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We analyze the signal-to-noise-ratio equations for a heterodyne laser radar with identical transmit and
receive optics. We defines the beam-profile efficiency, a quantity that must be maximized to optimize a
system design. This calculation can be used to evaluate a system in both near and far fields for focused
and nonfocused systems. The beam-profile efficiency can be evaluated in many ways, and we describe
one possible solution. Using this solution, we present the results of an actual system evaluation.

Introduction

To obtain information about the velocity of a target
by using laser radar, we must employ a coherent
mixing or heterodyne technique in which the phase of
a scattered signal is compared with the phase of a
stable reference signal. For this measurement, both
the total energy received and the coherence of the
received signal are important to optimize signal pro-
cessing. In this paper we present a calculation of the
heterodyne signal-to-noise ratio expected from a group
of complex scatterers, most often the atmosphere.
The effects of atmospheric turbulence are neglected
in this discussion.

Signal-to-Noise Ratio

The signal-to-noise ratio (SNR) for a coherent laser
radar with a shot-noise-limited detector is given by'

SNR = [PF]/[hvB], (1)

where X includes all system losses and the quantum
efficiency of the detector, P is the optical power
transmitted by the system, hv is the energy of a
photon, B is the i.f. bandwidth of the receiver, and F is
a quantity that describes the heterodyning of the
transmitter and local oscillator.

For an area target, we can express the quantity F in
terms of a quantity S, which is independent of the
target:

F= Sp(rr), (2)
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where S is the sensitivity of the system and p(rr) is the
reflectivity of the target. The sensitivity, equivalent
to the responsitivity,2 C(R) of the coherent laser
radar, is described

S=X2ffitdxdy, (3)

where is the wavelength, the I terms are the
irradiances of the transmitter and the backpropa-
gated local oscillator (BPLO) beams at the target, and
the P terms are the corresponding powers. The
BPLO is the virtual beam coming from the target that
would produce the same wave front at the detector as
the actual local oscillator. It is customary to con-
sider P as the power of the transmitter prior to
truncation, because the truncation must be consid-
ered in optimizing S. Likewise, Pr is usually the
total power incident on the detector, because this
power contributes to the noise. Various schemes for
matching the BPLO to the truncation of the system's
aperture stop are possible,3 but these may prove
difficult to implement in practice. In the present
study, Pr is the total local oscillator power in the beam
at it comes from the laser.

For a volumetric target, F is determined by integrat-
ing the sensitivity over the volume of target so that

F= (Tr) fSdz, (4)

where f3(ir) is the atmospheric-backscatter coefficient.
The SNR for a variety of systems has been obtained

by modeling the system with an aperture size D as
matched Gaussian beams of diameter D.4 The es-
sence of the result is

SSH(R) = 
2/[ETrwsHi2 (R)] (5)
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and is determined for perfectly matched, perfectly
overlapping Gaussian beams of diameter 2 WSH(R) at
the target, where R is the range of the target from the
aperture. The Gaussian beam diameter at the aper-
ture is chosen to be equivalent to the aperture
diameter, i.e., WSH(O) = D/2. The Gaussian beam
diameter at any range is determined by the usual
equations for Gaussian beam propagation. At the
far field of a collimated system or at the focus of a
focused system,

SSH(R) = [rD 2 ]/[4R 2 ] (6)

is equivalent to Dm.(R), which is the maximum
direct responsitivity for a given aperture, and is equal
to D (R)/TT, where D(R) is the direct responsitivity2

and TT is the fraction of the transmitter power to pass
through the transmitter aperture.3 In the near field,
the equivalence does not hold as D(R) = [rD 2]/ [4R 2]

approaches infinity. The actual expression for D (R)
becomes complicated in the near field because the
field of view of the detector is greatly reduced.

There is much confusion over the term "hetero-
dyne efficiency." The heterodyne efficiency defined
as2

'lH(R) = C(R)ID(R) (7)

is the fraction of the direct-detection power converted
to coherent-detection power. If 1H(R) were opti-
mized in a system design, the process would not
necessarily maximize C(R), because IH(R) does not
take into account the truncation of the transmitter at
the aperture. We could optimize iH(R) by minimiz-
ing D(R), but this would minimize the direct-
detection power. Obviously this minimization would
not provide an optimum system design. In reality, it
is necessary to maximize S = C(R) to optimize a
system design. S is related to SSH(R) such that S =
iBP(R)SSH(R), where I1P(R) is the beam-profile effi-

ciency as given by

"1BP(R) = 'MWSH(R) ff dxdy,
Pt I

including using Fresnel-Kirchhoff integrals or ex-
panding the laser-beam profile as a (possibly infinite)
sum of orthogonal functions.5 Figure 1 is a sum-
mary of the various quantities of interest.

Hermite-Gaussian Expansion

When determining the beam-profile efficiency by ex-
panding each laser-beam profile with orthogonal func-
tions, we can use any set of orthogonal functions.
For this example, the expansion will be done using
Hermite-Gaussian functions. A set of beam coeffi-
cients can be determined for each laser from the
expansion. From these beam coefficients the beam-
profile efficiency can be determined for any range
from the system, and an evaluation of the expected
SNR can be made.'

The Hermite-Gaussian functions converted to our
notation are given by6

hmn(X, y) = hm(X)hn(y),

hm(X) = (2/r)14(2mm!w)- 12

x Hm(\/2x~w)exp(-x2/2w2), (11)

where Hmx(o) is the Hermite polynomial.7
The beam coefficients at the lasers are computed

for the transmitter using

Amn ff Et(x,, yl, zl )hmn(xl, y1 )dxldyl, (12)

and for the reference

Bmn = ff Er(xi, Yl, Zj)hmn(xi, Yl)dxidyl. (13)

To determine the beam profile at a particular range,
we must make phase changes to the beam coefficients.
The phase change is

q'mn = (1 + m + n)tan-1(z/b), (14)

and the beam-field amplitude profile at any range can

102

(8)

and both wsH(R) and SSH(R) are determined uniquely
by the aperture size and range.

In the far field,

2wsH(R) = [4XR]/I[rD], (9)

and 'TBp(R) is equivalent to the system-antenna effi-
ciency -qs as given by3

2A 2 ItI

Cs = D rrPt PrIdy (10)

This equation can be used to determine the beam-
profile efficiency in the far field or at the focus,
whereas the general expression in Eq. (8) must be
used at other ranges. A system can be optimized by
maximizing either vlBp(R) or -,. The beam-profile
efficiency can be evaluated in a number of ways,
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Fig. i. Summary of various quantities of interest graphed as
functions of Rib, where R is the range of the target and b is the
Rayleigh range, including sensitivities [Dm,(R), D(R), SsH(R),
S(R)] and efficiencies ['TBP, IH, IS I -
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be obtained as

E(x 2 , Y2, Z2) = 2 Amn hmn(X2, Y2)eXpimn(Z 2 )]
m n

(15)

for the transmitter beam and similarly for the refer-
ence beam.

For computational purposes we use dimensionless-
length units, so the irradiances are functions of
xIwref(R) andy/wref(R), where Wiref(R) is the Gaussian
beam radius at the target chosen for the Hermite-
Gaussian functions. We choose Wref(R) to put the
most power in the 00 mode. The beam-profile effi-
ciency becomes

/ 2XR \2 ff ItIrdx'dy'
'I1BP() = V\;DWref(R)) ff Itdx'dy' ff Idx'dy'

(16)

Assuming unit power in both beams and letting
Wref(R) = AR! [lTWref(O)] at the target, we find that the
equation only in the far field or at the focus becomes

q1BP(R) = r-2 ffItIrdx'dy', (17)

where Wref(O) is the Hermite-Gaussian function ra-

dius at the aperture and rap is the aperture radius.
This equation is solved by replacing the irradiances
with the appropriate results from Eq. (15). Equa-
tion (17) can be modified to be appropriate for any
range by replacing wre?(O)/rap2 with WS2(R )/Wre?(R)-

System Analysis

The computation was compared with experimental
results from a short-range, cw system. For this
system, the transmitter and reference lasers of the
laser radar are C0 2-waveguide lasers with cosine-
beam profiles:

E(x, y) = cos[[rrx]/[2w]}cos[[ry]I/[2w]]/w, (18)

where 2w is the square-bore width. A particular
problem of the system is a wire placed before the
telescope. This wire is used to reduce the narcissus
signal, which is a common problem in cw laser radars.
The secondary of the telescope is designed to focus
the narcissus onto this wire and reduce the signal
generated by its mixing with the local oscilla-
tor. However, the wire has the effect of reducing the
SNR of the system.

Figure 2 shows the optical layout of the laser radar.
In the experiment, transmitter-beam profiles were
taken at various ranges after the primary lens of the
optical system. To compare the experimental re-
sults with the results from the Hermite-Gaussian

LOCAL OSCILLATOR

MASTER OSCILLATOR

C1

B2

M4 TELESCOPE

NAL DETECTOR

L1

M2

L2
OFFSET DETECTOR

Fig. 2. Optical layout of the laser radar system. Of particular interest is the wire and the telescope consisting of the secondary, S, and the
primary, P: BAP, Brewster-angle plate; B1-B3, beam splitters; C1, C2, collimators; HWP, half-wave plate; L1, L2, lenses; M1-M5,
mirrors; QWP, quarter-wave plate; Br, receiver beam splitter; Ms, steering mirror.
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expansion, we determined beam coefficients for the
laser at the primary lens of the telescope and applied
the appropriate phase change. As Fig. 2 shows,
there are multiple elements in the optical path. In
determining the beam coefficients, we had to take into
account each element that changes the shape of the
beam, i.e., truncation or obscuration.

It is not possible to determine the beam coefficients
after the primary lens by direct computation. The
exact field profile is known at the laser, but it changes
as the beam is propagated along the optical path.
This change is caused by the changing phase relation-
ship among the Hermite-Gaussian modes. As a
result of the change, the exact field profile is unknown
after the primary lens. For simplicity in calculating
the beam coefficients, we assume the elements be-
tween the laser and the telescope to have no effect on
the shape of the beam; expansion, collimation, and
splitting of the beam are addressed by simple calcula-
tions on the reference beam. If the system is well
aligned, the beam passes through the centers of the
elements and is not appreciably truncated until reach-
ing the telescope, as shown in Fig. 3.

As a result of this phenomenon, the only elements
that affect the beam shape and beam coefficients are
the wire and the telescope. The intermediate ele-
ments can be ignored, because after a beam passes
through an aperture,

Eout (x, y) = Ein(Xy )P(xy ), (19)

where

1,

P(xy) =
0,

if (x, y) is inside aperture,

not obscured,

if (x, y) is otherwise.
(20)

Beam Profiles for Baseline System
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Fig. 3. Gaussian beam propagated through a laser radar. This
figure shows how the size of the Gaussian beam changes as it
propagates along both the transmitter and receiver (BPLO)
paths. With proper alignment, neither the transmitter nor the
receiver beams are truncated until reaching the secondary of the
telescope, S.

The beam coefficients after the aperture are

Amn(oUt) = ff Eou(x, y)hmn(x, y)dxdy,
= ff E E AH (in)hk (X, y)hmn(x, y)dxdy,

k I

= E A ff(inl f hkl(X,y)hmn(x, y)dxdy,
k I

= A link
k I

(21)

where

Cklmn = kmaln (22)

for an infinite aperture, or an aperture that is at least
larger than the beam size with no obscuration.
Therefore, if the aperture is larger than the beam,
i.e., the beam is not truncated,

Amn (out) = Amn ( (23)

and it is justified to ignore the optical elements
between the laser and the wire in determining the
final set of beam coefficients. For simplicity the wire
and the telescope are taken to be a single element
with regard to the determination of the beam coeffi-
cients. This is a valid assumption because the phase
change in going from the secondary to the primary of
the telescope is only a few degrees, because the beam
is sufficiently diverged so that geometric optics is a
good approximation and diffraction effects are small.
With these assumptions made, the process of deter-
mining the beam profiles after the primary lens
consists of the following:

* Determining the beam coefficients at the laser,
* Computing beamwidth and phase at the wire

and telescope
* Determining the beam coefficients at the pri-

mary,
* Determining the beam profiles at different

ranges from the primary.

Beam Coefficients

In this system, the transmitter beam has a square-
bore width of 2 mm. Therefore, w in Eq. (1) is taken
to be 1 mm. Using Eq. (2), we determined a set of
transmitter-beam coefficients for the output of the
laser.

To determine the beam coefficients at the primary
of the telescope, we must know the radius of the beam
with respect to the primary and the phase change of
the beam. In determining the beam coefficients, we
fit the beam profile to a Gaussian beam with a radius
of 0.7 mm to maximize the power in the 00 order.
According to the properties of Gaussian beams, this
reference Gaussian beamwidth will change as it prop-
agates from the laser along the optical path to the
wire and telescope. The Gaussian beam radius at
the primary is 35 mm, and the phase change is 95.5°.
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The radius of the primary is 50 mm, so the ratio of the
beamwidth to the primary is 7:10.

The wire is centered on the x axis and has a width
that is one eighth of the diameter of the aperture.
The beam coefficients were then determined by Eq.
(2), taking the integration over the primary lens with
the electric field determined as mentioned above,
except over the wire, where the electric field was
taken to be zero.

SNR and Beam Profiles

The transmitter and BPLO beam coefficients are
assumed to be identical for simplicity. This assump-
tion is valid because the path lengths are nearly the
same, so the beam size and phase are close. By
determining the beam-profile efficiency as a function
of range, we can determine the actual SNR by correct-
ing the results obtained by modeling the system as
matched Gaussian beams4 of size D = 100 cm.

The beam-profile efficiency was calculated as a
function of range (distance from the telescope). The
actual SNR was then determined by appropriately
scaling the previous results4 according to the result-
ing beam-profile efficiencies. For these calculations
the focus was taken to be at 2 m. Figure 4 shows the
actual SNR as a function of range compared with the
nominal SNR4 and the SNR as determined by model-
ing the system using a truncated Gaussian.8 The
SNR calculation was based on the power measured
before the telescope and thus does not take into
account losses incurred during the two-way travel of
the beam through the telescope. As Fig. 4 shows,
the actual SNR is nearly 10 dB lower at the focus than
that for the matched Gaussian case and 5 dB lower
than the truncated Gaussian case. Figure 5 com-
pares the theoretical SNR for the system and the
experimentally measured SNR. As Fig. 5 shows, the

LDA Signal-to-Noise Ratio
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1.80 1.85 1.90 1.95 2.00 2.05 2.10

Range from Telescope, m
System Focused at 2 meters

2.15 2.20

Fig. 4. Theoretical SNR for the laser radar system as a function of
range from the target using different solutions: 1, matched
Gaussians; 2, truncated Gaussian; 3, obscured and truncated
Gaussian.

OF
Vn

LDA Signal-to-Noise Ratio

1.6 1.8 2.0 2.2 2.4

Range from Telescope, m

Fig. 5. Experimental versus theoretical SNR for a laser radar
system as a function of range from the telescope. The theoretical
SNR is based on an obscured and truncated Gaussian.

experimental SNR is much lower than the theoretical
SNR at the focus. Other measurements have shown
that 10-12 dB of this loss can be accounted for by the
system before the telescope, caused by optical losses
and misalignment. Another 4 dB can be accounted
for by the loss caused by reflection from the optics in
the telescope. The measured SNR and the theory
differ by approximately 10 dB after these losses are
taken into account. This loss may be accounted for
by further misalignment of the optical system.

Once the coefficients for the output beam were
determined, the beam profile could be determined for
any range from the primary by making the appropri-
ate phase change. For the beam-profile experiment,
the telescope was adjusted to focus the beam to a
range of approximately 18.5 m. This range was
chosen because it provided an adequate spot size at
the focus for photographic measurements.

If the radius of curvature of the Gaussian beam at
the primary lens is taken to be - 18.5 m with the CO2
wavelength of 10.6 pm, the distance from the focus to
the primary is 18.45 m and the Rayleigh range b =
0.940 m. Rearranging the Rayleigh range equation,
we determine the Gaussian beamwidth at the beam
waist to be

do = 4Xb/Tr = 3.56 mm. (24)

To determine the beam profile for any range, we find
that the phase change to the second set of beam
coefficients is

t = (1 + m + n)tan-ll[z - 18.45]/0.940), (25)

where z is the distance from the primary of the
telescope.

The beam profiles for various distances from the
waist were photographed. The CO2 wavelength is
not in the visible spectrum, so the profiles could not
be photographed directly. We photographed them
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by letting the beam fall on ultraviolet blocks of the
appropriate sensitivity. These blocks fluoresce in
the yellow when illuminated by ultraviolet light, but
this fluorescence is quenched by infrared light, creat-
ing a black spot in the shape of the infrared beam
profile, thus permitting the profile to be photo-
graphed. The actual profiles and the corresponding
profiles resulting from the beam coefficients are
displayed in Fig. 6.

From the actual beam profiles, it appears that the
beam is not passing through the center of one or more
elements in the optical path. This phenomenon is
shown by the asymmetric properties displayed by the
beam profiles. This asymmetry is a result of the
misalignment of the beam. From the profile in Fig.
6(c), it appears that the beam is being clipped by an
optical element or holder. However, even with the
lack of symmetry displayed by the profiles, there is a
good agreement with the profiles determined from
the Hermite-Gaussian expansions. The computed
beam profiles compare quite favorably with the upper
halves of the actual beam profiles for measurements
taken before the focus. For measurements taken
after the focus, the lower halves compare favorably
with the computed profiles.

The beams shown in Figs. 6(a) and 6(b) are good
matches with their respective computed profiles, al-
though because of the misalignment, one of the
sidelobes is darker than the other. In Fig. 6(a),
which is the measurement taken at or near the focus,
the separation of the sidelobes is evident in the
computed profile. From the computed profiles we
find that the sidelobes should be approximately 3.5
mm from the mainlobe. In the actual profile we see
that the upper lobe is 4.7 mm from the mainlobe and
that the lower lobe is nearly 3.5 mm from the
mainlobe. Assuming that the misalignment of the
system caused the lower half of the beam profile to be
inconsistent, we would conclude that this measure-
ment was not taken at the exact focus, but slightly
beyond. This conclusion is based on the fact that the
profile appears to have inverted as it should when
passing through the focus. In Fig. 6(b), clearly
beyond the focus, the sidelobes have started to get
closer to the mainlobe and the mainlobe is starting to
spread out. The shape of the computed profile is in
agreement with this observation. In addition, the
lower lobe is 3.4 mm from the mainlobe as compared
with 3.6 mm in the computed profile.

The beams in Figs. 6(c) and 6(d) are separated only
a few degrees in phase, so their profiles have not
changed a great deal. At these distances the separa-
tion between the sidelobes and the mainlobe is negli-
gible. Of particular interest is the fact that the
sidelobes are getting stronger as the beam moves
toward the focus. This observation agrees with the
computed profiles. Also of interest is the distance
between the center of the mainlobe and the center of
the upper lobe. In Fig. 6(c) the actual distance is 3.5
mm and the computed distance is 3.4 mm. In Fig.

(a)

(b) : :

(C)

(d)

Fig. 6. Actual versus computed beam profiles for transmitter
beams: (a) z = 18.45 m, 4i = 87.10; (b) z = 19.95 m, i4 =

142.90; (c) z = 15.35 m, * = 13.8°; (d) z = 14.05 m, * = 9.2'; (e)
z = 12.35 m, = 5.9°. The computed profiles have a 10-dB
dynamic range.

6(d) the actual distance is 4.7 mm and the computed
distance is 4.6 mm.

The last measurement, displayed in Fig. 6(e), was
the closest measurement to the telescope. The differ-
ence between the theoretical and experimental pro-
files could be the result of one of two things. First,
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the intensity of the beam for this measurement is
lower because the power is spread out over a larger
area. As a result, the strength of the infrared profile
was reaching the lower limit of the sensitivity of the
ultraviolet block, so low power in the center of the
beam may have been undetectable on the ultraviolet
block. Second, the difference may be caused by the
theoretical beam profile. For any type of obscura-
tion many terms are needed in the expansion, because
of the high-frequency terms related to the abrupt
cutoff of the profile. Therefore, more terms may be
needed to get the profile, but not the SNR.1 The
ultraviolet-block sensitivity seems to be the more
likely cause of the difference, because considering the
distance between the two lobes, the two profiles are in
good agreement. The two lobes are 6.7 mm apart in
the actual profile and 5.8 mm apart in the computed
profile.

Summary

The SNR equations for a heterodyne laser radar have
been presented. The equations are applicable to all
types of laser radar: focused, unfocused, cw, and
pulsed systems. Also presented was the concept of
the beam-profile efficiency, 1Bp(R), and a comparison
with system efficiencies as defined by other authors.
To optimize a system design in the far field, we must
maximize either -qs or 'rBP. To optimize in the near
field, we must maximize the beam-profile efficiency.
In optimizing the system design, this quantity takes
into account any truncation or obscuration of the
transmitter and BPLO beams, any diffraction of the
transmitter and BPLO beams, and the coherence
between the local oscillator and the return signal.

There are a number of ways to evaluate the beam-
profile efficiency. Fresnel-Kirchhoff integrals are
commonly used, as is the method of expanding the
laser-beam profile as a sum of orthogonal functions.
When expanding the laser-beam profile, we find that
two of the most promising choices appear to be
Hermite-Gaussian functions for beam proffles with

rectangular symmetry, and Laguerre-Gaussian func-
tions for beam profiles with circular symmetry.

The method employed to evaluate the beam-profile
efficiency is a matter of personal choice. However,
the beam-profile efficiency is the quantity that must
be maximized to ensure the highest possible SNR for
a laser radar system. Hermite-Gaussian functions
are useful because the lowest-order terms contribute
the most to the signal.' Therefore, only a few terms
are required to obtain the SNR.
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