to be

roughly 10% of the center frequency. The measurements of

broadband signal energy standard deviations in other shallow

water waveguides are consistent with the statistical theory

presented here15,16 as discussed in Sec. III G.

Previous experimental and theoretical studies of ocean

acoustic transmission scintillation in shallow and deep ocean

environments have examined a variety of quantities includ-

ing intensity and arrival time of individual rays or modes,

pulse time spreads, phase, and energy distributions.7,15,17,18

Several of these experiments employed vertical receiving

arrays at fixed locations from a source to analyze the statis-

tics of individual ray or modal arrivals from the depth-

dependent received fields.15,18,19 Many deep ocean acoustic

transmission experiments found the acoustic field to be par-

tially saturated with a significant mean field contributing to

the total intensity or energy.17,20 The acoustic transmission

data from shallow water, on the other hand, were often found

to be saturated with a negligible mean field at sufficiently

large ranges from the source.15,16 The theory developed here

is applicable for analyzing broadband acoustic propagation

at ranges beyond roughly 3 km in typical continental shelf

environments since the received field is expected to be

saturated.15,16

Here, we focus our analysis on the statistics of the

energy spectral density and total energy of the broadband

acoustic transmissions in the Gulf of Maine shallow water

waveguide with measurements made on a single hydro-

phone. The received field on the hydrophone is a sum of

multi-modal contributions that involve significant bottom

interaction along the propagation path as will be shown in

Sec. III A which leads to a received field that is saturated.

The energy of a broadband signal is an important quantity

often used to infer parameters such as target strength or scat-

tering strength of objects in active sensing,5,6,21–23 digital

logic levels of transmitted messages in underwater acoustic

communication systems,24,25 and the level of underwater

broadband sources, such as vocalizing marine mammals26–28

and underwater vehicles. An understanding of the statistics

of broadband signal energy and its dependence on signal

bandwidth, center frequency, and measurement time is nec-

essary to efficiently design experiments, and to quantify the

accuracies with which the related parameters can be

determined.

II. PROBABILITY DISTRIBUTION FOR SATURATED
BROADBAND SIGNAL ENERGY AS A FUNCTION OF
SIGNAL BANDWIDTH, MEASUREMENT TIME,
FREQUENCY CORRELATION, AND TEMPORAL
CORRELATION

A. Probability distribution for the energy of a
broadband signal with measurement time smaller
than energy spectral density correlation time

Here we derive the probability density function for the

energy of a broadband signal in terms of its physical band-

width B and the frequency correlation width Bc of its energy

spectral density components. This derivation parallels that

given in Refs. 1 and 2 where the probability distribution of

time-averaged intensity is formulated in terms of a signal’s

measurement time T and the correlation time sc of its instan-

taneous intensity measurements. The correlation time1,2

refers to the characteristic time period of fluctuation of the

random acoustic field. It can be derived by considering the

fourth-order temporal coherence1 of the underlying complex

field [see Eqs. (A8) and (31)]. Here, we first consider the sce-

nario where the measurement time is smaller than the energy

spectral density correlation time ðT < scÞ, so that the broad-

band signal has only one temporal correlation cell lT ¼ 1.

Let the received broadband signal in time with band-

width B and center frequency fm be denoted by w(t). We

assume that the broadband signal duration TD is much

smaller than its correlation time (TD� sc). This is a reasona-

ble assumption since the broadband signals transmitted in

the ocean typically have durations on the order of sec-

onds,5,21 while the correlation time scale of signal fluctuation

is much larger, on the order of several to tens of

minutes.18,29,30 We also assume the observation or measure-

ment time T satisfies T> TD and T < sc. The complex spec-

tral amplitude Uðf jtkÞ of the signal can be obtained by

Fourier analysis

Uðf jtkÞ ¼
ðtkþTD

tk

WðtÞej2pftdt; (1)

where tk is the time instance when the signal first arrives at

the receiver. For a saturated broadband signal, its Fourier

components Uðf jtkÞe�j2pft each have an envelope Uðf jtkÞ
that can be modeled as a circular complex Gaussian ran-

dom variable. At saturation, the real and imaginary parts of

Uðf jtkÞ are independent Gaussian random variables with zero

mean and the same variance.2,11 Since TD � sc, the Fourier

complex amplitude Uðf jtkÞ can be approximated as instanta-

neous in time.

The energy spectral density Eðf jtkÞ obtained from mag-

nitude-squared amplitude of a Fourier component

Eðf jtkÞ ¼ jUðf jtkÞj2; (2)

obeys the exponential distribution

pðEÞ¼
1
�E

exp½�E=�E�; for E � 0;

0; elsewhere;

8><
>: (3)
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with mean and standard deviation both equal to �E . The phase

of Uðf jtkÞ is uniformly distributed over 2p radians for the

saturated signal.

The bandwidth-averaged energy spectral density

J ðfmjtk; BÞ is

J ðfmjtk;BÞ ¼
1

B

ðfmþB=2

fm�B=2

Eðf jtkÞdf

¼ 1

B

ðtkþTD

tk

jWðtÞj2dt ; (4)

where the last equality is obtained by application of Parsev-

al’s theorem. The mean and variance of J ðfmjtk; BÞ are

derived in Appendix A and given by Eqs. (A1) and (A14),

respectively. A measure of the number of independent spec-

tral fluctuations or frequency correlation cells lF averaged

over bandwidth B is given by the squared-mean-to-variance

ratio or signal-to-noise ratio1,2 of the measurement J

lFðfmÞ ¼
hJ ðfmjtk; BÞi2

hJ 2ðfmjtk; BÞi � hJ ðfmjtk; BÞi2

¼ 1

B

ð1
�1

D
n
B

� �
qðn; s ¼ 0jfmÞdn

� ��1

; (5)

where qðn; sjfmÞ is the joint temporal-spectral correlation

coefficient of the energy spectral density components of the

broadband signal defined in Eq. (A11), and the triangular

function Dðn=BÞ is defined in Eq. (A10) of Appendix A. The

energy spectral density undergoes fluctuations over a charac-

teristic bandwidth Bc that is referred to as its frequency cor-

relation width. A useful measure of the correlation

bandwidth of the energy spectral density of the broadband

signal centered at frequency fm is then given by

BcðfmÞ ¼
ð1
�1

qðn; s ¼ 0jfmÞdn: (6)

Another measure of the correlation bandwidth BcðfmÞ is

twice the e-folding frequency shift ne satisfying qðne; s
¼ 0jfmÞ ¼ 1=e.

The physical meaning of the number of frequency corre-

lation cells lF can be understood by considering its limiting

values. For a small bandwidth signal B � Bc, the energy

spectral density across the signal’s physical bandwidth B can

be considered perfectly correlated, so that qðn; s ¼ 0jfmÞ � 1

for �B=2 � n � B=2. Equation (5) can then be approximated

as lF ¼ B½
Ð1
�1 Dðn=BÞdn��1 ¼ 1. This result may be inter-

preted as that when the bandwidth shrinks, the number of fre-

quency correlation intervals influencing the experimental

measure asymptotically approaches unity. Values of lF less

than unity are not possible because the results are always

influenced by the state of the field in at least one correlation

cell.1 For a large bandwidth signal, B � Bc, since the width

of the triangular function is 2B and the width of the frequency

correlation coefficient is roughly Bc, Eq. (5) can be approxi-

mated as lF ¼ B½
Ð1
�1 qðn; s ¼ 0jfmÞdn��1 ¼ B=Bc. The num-

ber of frequency correlation intervals contained within the

physical bandwidth B in this case can be obtained by dividing

B by the correlation bandwidth Bc. These values for the num-

ber of frequency correlation cells lF are obtained in direct

analogy to Eqs. (6.1-17) and (6.1-19) of Ref. 1, which are

expressed for the number of temporal correlation cells. This

implies that more accurate experimental estimates of the cor-

relation bandwidth can only be obtained from received broad-

band signals with large physical bandwidths.

Since the bandwidth-averaged energy spectral density

J ðfmjtk; BÞ of the broadband signal can be decomposed into

the sum of lF independent exponentially distributed spectral

fluctuations, its probability density function is then described

by the Gamma distribution1,2 with shape parameter lF and

scale parameter �E=lF

pðJ Þ ¼
1

CðlFÞ
lF

�E

� �lF

J ðlF�1Þexp �lF

J
�E

� �
; for J � 0

0; elsewhere:

8<
:

(7)

The above equation is readily obtained from the inverse Fou-

rier transform of the characteristic function1,13 or moment

generating function of the exponential distribution raised to

the power lF. To obtain Eq. (7), we have assumed that the

mean of the energy spectral density �E is approximately con-

stant for the frequency components across the signal band-

width B. We will show that this is a valid assumption for the

signals considered here in Sec. III C. Compared to the expo-

nentially distributed energy spectral density of a monochro-

matic component E (f|tk), the expected value of the Gamma

distributed bandwidth-averaged energy spectral density

J ðfmjtkÞ is still �E but the variance is modified to �E2
=lF (see

Appendix A). When lF > 1 the bandwidth-averaged energy

spectral density has a smaller variance than a corresponding

monochromatic component, so its scintillation index, defined

as the ratio of variance to squared-mean-intensity, will be

smaller than the unity value of the monochromatic compo-

nent at saturation. When lF ¼ 1, or when B� Bc, Eq. (7)

reduces to the exponential distribution described in Eq. (3).

The log-transformed bandwidth-averaged energy spectral

density is defined as LJ ¼ 10log10½J =J ref �, where the choice

of reference level J ref only adds a bias term to LJ. The proba-

bility distribution of LJ¼ 10log10 J is then described by

pðLJ Þ ¼ pðJ ¼ 10LJ =10Þ dJ
dLJ

����
����

¼ 1

ð10log10eÞCðlFÞ
lF

�E

� �lF

10lFLJ =10

	 exp �lF

10LJ =10

�E

� �
; for �1 < LJ <1;

(8)

which is an exponential-Gamma distribution.2 The mean and

standard deviation of LJ are derived in Appendix B and

given by2

hLJ i ¼ 10log10ð�E=lFÞ þ ð10log10eÞC
0ðlFÞ

CðlFÞ
; (9)
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rLJ ¼ ð10log10eÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fð2; lFÞ

p
� 4:34

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fð2; lFÞ

p
; (10)

respectively, where f ð�; lFÞ is the generalized Riemann

zeta function

fð�; lFÞ ¼
X1
k¼0

1

ðk þ lFÞ�
; (11)

which converges to p2/6 when lF ¼ 1 and �¼ 2, so that the

standard deviation rLJ ¼ 5:6 dB.11 Equations (10) and (11)

show that a standard deviation smaller than 5.6 dB is

obtained when lF is larger than 1. For a given data set, the

number of frequency correlation cells lF can be found from

the empirically determined standard deviation by solving

Eq. (10). As shown in Ref. 2, when the number of correlation

cells is large, lF � 1, the standard deviation of LJ in

Eq. (10) can be simplified to rLJ ’ 4:34
ffiffiffiffiffiffiffiffiffiffi
1=lF

p
.

When the broadband signal energy Eðfmjtk;BÞ obtained

by integrating the energy spectral density over the signal

bandwidth is considered

Eðfmjtk; BÞ ¼ BJ ðfmjtk; BÞ ¼
ðtkþTD

tk

jWðtÞj2dt; (12)

its probability density functions in both linear and log-

transformed (LE¼ 10 log10 E) quantities can be readily

obtained

pðEÞ¼
1

CðlFÞ
lF

B�E

� �lF

EðlF�1Þexp �lF

E

B�E

� �
; for E� 0

0; elsewhere;

8<
:

(13)

and

pðLEÞ ¼
1

ð10log10eÞCðlFÞ
lF

B�E

� �lF

10lFLE=10

	 exp �lF

10LE=10

B�E

� �
; �1 < LE <1;

(14)

respectively. The mean and standard deviation of the broad-

band signal energy in linear and log-transformed domains

are then given by

hEi ¼ B�E ; (15)

rE ¼ hEi=
ffiffiffiffiffi
lF

p
; (16)

hLEi ¼ 10log10

hEi
lF

� �
þ ð10log10eÞC

0ðlFÞ
CðlFÞ

; (17)

and

rLE
¼ ð10log10eÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fð2; lFÞ

p
; (18)

respectively. Note that the log-transformed broadband signal

energy LE has a standard deviation identical to the log-

transformed bandwidth-averaged energy spectral density LJ ,

while their means differ by 10 log10 B.

It should be noted that even though the measurement

time is smaller than the signal correlation time ðT < scÞ so

that lT ¼ 1, the total number of correlation cells l of the

broadband signal obtained as the product l ¼ lTlF can still

be larger than 1 when the signal bandwidth is larger than its

correlation bandwidth, since then lF > 1. This result then

generalizes the derivation of Ref. 2 by also considering the

correlation across the frequency components of a broadband

waveform not addressed in Ref. 2. Here the broadband signal

has Gamma distributed energy [see Eq. (13)] which reduces

to the exponential distribution only when the signal band-

width is smaller than its correlation bandwidth so that lF ¼ 1

as well for measurement times that satisfy T < sc.

B. Probability distribution of broadband signal energy
with a measurement time larger than the energy
spectral density correlation time

We now consider the case when the measurement time

T is larger than the correlation time sc of a broadband sig-

nal’s energy spectral density components. We assume that

the time separation between the arrival of any two broadband

pulses |ti � tj| is larger than the correlation time sc and that

the broadband signal is statistically stationary over the mea-

surement time T. Under these conditions, the measurements

of the energy spectral densities of the broadband signal

Eðf jtkÞ over time tk for k¼ 1,2,3,… are independent fluctua-

tions, each having an exponential distribution with identical

mean and standard deviation both equal to �E .

The time-averaged energy spectral density Sðf Þ is

Sðf Þ ¼ 1

N

XN

k¼1

Eðf jtkÞ; (19)

where N is the number of temporally independent broadband

signals received over measurement time T. In this case, the

number of temporal correlation cells is lT ¼ N. The proba-

bility density function for the time-averaged energy spectral

density Sðf Þ then has a characteristic function that can be

obtained from the product of lT identical characteristic func-

tions of the exponential distribution. This again leads to a

Gamma distribution for Sðf Þ given by

pðSÞ ¼
1

CðlTÞ
lT

�E

� �lT

SðlT�1Þexp �lT

S
�E

� �
; for S � 0

0; elsewhere:

8<
:

(20)

The time-averaged energy spectral density has mean �E and

variance �E2
=lT . This time-averaged energy spectral density

is equivalent to the time-averaged intensity W in Ref. 2,

which has a probability distribution given by Eq. (9) of Ref.

2 and the number of correlation cells specified in that equa-

tion is lT . The distribution of the log-transformed time-aver-

aged energy spectral density LS¼ 10 log10Sðf Þ is

pðLSÞ ¼
1

ð10log10eÞCðlTÞ
lT

�E

� �lT

10lT LS=10

	 exp �lT

10LS=10

�E

� �
; for�1 < LS <1;

(21)
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which is an exponential-Gamma distribution2 with mean and

standard deviation given by

hLSi ¼ 10log10ð�E=lTÞ þ ð10log10eÞC
0ðlTÞ

CðlTÞ
; (22)

rLS ¼ ð10log10eÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fð2; lTÞ

p
: (23)

The time-averaged broadband signal energy with center

frequency fm and bandwidth B, averaged over measurement

time T, is

ETðfmjBÞ ¼
1

N

XN

k¼1

Eðfmjtk; BÞ; (24)

where we assume as before that there are exactly lT ¼ N
statistically independent broadband signal receptions over

the measurement time interval. The probability distribution

for the time-averaged broadband signal energy is

pðETÞ ¼
1

CðlÞ
l

�EB

� �l

ET
ðl�1Þexp �l

ET

B�E

� �
; ET � 0

0; elsewhere;

8<
:

(25)

where l ¼ lFlT is the total number of independent statisti-

cal fluctuations or correlation cells of the broadband signal

averaged over the measurement time period and is expressed

as the product of the number of correlation cells in frequency

lF and the number of correlation cells in time lT . The mean

and standard deviation of the time-averaged broadband sig-

nal energy are

hETi ¼ B�E ; (26)

rET
¼ hETi=

ffiffiffiffiffiffiffiffiffiffi
lFlT

p
: (27)

The log transformed time-averaged broadband signal energy

LET
¼ 10 log10 ET then has probability distribution, mean,

and standard deviation given by

pðLET
Þ¼ 1

ð10log10eÞCðlÞ
l

B�E

� �l

10lLET
=10

	exp �l
10LET

=10

B�E

� �
; �1< LET

<1; (28)

where l ¼ lFlT and

hLET
i ¼ 10log10

hETi
lFlT

� �
þ ð10log10eÞC

0ðlFlTÞ
CðlFlTÞ

; (29)

rLET
¼ ð10log10eÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fð2; lFlTÞ

p
; (30)

respectively.

Finally, in analogy to the correlation bandwidth defined

in Eq. (6), we define the correlation time of the broadband

signal’s energy spectral density component as

scðfmÞ ¼
ð1
�1

qðn ¼ 0; sjfmÞds: (31)

III. BROADBAND TRANSMISSION SCINTILLATION
STATISTICS FROM THE 2006 GULF OF MAINE
EXPERIMENT

A. Experimental data collection and processing

The GOME’06 (Refs. 5 and 6) conducted from Septem-

ber 19 to October 6, 2006 near the northern flank of Georges

Bank [Fig. 1(A)] was sponsored by the Sloan Foundation

and the Office of Naval Research. A vertical source array

was used to transmit broadband Tukey-windowed linear fre-

quency modulated pulses each of 1 s duration and 50 Hz

bandwidth with azimuthal symmetry at four distinct center

frequencies: 415, 735, 950, and 1125 Hz. The pulse repeti-

tion interval was 150 s at each center frequency. The signals

were received on a towed horizontal line array5,6,31 of which

one hydrophone was desensitized with a lower gain setting,

giving it a larger dynamic range for recording the one-way

propagated waveforms. The tow tracks of the receiver array

are shown in Fig. 1(A) with a mean tow speed of 2 m/s. The

source-receiver separations varied between 1 and 20 km,

with over 80% of the transmissions occurring in the 4 to

12 km range [Fig. 1(B)]. The source array was centered at a

depth of between 60 and 70 m while the receiver array was

centered at 105 m depth with typical depth variation of up to

10 m. The water depth at the location where the data was

acquired was fairly level with an average of roughly 200 m.

The water-column temperature and salinity were meas-

ured using expendable bathythermographs (XBTs) and con-

ductivity-temperature-depth (CTD) sensors. The derived

FIG. 1. (A) Locations of source and receiver dur-

ing GOME’06 (Refs. 5 and 6). Isobath contours

have the unit of m. The sound speed profiles

shown in Fig. 2(A) were collected roughly at the

beginning, middle, and end of each receiver track

and at the source locations. (B) Normalized histo-

gram of the number of transmissions as a function

of source and receiver separation or range.
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water-column sound speed and buoyancy frequency profiles

are shown in Fig. 2 and contain 185 samples for the sound

speed profiles and 35 samples for the buoyancy frequency

profiles. Other details about the measurement geometry and

oceanographic properties of the environment are provided in

Sec. II of Ref. 6.

An example of the source waveform and the propagated

signal received on the desensitized hydrophone at a source-

receiver separation of 7.6 km are shown in Fig. 3. Fluctua-

tions of the received signal can be observed over both its

time duration and bandwidth.

The received broadband signals were processed follow-

ing the approach outlined in Sec. II B of Ref. 16 to determine

the signal energies. Let w(r|r0, t) be the received pressure in

time t at receiver location r from a source located at r0. The

complex spectral amplitude Uðrjr0; f Þ is obtained by Fourier

transform analysis

Uðrjr0; f Þ ¼
ð

T

Wðrjr0; tÞej2pftdt; (32)

where T is the time window used to isolate the direct arrival

from reverberation and other noise sources. The time win-

dow was 2 s long, including 0.5 s before the initial arrival

and 0.5 s after the 1 s signal duration to sufficiently capture

the signal and its later arrivals.16 The energy spectral density

is next calculated via

Eðrjr0; f Þ ¼ jUðrjr0; f Þj2: (33)

The bandwidth-averaged energy spectral density

J ðrjr0; fm;BÞ is then calculated as a function of bandwidth B
and center frequency fm for each received waveform

J ðrjr0; fm;BÞ ¼
1

B

ðfmþB=2

fm�B=2

Eðrjr0; f Þdf : (34)

The log-transformed bandwidth-averaged energy spectral

density level LJ ¼ 10 log10½J ðrjr0; fm;BÞ=J ref � was then

calculated for each center frequency fm and bandwidth B.
The broadband signal energy Eðrjr0; fm;BÞ is calculated

using

Eðrjr0; fm;BÞ ¼ BJ ðrjr0; fm;BÞ ¼
ðfmþB=2

fm�B=2

Eðrjr0; f Þdf ;

(35)

and its log-transform is LE ¼ 10 log10½Eðrjr0; fm;BÞ=Eref �.
Standard deviations rLJ were first calculated for trans-

missions within a running range window of 2 km length in

each track and then averaged across tracks. The 50 Hz band-

width Tukey-windowed signals had 5 Hz tapered on either

side of the spectrum so that their effective bandwidth was

FIG. 2. (A) Sound speed profiles and (B) buoyancy frequency profiles

obtained from XBT and CTD measurements at the experimental site. A total

of 185 sound speed profiles and 35 buoyancy frequency profiles are shown.

FIG. 3. Example of source waveform and received

broadband signal at a range of 7.6 km for the

Tukey-windowed linear frequency modulated pulse

centered at fm¼ 415 Hz. (A) Source waveform, (B)

source spectrum, (C) received signal waveform,

and (D) received signal spectrum. The results are

normalized for a 0 dB re 1 lPa at 1 m source level.
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only 42 Hz. It should be noted that the 1 s time duration of

the transmitted signals is much shorter than their energy

spectral density correlation time scale of fluctuation which is

expected to be on the order of several minutes.32,33

We model the broadband transmission losses for the

50 Hz bandwidth Tukey-windowed linear frequency modu-

lated signals centered at fm¼ 415 Hz and fm¼ 1125 Hz trans-

mitted from a vertical source array for one example of the

source-receiver geometry identical to the experiment in Fig.

4. The transmission losses are calculated using a range-

dependent parabolic equation model.34 The bottom is

assumed to be sandy with a sound speed of cb¼ 1700 m/s,

density qb¼ 1.9 g/cm2, and attenuation coefficient of 0.8

dB/k.6 The results are plotted after averaging over 20 inde-

pendent Monte Carlo realizations of the broadband signal

energy in a waveguide randomized by internal waves.6,16

The acoustic field has negligible surface interaction but sig-

nificant bottom interaction due to the downward refracting

sound speed profile for the source depth of 65 m. This signif-

icant bottom interaction will cause the acoustic field to

become fully randomized and saturated at source-receiver

ranges roughly ten times the water depth.

B. Probability distribution of log-transformed
bandwidth-averaged energy spectral densities

Histograms of the log-transformed bandwidth-averaged

energy spectral densities LJ ðrjr0; fm;BÞ for the approximately

monochromatic components with B¼ 0.5 Hz bandwidth and

for the B¼ 42 Hz effective bandwidth Tukey windowed sig-

nals centered at fm¼ 415 Hz and fm¼ 1125 Hz are plotted in

Fig. 5 for transmission data having source-receiver separa-

tions between 7 and 9 km. The histogram is created from

roughly 400 broadband signal receptions at each center fre-

quency. The measured number of frequency correlation cells

lF indicated in Fig. 5 is obtained using Eq. (10) after standard

deviations rLJ were calculated in each case. The theoretical

exponential-Gamma distribution described by Eq. (8) with

measured mean intensity �E and number of frequency correla-

tion cells lF as parameters are plotted for each case in Fig. 5.

The exponential-Gamma distribution of Eq. (8) with assumed

lF ¼ 1 is also shown for comparison. It should be noted that

these distributions would correspond to the exponential distri-

bution when lF ¼ 1 and the Gamma distribution when lF > 1

if the linear quantities were plotted instead.

FIG. 4. Modeled transmission loss for

50-Hz bandwidth Tukey-windowed

broadband signals centered at (A)

fm¼ 415 Hz and (B) fm ¼ 1125 Hz,

calculated using the range-dependent

parabolic equation model (Ref. 34).

Transmission losses are obtained by

averaging over 20 independent Monte

Carlo realizations of the broadband

signal in the Gulf of Maine environ-

ment randomized by internal waves.

FIG. 5. Histograms showing distribu-

tion of measured log-transformed

bandwidth-averaged energy spectral

densities LJ received in the 7 to 9 km

range for two center frequencies

fm¼ 415 Hz (left) and fm¼ 1125 Hz

(right) with (A) and (B) 0.5 Hz band-

width (nearly monochromatic com-

ponents), and (C) and (D) 50 Hz

bandwidth Tukey windowed signals

with an effective bandwidth of 42 Hz.

The histograms are overlain with

the theoretical exponential-Gamma

distribution modeled using Eq. (8)

(black curve), with the number of

frequency correlation cells lF deter-

mined from the data mean and

standard deviation. The exponential-

Gamma distribution corresponding to

assumed lF ¼ 1 is also shown for

comparison.
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For the signals with center frequency fm¼ 415 Hz, the

number of frequency correlation cells lF increased from

1.48 to 2.29 as the bandwidth increased from 0.5 to 42 Hz,

since there was a corresponding reduction in the standard

deviation, as will be shown in Sec. III C. For the higher fre-

quency signals centered at fm¼ 1125 Hz, the number of fre-

quency correlation cells lF increased only slightly from 1.15

to 1.38 when the bandwidth increased.

We perform a two-sided chi-squared test13 with a signif-

icance level a¼ 0.05 to quantify the goodness of fit of the

bandwidth-averaged energy spectral density levels LJ with

the exponential-Gamma distributions parameterized by

either assumed lF ¼ 1 (corresponding to exponential distri-

bution for linear quantity) or the value of lF > 1 experimen-

tally obtained from the measured standard deviations

(corresponding to Gamma distribution for the linear quan-

tity). The results are tabulated in Table I. For the approxi-

mately monochromatic components (B¼ 0.5 Hz) with

experimentally determined lF close to 1, the v2 values are

within the critical bounds of the corresponding degree of

freedom so that both the exponential and Gamma distribu-

tions are considered acceptable for the linear quantity. It

should be noted that this is expected since the Gamma distri-

bution converges to the exponential distribution when

lF ¼ 1. For the 42 Hz effective bandwidth signals centered

at fm¼ 415 Hz with experimentally determined lF ¼ 2:29,

the exponential distribution for the linear quantity is rejected

because v2 is much larger than the upper critical value. For

this case, the Gamma distribution is accepted by the chi-

squared test and provides a better match to the data for the

linear quantity. For the 42 Hz effective bandwidth signals

centered at fm¼ 1125 Hz, both distributions are acceptable

based on the chi-squared test since the experimentally deter-

mined lF is still close to 1.

C. Mean and standard deviation of energy spectral
density across signal bandwidth

A basic assumption of the statistical theory presented in

Sec. II is that the frequency components of a broadband signal

are each saturated, so that the energy spectral density compo-

nents Eðrjr0; f Þ follow the exponential distribution with

5.6 dB standard deviation and a mean that is approximately

constant across the signal bandwidth. In Sec. III B, we showed

the energy spectral density of the center frequency component

of the received broadband signals in the Gulf of Maine is well

matched to the exponential distribution. A similar result is

obtained when we consider the energy spectral density

distribution of other frequency components of the signals.

In Fig. 6, we plot the mean and standard deviation of

the log-transformed energy spectral densities LE
¼ 10 log10½Eðrjr0; f Þ=Eref � of the received broadband sig-

nals in the 7 to 9 km range centered at fm¼ 415 and

1125 Hz, as a function of frequency after source level

correction. Roughly 400 received broadband signals were

used in the calculation. The mean level stays relatively

constant across the signal bandwidth for both waveforms,

and standard deviations are close to the saturation value

of 5.6 dB for all frequencies across the signal bandwidth.

This validates our assumption of saturated frequency com-

ponents with equal means for the received broadband

signals.

TABLE I. Two-sided chi-squared test results to verify the distributions of the log-transformed bandwidth-averaged energy spectral density LJ for the four sce-

narios shown in Fig. 5. A significance level of a¼ 0.05 gives v2 within the range from lower-tail to upper-tail critical values for both the Gamma and exponen-

tial distributions.

fm (Hz) B (Hz) Number of bins (N) lF v2 (Gamma) v2 (Exponential) v2
critical; lower (a¼ 0.05) v2

critical; upper (a¼ 0.05)

415 0.5 19 1.48 27.78 15.28 8.91 30.14

415 42 13 2.29 20.61 55.55 5.00 22.24

1125 0.5 20 1.15 19.15 18.10 9.59 28.87

1125 42 18 1.38 29.84 20.40 8.23 31.53

FIG. 6. Mean and standard deviation

of the log-transformed energy spec-

tral density Le as a function of fre-

quency for broadband signals

received between the 7 and 9 km

range, centered at (A) fm¼ 415 Hz

and (B) fm¼ 1125 Hz.
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D. Dependence of signal energy standard deviation
and scintillation index on bandwidth and center
frequency

The measured standard deviations of the log-

transformed bandwidth-averaged energy spectral densities

LJ averaged over all tracks and source-receiver ranges are

plotted as functions of center frequency fm and relative band-

width B=fm in Fig. 7. The standard deviations approach

5.6 dB only for the approximately monochromatic compo-

nents but decrease gradually with increasing bandwidth for

the broadband signals. For signals with equivalent relative

bandwidths, B=fm¼ constant, the signal with the lower cen-

ter frequency has a smaller standard deviation. The error in

the mean standard deviation estimates shown in the plot is

small, approximately 0.02 dB, and the same for all 4 center

frequencies and bandwidths shown since roughly 1800 dis-

tinct broadband transmissions at each center frequency were

used in the analysis.

The number of frequency correlation cells lF calculated

from the standard deviations by solving Eq. (10) are plotted as

a function of center frequency and relative bandwidth in Fig.

7(B). When the signal bandwidth approaches zero or when

the signal becomes monochromatic, lF converges to one at all

four center frequencies, which corresponds to the case of

unity time-bandwidth signals described in Refs. 2 and 11. For

the broadband signals with larger bandwidths, the number of

frequency correlation cells lF is larger than 1. Curve fitting

with an inverted exponential decay function shows that the

number of frequency correlation cells is higher for signals

with lower center frequencies. This relationship is tabulated in

Table II. While the experimental data have a maximum effec-

tive bandwidth of 42 Hz, it is expected that lF will continue

to increase with bandwidth, further reducing the standard

deviation. Note that since the log-transformed broadband

signal energies LE have identical standard deviations to the

log-transformed bandwidth-averaged energy spectral densities

LJ [compare Eqs. (10) and (18)], the results obtained here

regarding the measured standard deviations and their depend-

encies also apply to the signal energies LE.

The SIs for the bandwidth-averaged energy spectral

densities J ðrjr0; f Þ at the four center frequencies fm are plot-

ted as a function of relative bandwidth B=fm in Fig. 8. Con-

sistent with the theory developed in Sec. II, the SIs are

smaller than 1 for all broadband signals, and decrease with

increasing bandwidth. The SIs approach 1 only when the sig-

nal bandwidths are small enough to be nearly monochro-

matic. For the signals with identical relative bandwidths,

B=fm¼ constant, a smaller scintillation index is obtained at

the lower center frequency fm. Since the broadband signal

energies E can be obtained from the bandwidth-averaged

energy spectral densities J by multiplication with the signal

bandwidth [see Eqs. (12) and (35)], they have identical

measured SIs and the results obtained here also apply to the

broadband signal energies.

The results in Fig. 8 are consistent with the assumption

made in the theory of Sec. II that the energy spectral density

components of the broadband signal have unity SIs because

they are saturated. It should be noted that the results pre-

sented here do not provide any information on the approach

FIG. 7. (A) Empirically measured standard deviations of the log-transformed bandwidth-averaged energy spectral densities LJ obtained from broadband trans-

missions in the Gulf of Maine shown as points. (B) The number of frequency correlation cells lF are obtained from the measured signal standard deviations

via Eq. (10). The dotted curves in (A) and (B) are obtained from the minimum mean-squared error fit to the data points using the equation and coefficients in

Table II. The error bar shown applies to all data points.

TABLE II. Empirically determined number of frequency correlation cells

lF is related to relative bandwidth B=fm by the “inverted exponential decay”

relationship lF ¼ A� ðA� 1Þ exp ð�kB=fmÞ, with coefficients A and k

determined by curve fitting as shown in Fig. 7. The case ðB ¼ 0; lF ¼ 1Þ
corresponds to one unique independent fluctuation. When B becomes very

large, lF tends to A, its upper saturation value for each center frequency,

which is 3 for the lowest frequency fm¼ 415 Hz and 1.6 for the highest fre-

quency fm ¼ 1125 Hz.

fm (Hz) A k

415 3 25.2

735 2.4 38.5

950 1.8 65.1

1125 1.6 63.6
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to saturation discussed in Refs. 15 and 35. This is because

the present data set were acquired at a largely 4 to 12 km

ranges where the signals were already fully saturated. To

determine the approach to saturation, measurements at much

shorter ranges <3 km would be needed,16 where they are

expected to transition from the unsaturated to the partially

saturated12 and then fully saturated regimes.

E. Energy spectral density correlation bandwidth from
measured broadband data

The energy spectral density frequency correlation coef-

ficients qðn; s ¼ 0jfmÞ are calculated for the broadband sig-

nals at each of the four center frequencies using Eq. (A11)

and plotted in Fig. 9. Broadband received signals with higher

center frequencies have larger energy spectral density corre-

lation bandwidths since their correlation coefficients decay

much slower with a frequency shift n from the center fre-

quency fm. From Fig. 9, the correlation coefficient for the

broadband signal with center frequency fm¼ 415 Hz has an

e-folding bandwidth of approximately 35 Hz, implying that

there are two frequency correlation cells within its 50 Hz

physical bandwidth. This result is consistent with the

inferred value of lF from the measured standard deviation

shown in Fig. 7(B) for center frequency fm¼ 415 Hz. The

broadband signal with center frequency fm¼ 1125 Hz, on the

other hand, is highly correlated across its physical bandwidth,

having correlation coefficient values qðn; s ¼ 0j1125Þ
> 0:6. This implies that the number of frequency correlation

cells lF is close to 1 for the received signals with a center fre-

quency fm¼ 1125 Hz, consistent with the results obtained by

considering the standard deviations in Fig. 7. An exponential

decay fit for qðn; s ¼ 0jfmÞ gives the energy spectral density

relative correlation bandwidth Bc=fm of roughly 8.5% 6 2%

for all four center frequencies.

When the signal bandwidth B is sufficiently large, the

number of frequency correlation cells lF can also be

approximated2 from the linear relationship, lF � B=Bc. This

is equivalent to dlF=dðB=fmÞ � fm=Bc, which enables an

estimate of the correlation bandwidth Bc to be obtained from

the gradient of the plot of lF versus relative bandwidth B=fm

in Fig. 7. By applying a linear curve fit to the last four data

points for each center frequency fm where the trend of lF is

relatively linear, we obtain relative correlation bandwidths

Bc=fm of 9.5% 6 2% at the four center frequencies. This is a

rough estimate, however, since B is not significantly larger

than Bc for all four broadband waveforms. Signals with

much larger physical bandwidths are required in order to

more accurately quantify the correlation bandwidth as a

function of center frequency.

The approximately 10% energy spectral density correla-

tion bandwidth of the received ocean-acoustic broadband

signals correspond to roughly a whole tone in the chromatic

scale of music. This implies that given a short-duration

broadband signal with arbitrary bandwidth B, the number of

energy spectral density frequency correlation cells after for-

ward propagation through the random ocean waveguide can

be easily approximated by subdividing the physical band-

width into the number of whole tones.

F. Temporal averaging and broadband spectrum
reconstruction in a random multi-modal
range-dependent ocean waveguide

When averaging the received broadband signal energy

spectral densities over a measurement time larger than the

correlation time, the theory in Sec. II B suggests that the total

number of correlation cells l ¼ lTlF will be increased, lead-

ing to smaller standard deviations across all the frequency

components. Figure 10 shows the log-transformed time-

averaged energy spectral density LS plotted as a function of

frequency estimated from all broadband transmissions within

the 7 to 9 km range for waveforms with center frequencies

fm¼ 415 Hz and fm¼ 1125 Hz. The error in the time-

averaged energy spectral density estimates are significantly

reduced from 5.6 dB for a single sample to less than 0.6 dB.

The time-averaged energy spectral density of the received

broadband signals in Fig. 10 provides an excellent recon-

struction of the original Tukey-windowed spectrum [com-

pare Fig. 10(A) with Fig. 3(B)]. In contrast, the spectrum

obtained from an individual received signal [see Fig. 3(D)]

FIG. 8. Measured SIs in the Gulf of Maine for all four center frequencies as

a function of relative bandwidth. The error bar shown applies to all data

points.

FIG. 9. Average energy spectral density correlation coefficient qðn; s ¼ 0jfmÞ
calculated from received broadband signals at the four center frequencies shown

as a function of frequency shift within the signal bandwidth.
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is highly distorted with as large as 6 dB variation across the

signal bandwidth from multi-modal interference.

G. Discussion and comparison to other shallow water
measurements

Previous measurements15,16 of broadband signal energy

standard deviations in other shallow water waveguides are

consistent with the statistical theory and experimental results

presented here. For instance, in the continental shelf environ-

ment off Long Island, New York, broadband acoustic signals

with bandwidths up to 150 Hz at various center frequencies

from 300 to 1500 Hz propagated between the 2 and 10 km

range from a source array in 80 m water depth were measured

with standard deviations between 2.9 and 4 dB16 for the signal

energies. The broadband signal energies were also found to

follow the Gamma distribution. In Ref. 16, it was shown

through the center frequency component of the broadband

signal that the energy spectral density of the Fourier compo-

nents were statistically saturated with roughly 5.6 dB standard

deviation and a distribution that matched the exponential. In

Ref. 15, broadband signals with 100 Hz bandwidth centered

at 400 Hz propagated through the New England continental

shelf environment approximately 200 m deep were measured

with standard deviations of approximately 2 dB at 40 to

50 km range. This is smaller than the characteristic 5.6 dB

standard deviation of a monochromatic signal. Furthermore,

it was shown in Ref. 15 that the distribution of the point inten-

sity closely followed an exponential distribution, approximat-

ing an instantaneous measurement of a statistically saturated

acoustic field. The broadband signals in Refs. 15 and 16 both

had durations smaller than their correlation time.

IV. CONCLUSION

The probability distribution for saturated broadband

ocean-acoustic signal energy has been derived using coher-

ence theory as a function of the signal bandwidth, measure-

ment time, frequency correlation, and temporal correlation of

its energy spectral density. The derivation assumes the broad-

band signal is composed of frequency components from Fou-

rier analysis that are each fully saturated with energy spectral

density that obey the exponential distribution with 5.6 dB

standard deviation and unity scintillation index. When the sig-

nal bandwidth and measurement time are larger than the cor-

relation bandwidth and correlation time of its energy spectral

density components, respectively, the broadband signal

energy obtained by integrating the energy spectral density

across the signal bandwidth then follows the Gamma distribu-

tion. The broadband signal energy has a standard deviation

that can be significantly smaller than 5.6 dB and a scintillation

index less than unity. This is because forward propagation

and scattering through the random ocean environment causes

the broadband signal to decorrelate across its bandwidth or

over time. The theory is verified with broadband transmissions

in the Gulf of Maine shallow water waveguide in the 300 to

1200 Hz frequency range. The transmissions were found to be

saturated, where the exponential distribution and standard devi-

ation near 5.6 dB were observed for the energy spectral density

components of the measured signals. The bandwidth-integrated

signal energies matched well with the Gamma distribution with

standard deviations ranging from 2.7 to 4.6 dB for effective

bandwidths up to 42 Hz. The measured standard deviations and

SIs were found to be smaller for signals with lower center fre-

quencies and larger bandwidths. The energy spectral density

correlation bandwidths of the broadband signals were found to

be larger for signals with higher center frequencies, and can be

approximated as roughly 10% of the center frequency.
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APPENDIX A: MEAN AND STANDARD DEVIATION OF
BANDWIDTH AVERAGED ENERGY SPECTRAL
DENSITY

Here we derive expressions for the mean �J and stand-

ard deviation rJ of the bandwidth averaged energy spectral

density. The mean value of J ðfmjtk; BÞ can be obtained by

starting with Eq. (4) and interchanging the order of integra-

tion and expectation

hJ ðfmjtk;BÞi ¼
�

1

B

ðfmþB=2

fm�B=2

Eðf jtkÞdf

	
(A1)

¼ �E : (A2)

FIG. 10. Log-transformed time-

averaged energy spectral density LS

calculated from received broadband

signals in the 7 to 9 km range for

the waveforms centered at (A)

fm¼ 415 Hz and (B) fm¼ 1125 Hz.
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The variance of J ðfmjtk; BÞ is

r2
J ðfmjBÞ ¼ hðJ ðfmjtk;BÞÞ2i � hJ ðfmjtk;BÞi2 (A3)

¼
*

1

B

ðfmþB=2

fm�B=2

Eðf jtkÞdf

" #2+
� �E2

(A4)

¼ 1

B2

ðfmþB=2

fm�B=2

ðfmþB=2

fm�B=2

hEðf jtkÞEðf 0jtkÞidf df 0 � �E2

(A5)

¼ 1

B2

ðfmþB=2

fm�B=2

ðfmþB=2

fm�B=2

REðf � f 0; s¼0jfmÞdf df 0��E2
;

(A6)

where REðn; sjfmÞ is the joint temporal-spectral autocorrela-

tion function of the energy spectral density Eðf jtkÞ for a fre-

quency shift n ¼ f � f 0 and time shift s defined by

REðn; sjfmÞ ¼ hEðf jtÞEðf þ njtþ sÞi (A7)

¼ hUðf jtÞU
ðf jtÞUðf þ njtþ sÞU
ðf þ njtþ sÞi;
(A8)

or equivalently the fourth-order joint temporal-spectral co-

herence function of the complex spectral amplitude /ðf jtÞ as

defined in Eq. (A8). The integrand in Eq. (A6) can be

approximated as an even function of ðf � f 0Þ, so the double

integral can be reduced to a single integral leading to

r2
J ðfmjBÞ ¼

1

B

ð1
�1

D
n
B

� �
REðn; s ¼ 0jfmÞdn� �E2

;

(A9)

for the variance of J ðfmjBÞ, where

D
n
B

� �
¼ 1�

��� n
B

��� for
��� n
B

��� � 1;

0; elsewhere;

(
(A10)

is the triangular function arising from the autoconvolution of

the rectangular window of width B.
We next express the joint temporal-spectral autocorrela-

tion function REðn; sjfmÞ in terms of the joint temporal-

spectral correlation coefficient qðn; sjfmÞ of the energy spec-

tral density defined as

qðn; sjfmÞ

¼ h½Eðf jtÞ �
�Eðf jtÞ�½Eðf þ njtþ sÞ � �Eðf þ njtþ sÞi

r2
E

:

(A11)

Assuming that Eðf jtÞ and Eðf þ njtþ sÞ are both exponentially

distributed with identical mean and standard deviations which

are equal to �E , qðn; sjfmÞ can then be written in the form

qðn; sjfmÞ ¼
hEðf jtÞEðf þ njtþ sÞi � �E2

�E2
; (A12)

so that

REðn; sjfmÞ ¼ �E2½1þ qðn; sjfmÞ�: (A13)

Substituting Eq. (A13) into Eq. (A9) yields the result

r2
J ðfmjBÞ ¼ �E2 1

B

ð1
�1

D
n
B

� �
qðn;s¼ 0jfmÞdn

� �
: (A14)

In Eq. (5), we identify B½
Ð1
�1Dðn=BÞqðn;s¼0jfmÞ dn��1

¼lF as the number of frequency correlation cells of the

energy spectral density, so that the variance of the bandwidth

averaged energy spectral density can be expressed as

r2
J ðfmjBÞ ¼ �E2

=lF: (A15)

APPENDIX B: MEAN AND STANDARD DEVIATION
OF LOG-TRANSFORMED BANDWIDTH-AVERAGED
ENERGY SPECTRAL DENSITY

Here we derive expressions for the mean hLJ i and

standard deviation rLJ of the log-transformed bandwidth

averaged energy spectral density. First note that a change of

logarithmic base gives

LJ ¼ 10log10J ¼ 10log10elnJ ¼ 10log10NJ ; (B1)

where NJ ¼ lnJ ¼ LJ =ð10log10eÞ. The moment generating

function for NJ is

MNJ ðsÞ ¼ E½esNJ � (B2)

¼ E½J s� (B3)

¼ ds

dus
MJ ðuÞ

���
u¼0
; (B4)

where MJ ðuÞ is the moment generating function of the Gamma

distributed bandwidth averaged energy spectral density J with

shape parameter lF and scale parameter �E=lF, given by

MJ ðuÞ ¼ E½euJ � (B5)

¼ 1�
�E
lF

u

� ��lF

: (B6)

The sth order derivative of MJ ðuÞ is

MNJ ðsÞ ¼
ds

dus
MJ ðuÞ

���
u¼0

(B7)

¼ CðlF þ sÞ
CðlFÞ

�E
lF

� �s

: (B8)

The mean of NJ can be found from

hNJ i ¼
d

ds
MNJ ðsÞ

���
s¼0

(B9)

¼ ln�E � lnlF þ wðlFÞ; (B10)

where wðlFÞ is the Digamma function, written in its deriva-

tive and series forms as36
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wðlFÞ ¼
1

CðlFÞ
d

dlF

CðlFÞ (B11)

¼ �cþ
X1
k¼0

1

k þ 1
� 1

k þ lF

� �
; (B12)

with c ’ 0:57721… being the Euler’s constant.

The second moment of NJ is

hN2
J i¼

d2

ds2
MNJ ðsÞ

���
s¼0

(B13)

¼ 1

CðlFÞ
d2

ds2
CðlFþ sÞ þ 2lnð�E=lFÞ

d

ds
CðlF þ sÞ




þ ½lnð�E=lFÞ�2CðlFÞ
����

s¼0
:

(B14)

The derivative operator can now be performed on lF

instead of s because for any function g defined at lF

d

ds
gðlF þ sÞ

���
s¼0
¼ lim

Ds!0

gðlF þ DsÞ � gðlFÞ
Ds

(B15)

¼ lim
DlF!0

gðlF þ DlFÞ � gðlFÞ
DlF

(B16)

¼ d

dlF

gðlFÞ: (B17)

This also holds for the second derivative, which enables the

second moment of NJ expressed in Eq. (B14) to be written as

hN2
J i ¼

d

dlF

wðlFÞ þ ½wðlFÞ þ ln�E � lnlF�2: (B18)

Substituting the series form of the Digamma function

given in Eq. (B12)–(B18), we find the standard deviation

of NJ is

rNJ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hN2
J i � hNJ i

2
q

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d

dlF

�cþ
X1
k¼0

1

k þ 1
� 1

k þ lF

� �" #vuut (B19)

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX1
k¼0

1

ðk þ lFÞ2

s
(B20)

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fð2; lFÞ

p
; (B21)

where fð�; lFÞ is the Riemann zeta function defined by

fð�; lFÞ ¼
X1
k¼0

1

ðk þ lFÞ�
: (B22)

The mean and standard deviation of LJ can now be obtained,

respectively, as

hLJ i ¼ 10log10ð�E=lFÞ þ ð10log10eÞC
0ðlFÞ

CðlFÞ
; (B23)

rLJ ¼ 10log10e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fð2; lFÞ

p
: (B24)
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