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Abstract- An algorithm is presented for designing the 
logical topology of the virtual path (VP) network, an im- 
portant task in ATM network design. We prove that the 
algorithm provides a VP network topology that is asymp- 
totically optimal with respect to both connectivity and 
the diameter of the network. These optimality properties 
are combined with algorithmic simplicity and polynomial 
running time, thus overcoming the notorious “optimality 
vs. scalability” dilemma. This result is made possible by 
applying the theory of random graphs to this type of net- 
works. This theory has the methodological advantage of 
increased accuracy with growing network size, thus turning 
the “curse of dimensionality” into a blessing. Therefore, 
the paper exemplifies that the theory of random graphs, 
beyond supporting analysis purposes, may serve as a use- 
ful tool in the design of algorithms that overcome the 
“scalability bottleneck,” a problem that prevents current 
approaches from finding near-optimal solutions aa today’s 
networks grow in size and complexity. 

I. INTRODUCTION 

The virtual path (VP) concept plays a central role in 
the resource management of ATM networks. The optimal 
design of the VP system in a large network is a highly 
complex task whose solution bears heavily on network 
performance. Therefore, it is not surprising that a large 
number of different solutions to this problem have been 
proposed in the technical literature (for an overview see 

The general design of a VP system for an ATM network 
e.g. [11). 

deals with one or more of the following tasks: 

VP network topology design: which (pairs of) 
nodes should be connected by VPs, i.e., what is the 
logical topology of the VP network. Note that, at 
this level, each VP appears as a single logical link 
between its two terminator nodes. 
VP layout design: how should the VPs be mapped 
in the physical network topology, i.e., what is the 
physical route of each VP. 
VP dimensioning: how much transmission capacity 
should be assigned to each VP, while obeying physical 
network constraints. 

This work was supported in part by the Army Research Office 
under contract No. DAAG55-96-1-0382. 

This paper deals with the first task above, the VP network 
topology design. 

11. THE OPTIMALITY vs. SCALABILITY DILEMMA 

Each of the tasks mentioned in the Introduction is dif- 
ficult to solve optimally, as from the algorithmic point 
of view they all involve NP-hard subproblems. This is 
why any approach to these problems faces the following 
dilemma: either give up optimality and be satisfied with 
some heuristic solution that can be arbitrarily far from 
the optimum, or, if optimum is searched for, either ex- 
actly or at least with a bounded error, then scalability is 
lost in the sense that for realistic, i.e., large, networks the 
algorithm becomes computationally infeasible. 

In this paper we show that, by proposing a new solu- 
tion to the problem of the VP network topology design, 
the notorious optimality vs. scalability dilemma can be 
resolved. The methodology we use to accomplish this is 
derived from the theory of random graphs (for a thorough 
introduction to the mathematical foundations see [Z]). 

The key feature we use from this theory is its power of 
providing rigorous analysis tools for various properties on 
large statistical manifolds of graphs. In this way we can 
avoid the difficulties caused by worst cases, since they usu- 
ally occur with very small probability. Using the theory of 
random graphs, in many cases it is possible to rigorously 
prove that the probability of the worst case to occur tends 
to zero as the graph size grows. 

Let us explain this situation with a short example based 
on a classical NP-complete problem. Let G be a graph 
with n vertices and m edges. Assume a number k is given 
and we want to decide whether G contains a complete 
(i.e., fully connected) subgraph of IC vertices. This is well 
known to be an NP-complete problem [3]. Moreover, the 
corresponding optimization version (the maximum clique 
problem) where we wish to compute the maximum size 
of a complete subgraph, cannot even be approximated by 
a polynomial time algorithm (assuming P # N P )  within 
an error factor of nl-‘ for any fixed E > 0, as proven in 
[4]. Thus, this problem clearly defies scalability, as with 
growing n no fast algorithm can guarantee even an ac- 
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ceptable approximation for the worst case. On the other 
hand, in a random graph setting with the same param- 
eters the maximum size of a complete subgraph can be 
easily computed, as it is shown to be asymptotically 

2 loe n 

for a wide range of m values, depending on n [2, Chap- 
ter XI]. For a finite graph this holds almost surely. This 
means that the fraction of all graphs that deviate from the 
formula tends to 0 as n grows. Thus, if we have a graph 
that is chosen at  random from all graphs of n nodes with 
m edges, we can determine the desired quantity with van- 
ishing error probability, despite its worst-case algorithmic 
intractability. 

Of course, when applying such results, we have to  make 
sure that the graph can “truly” be considered random. In 
the case of VP network topology design, an essential ele- 
ment of the solution will be choosing the graph such that 
certain properties are enforced, apparently destroying uni- 
form randomness, while maintaining sufficient random- 
ness to allow us to rigorously prove the main properties 
using the theory of random graphs. Since these theorems 
are asymptotic, the growth of the network size increases 
their accuracy, rather than diminishing it. In summary, 
in this way we can overcome the scalability bottleneck, or, 
putting it differently, from the viewpoint of this method- 
ology, having a very large network becomes a blessing, 
rather than a curse. 

111. PROBLEM DEFINITION 

We consider the following problem. As input, we are 
given the number n of nodes in the network and a bound A 
for the VP processing capacity of the nodes, which means 
that no node can be the endpoint of more than A links in 
the logical VP network topology. The goal is to construct 
a VP network topology with the desirable properties dis- 
cussed below. 

We represent the VP network topology by a graph on 
n vertices, where each vertex corresponds to a network 
node. The edges of the graph represent the virtual paths, 
that is, an edge between vertices i and j in the graph sig- 
nifies that a VP exists between the corresponding nodes in 
the network.’ The parameter A is the maximum allowed 
degree in the graph. 

Our goal is to choose the logical VP topology such that: 

Its connectivity2 is maximum under the given VP pro- 
cessing capacity bound; 

Note that we focus here on designing the logical VP network 
topology, that is why VPs are represented by edges in the graph, 
rather than routes. The underlying physical network topology plays 
no role at this level. 

By connectivity we mean the minimum number of nodes whose 

The diameter D of the resulting VP network is mini- 
mum, that is, any two nodes can reach each other in at  
most D VP-hops. 

These goals are naturally justified from the networking 
point of view, since high connectivity yields both safer 
network operation and better load balancing opportuni- 
ties, while small diameter puts a limit on the number of 
needed VP-hops, resulting in reduced end-to-end delay, as 
well as faster call setup time. Additionally, the reduced 
number of needed VP-hops also means that any given con- 
nection places load on fewer links, which helps in decreas- 
ing the average link load, thus, lowering the probability 
of congestion. This also means that a prescribed blocking 
probability can be achieved with less total transmission 
capacity in the network, that is, a t  lower cost. 

In the next section we present a randomized algorithm, 
that constructs the desired VP network topology in poly- 
nomial time. Then, using the theory of random graphs, we 
prove that with a probability approaching 1, as n grows, 
the constructed VP network topology will be optimal with 
respect to both above objectives. 

IV. THE ALGORITHM 

Our strategy is to construct a random VP network 
topology that meets the node processing constraints. 
Then we prove that it optimizes both connectivity and 
diameter, with probability approaching 1 as the network 
size grows. 

Note that we cannot simply generate a random graph 
in the most common way (by adding edges randomly), as 
this would violate the degree constraint with high prob- 
ability. On the other hand, if the degree constraint is 
artificially enforced, e.g., by excluding nodes that became 
saturated, then uniform randomness does not remain in- 
tact, preventing the direct applicability of random graph 
theorems. Another possibility is to generate a random A- 
regular graph.3 This is, however, quite involved, and an 
algorithm is only known for A = O ( ~ L ’ / ~ )  (see [SI), while 
we would like to eliminate such range restrictions. 

To avoid the above difficulties, we choose the following 
solution. We generate the graph randomly by enforcing 
regularity, but giving up the condition that the generated 
graph is uniformly distributed over all A-regular graphs. 
The graph will be chosen randomly from an appropriate 

deletion can disconnect the network. Note that this is stronger than 
considering the minimum number of disconnecting links, since if the 
network cannot be disconnectedby any k failednodes, then the same 
holds for any k links, too, but not necessarily vice versa. 

A A-regular graph is defined as a graph in which each vertex 
has the same degree A. Note that, in networking, the term “regular 
topology” often means a topology with some regular structure, such 
as a ring, hypercube, etc. Here we stick to the graph theoretic defi- 
nition, where regularity only means the equality of degrees, allowing 
an otherwise arbitrary topology. 
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subclass of these graphs (those that arise as the union of 
random perfect matchings) and, as we show in the proof, 
this choice is already sufficient to guarantee the desired 
properties of asymptotically optimal connectivity and di- 
ameter. 

To exclude trivial cases, we assume that A 2 3. (If A = 
1 the graph cannot be connected with n > 2 and if A = 2 
then the only optimal solution is a single ring.) Since 
both the algorithm and the proof are easier to describe if 
n is an even number, we assume that n is even (for large 
networks the parity of the number of nodes does not make 
an essential difference, anyway). Note that we consider 
simple graphs, that is, parallel edges are not allowed. This 
also implies that n 2 A + 1, since otherwise no A-regular 
graph would exist on n nodes. 

The algorithm proceeds in phases. We start with the 
set of all possible edges collected in a set H .  That is, 
initially IHI = and it defines a complete graph. 
During each phase a random perfect matching4 is selected 
from H ,  such that it is disjoint from all the previously 
selected ones, i.e., contains no common edge with any of 
them. This is ensured by selecting the matching in every 
phase using only the edges that are still in H and when 
the matching is found, its edges are removed from H ,  so 
the next matching will necessarily be disjoint. 

In the selection of the matchings we have to ensure 
that the obtained matching is a random perfect match- 
ing in the graph defined by the edges that are still in 
H .  For this purpose, at  the beginning of each phase we 
randomly assign weights to the edges in H and then we 
use a deterministic algorithm to find a mazimum weight 
perfect matching. Finding the maximum weight perfect 
matching is a standard, well solved task in combinato- 
rial optimization that can be performed in O(n3) steps 
for a graph of n vertices [6] ,  or even more efficiently (see, 
e.g., [7]), so we can use it as a subroutine. We will show 
that, as a result of choosing the weights as powers of 2 
randomly, the obtained perfect matching is randomly and 
uniformly selected among all the perfect matchings in H .  
The uniformity is essential to guarantee the desired prop- 
erties. We also show that the procedure does not get stuck 
in the sense that, with probability approaching 1, there 
is always a perfect matching in the remaining graph, as 
long as it is not empty. We finally show that, after A 
phases, the graph that results from the union of the pro- 
duced random disjoint perfect matchings has the desired 
properties of being A-regular and optimal with respect to 
both connectivity and diameter. 

In the following, V denotes the set of nodes, given as 
input to the algorithm together with A, and E is the set 

* A perfect matching is a set of edges that together cover all 
vertices exactly once, that is, a perfect matching consists of n/2 
disjoint edges. 

of the chosen edges that represent the VPs. 

Algorithm Random V P  Network (RVPN) 
E := 0; 
H := (V x V ) \ ( { V , V } :  v E V}; 
for i := 1 to A do { 

Generate a random permutation of the edges in H; 
For each i ,  assign to the Zth edge in the permutation 

Find a Mazimum Weight Perfect Matching M in H ;  
If no perfect matching exists in H 

E : = E U M ;  
H : = H \ M ;  

return G = (V, E ) .  

the weight 2'; 

then return G = (V, E) and Stop; 

1; 

V. ANALYSIS 

In this section we prove the fundamental properties of 
the algorithm RVPN. Specifically, we show that the al- 
gorithm produces a VP network topology in polynomial 
time, and that the resulting graph is A-regular, with prob- 
ability approaching 1 as n + CO, so that the VP process- 
ing capacity of each node is fully utilized (as A VPs end 
at  each node). Moreover, both the connectivity and the 
diameter of the constructed graph are asymptotically op- 
timal, in the sense stated precisely in the theorem below. 

For concise notation let Dmin(n, A) denote the small- 
est possible diameter that a graph on n nodes can have 
if the degree of each node is at  most A (if a graph is dis- 
connected, then the diameter is defined to be infinite). 
Note that computing the exact value of Dmin(n,A) in 
general is a well known unsolved problem in graph the- 
ory. Although certain bounds exist (see, e.g., [2]), the 
exact value is known only for a few exceptional cases. 

The properties of our algorithm are summarized in the 
following theorem. 

Theorem. Algorithm RVPN has the following properties: 
1 .  It constructs the graph an polynomial time, bounded 

b y  O(An3). 
2. The constructed graph is regular of degree at most 

A and with probability approaching 1 as n + 00, the 
degree is ezactly Delta. 

3. With probability approaching 1 as n --t cy), the con- 
structed graph has the highest possible connectivity 
among all graphs that satisfy the same degree con- 
straints. 

4. If A --+ cy) as n --t 00, then the diameter D of 
the constructed graph is asymptotically optimal in the 
sense that for any fized E > 0 

n-oc lim ~ ( 1 ,  
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holds. 

For the proof we need two lemmas that show some im- 
portant properties. 

Lemma 1. In each phase when the algorithm finds a 
mazimum weight perfect matching in the graph HI this 
perfect matching is selected uniformly at random from the 
family of all perfect matchings of H. 
Proof. We show that, under the special random weight- 
ing, any two perfect matchings have exactly the same 
probability to become a maximum weight perfect match- 
ing, which will imply that any perfect matching has the 
same probability of being selected, that is, the found per- 
fect matching is chosen uniformly at  random. Let M I ,  M2 

be any two different perfect matchings (they are viewed 
as sets of edges). Let us define the following two events, 
whose occurences depend on the random weighting: 

A : 
B : 
We wish to show that the two events have equal probabil- 
ity, that is, P(A) = P(B).  Using the simple fact that for 
any two events A(A + B) = A holds5 and applying the 
definition of conditional probability, we can write: 

M1 is of maximum weight. 
M2 is of maximum weight. 

P(A) = P (A(A + B)) = P(AIA + B)P(A + B ) .  (1) 

Similarly, using B(A + B) = B, we have 

P(B) = P ( B ( A  + B)) = P(BIA + B)P(A + B) .  (2) 

Hence, if we can show that P(AIA + B) = P(BIA + B) 
holds, then (l), (2) will imply P(A) = P(B).  Thus, the 
only thing we have to prove is that Ml,M2 have equal 
chance to be of maximum weight, given that one of them 
is of maximum weight. To show this, let us write the 
weights of M I ,  M2 as 

w(Ml) = w(Ml - M 2 )  + w(M1 n M 2 ) ,  
4 M 2 )  = w(Mz  - M1) + w(M1 n M 2 ) .  

Since the term w(M1 n M2) is the same in both the above 
expressions, the weight relationship of MI , M2 depends 
only on which of the first terms is larger. Let 23 be the 
largest weight that occurs in ( M I  - M2) U (M2 - M I ) ,  i.e., 
in the symmetric difference of the two matchings (which 
cannot be empty, as M1 # M2 is assumed). Since 

j - 1  

2j  > C2’ 
i = l  

holds, therefore, it does not matter how the other 
(smaller) weights are distributed in (Ml-Mz)U(Mz-M1),  
the only decisive factor is that which of M1 - M2 and 

5Multiplication and addition of events denote the A N D  and OR 
operations, respectively. 

M2 - MI has this largest weight 2j .  Now, as M I ,  M2 have 
equal number of edges (both being perfect matchings), im- 
plying IM1- M2 I = IM2 -MI I, it follows from the random 
construction of weights that 2j  has the same chance to 
fall in either of them. Thus, given that one of M I ,  M2 is a 
maximum weight perfect matching, both of them have ex- 
actly the same probability of being this maximum weight 
perfect matching, i.e., P(AIA + B) = P(BIA + B) holds. 
By (1) and (2) this implies P(A) = P(B),  which proves 
the lemma. 

0 

Next we show that we cannot get stuck in any phase of 
the algorithm, that is, there is always a perfect mathing 
in the remaining graph HI with probability approaching 
1 as the number of nodes grow. 

Lemma2. FOT each phase of the algorithm 

lim P ( H  has a perfect matching) = 1. 
n+m 

Proof. Consider the ith phase of the algorithm, i.e., i - 
1 random perfect matchings have been already selected 
and we wish to prove that the remaining graph H has a 
perfect matching with probability approaching 1. At the 
beginning, when i = 1, H is still a complete graph (on 
an even number of vertices), so it trivially has a perfect 
matching. For i = 2 one can still directly see that H 
must have a perfect matching: index the vertices such that 
the previously chosen matching is ( 1 , 2 ) ,  ( 3 , 4 ) ,  . . . , (n - 
1, n), then (2 ,3) ,  (4,5), . , ., ( n - 2 ,  n- I), (n, 1) is a perfect 
matching in H I  showing that H must have one. A similar 
argument still works for i = 3, making use that the union 
of the first two perfect matchings consists of disjoint even 
circuits. For i > 3 ,  however, the situation is becoming 
more difficult. First we observe that the disjointness of 
the perfect matchings that have been removed from H in 
the earlier phases implies that they together constitute 
the removal of an i - 1-regular graph. Consequently, the 
remaining H is a regular graph of degree h = n - i, which 
alone, however, does not imply the existence of a perfect 
matching in H. Having a randomized construction, at  this 
point we would like to apply the following random graph 
theorem [2]: 

(A) FOT any fized k 2 1, almost every6 random k-regular 
graph has a perfect matching. 

The direct application of (A) is prevented, however, 
by the fact that H is not a random k-regular graph as 
required by the theorem, as it is not chosen uniformly 
at  random among all h-regular graphs, being the com- 
plement of the union of i - 1 disjoint perfect matchings, 

The term “almost every” is often used in the theory of ran- 
dom graphs, with the precisely defined meaning that the fraction of 
graphs that have the considered property approaches 1 as n --t 00. 
We also often say in this case that the property holds almost surely.  

494 



which is not necessarily true for all regular graphs of de- 
gree k = n - i .  To help this, we use a (deep) theorem 
published in [8] .  This theorem is based on the concept of 
contiguity of probability spaces. Two probability spaces 
that depend on a parameter n are called contiguous if for 
any sequence of events (one event for each n) the follow- 
ing holds: if the sequence is almost sure in one of the 
probability spaces, i.e., the sequence has probability ap- 
proaching 1 as n + 00, then it is also almost sure in the 
other probability space in the same sense. It is proven in 
[8] that: 

( B )  FOT any A 2 3 the probability space generated by  
random A-TegUlUT graphs is contiguous to  the probability 
space generated by taking the union of A disjoint random 
perfect matchings. 

Now, when starting the ith phase, what we have already 
generated is the union of i - 1 disjoint perfect matchings. 
Let us call this graph Fi-1. By Lemma 1, the matchings 
are all chosen uniformly at  random from the ones available 
at the time of the choice. Thus, F,-1 is the union of i - 1 
disjoint random perfect matchings. By (B) we have the 
following property: 

( C )  For i > 3 any property holds almost surely for Fi-1 

if and only if it holds almost surely for a random regular 
graph of the same degree. 

Now, taking into account that the complement of a ran- 
dom i - 1 regular graph is a random k-regular graph with 
k = n - i ,  and by ( A )  a random k-regular graph almost 
surely has a perfect matching, we have that the comple- 
ment of a random i - 1-regular graph almost surely has 
a perfect matching. By (C) this implies that the same 
property holds for F;-1, as well, so H, being the comple- 
ment of Fi-1, almost surely has a perfect matching, too, 
which proves the lemma. 

0 

Now, being armed with the two lemmas, we can prove 
the main theorem. 

Proof of the Theorem. 

1. The first claim directly follows from that the com- 
plexity of the algorithm is dominated by computing 
the maximum weight perfect matching that can be 
done in O(n3) time (see [6]). This is executed at 
most A times and, since the side computations can 
clearly be included in the O(n3) time, therefore, the 
overall complexity is bounded by O(An3). 

2. According to the algorithm, in each of the phases we 
add a disjoint random perfect matching to E. Since 
there are altogether at  most A phases and each node 
gets exactly one additional degree in each phase from 
the chosen perfect matching, therefore, the returned 
graph G = (VI E) must be regular of degree at most 

A. Since by Lemma 2 we almost surely do not get 
stuck in any phase, it follows that with probability 
approaching 1 as n + 00, the degree is exactly A. 

3. The connectivity of a A-regular graph can be at most 
A, since removing all the A neighbors of a given node 
would separate this node from the rest of the graph. 
Thus, to show the desired optimality it is enough to 
prove that the constructed graph is A-connected with 
probability approaching 1, as n + 00. From [2], it is 
known that: 
( D )  FOT any A 2 3 almost every random A-regular 
graph is A-connected. 

To apply ( D ) ,  however, we again have to resolve the 
problem, just as in the proof of Lemma 2, that our 
graph is not chosen uniformly at  random from the 
set of all A-regular graphs on n nodes. By Lemma 1, 
our graph is the union of A disjoint random perfect 
matchings (almost surely). This class, does not con- 
tain all A-regular graphs on n nodes. Here, however, 
we can make use again of the theorem stated in (B) 
(in the proof of Lemma 2), which implies, together 
with Lemma 1 and (D), that if the constructed graph 
is A-regular, then it is almost surely A-connected. 
By 2., the graph is almost surely A-regular, so it has 
the optimal connectivity with probability approach- 
ing 1. 

4. Let G be any graph on n vertices with maximum 
degree 5 A and diameter D.  Then, according to the 
well known Moore bound (see, e.g., [2]), 

< A D + l  
A(A - l)D - 2 

n 5  A - 2  - 

holds.? 
Now, recall from the proof of 3. that, by (B) and 
Lemma 1, any theorem that holds for a random A- 
regular graph (A 2 3) also holds for our construction. 
We use the following random graph theorem from [2]: 
(E) Let A 2 3 and fix any p > 0 .  I f d  as the smallest 
integer for which 

(A - 2 (2 + p)Anlogn (3) 

holds, then almost every A-regular graph on n ver- 
tices has diameter less than OT equal to  d. 
By ( B )  and Lemma 1 this property holds for our 
randomly constructed graph, too. Thus, if the con- 
structed graph has diameter D, then from (3) we ob- 
tain (using the O(.) order notation to avoid carrying 

' The extreme graphs that satisfy the Moore bound with equality 
are called Moore graphs. They have the maximum number of nodes 
under the degree and diameter constraints. They are very rare, 
however, for example, it is proven in [9] that no Moore graph can 
exist for A 2 3 and D 2 3. 
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constants) that with probability approaching 1 

log n log log n 
log(A - 1) 

must hold. On the other hand, from the Moore bound 
we obtain 

log(n - 1) 
D m i n ( n , A )  L logA 

Since D 2 D m i n ( n ,  A) must always hold, D m i n ( n ,  A) 
being the smallest possible diameter, the combination 
of the above expressions yields that, with probability 
approaching 1 

log n log A 
log(n - l)log(A - 1) 

log log n 

holds. If A + 00 as n + 00 then the upper bound 
in (4) becomes smaller than 1 + E  for any fixed E > 0. 
Thus, we obtain: 

which completes the proof. 
0 

Remark. For finite n the algorithm may halt before 
a A-regular graph is constructed, since the probability of 
getting stuck in some phase tends to  zero only asymptot- 
ically. On the other hand, if we run the algorithm several 
times with independent random numbers, then the proba- 
bility of getting stuck in each run decreases exponentially, 
so the probability of producing the desired graph in at  
least one of the runs can be made arbitrarily close to 1. 

VI. CONCLUSIONS 

This paper presented an algorithm for designing the 
logical topology of the virtual path network, which is a 
practically important task in ATM network management. 
We have proven that the algorithm creates a VP network 
topology that is asymptotically optimal with respect to 
both connectivity and diameter, under given VP process- 
ing capacity constraints. While the proof of these prop- 
erties is quite involved, the algorithm itself exhibits at- 
tractive simplicity and ease of implementation. The pa- 
per thus shows, for the first time, that the theory of ran- 
dom graphs may serve as a useful tool in generating d- 
gorithms in networking to overcome the “scalability bot- 
tleneck” that prevents current approaches from finding 
near-optimal solutions as today’s networks grow in size 
and complexity. 
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