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Time-Spread Multiple-Access (TSMA) protocols are scheduled access protocols for mobile multi-hop radio networks that guarantee
deterministic access to the shared channel regardless of the possibility of radio interference. In scheduled access methods, time is
considered to be slotted and time slots are cyclically organized into frames. In general, the shorter the frame, the more efficient the
protocol. An Ω(log logn) lower bound is known on the minimum length of the frame of TSMA protocols in networks with n nodes.
In this note we improve that lower bound by characterizing the multiple access to the radio channel as a combinatorial problem. The
proposed characterization allows us to prove that no TSMA protocols can successfully schedule the transmissions of the nodes of a
multi-hop radio network in frames with less than logn time slots.

1. Introduction

Guaranteed delivery and bounded delay are fundamen-
tal requirements for implementing real-time services and
multimedia applications in any networked environment.
In the case of mobile multi-hop radio networks, i.e., ra-
dio networks without a fixed infrastructure in which all
the nodes can move, these requirements are also crucial
for the implementation of reliable control channel mech-
anisms for managing the operation of the network it-
self.

From a channel access perspective, a multi-hop radio
network is characterized by the fact that several of its nodes
may share the same transmission channel. Thus, in these
networks, selective transmission is impossible – whenever a
node transmits, all its neighbors (nodes within its transmis-
sion range) will receive the message. Collisions of received
messages may occur if transmissions overlap, preventing
correct message reception.

Thus, each node of the network should be able to sched-
ule the transmission of a message so that collisions are
avoided. This poses several difficulties. For instance, each
node is required to know its current neighbors, which is not
always feasible in a rapidly mobile environment. Moreover,
protocol operations should not be compromised by changes
in the network topology due to failures or due to the mo-
bility of the nodes.

Currently, the only approach in wireless systems that
combines rapid mobility with guaranteed delivery, stabil-
ity and bounded delay, while avoiding any overhead to re-
organize the protocol in case of topology change, is the
Time-Spread Multiple-Access (TSMA) protocol family in-
troduced in [2] (see also [3,4] and [1]).
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TSMA protocols are time division scheduled access pro-
tocols. In these solutions, time is divided into slots of
fixed length which are in turn organized in cycles (frames),
each made up of L slots. In the case of TSMA proto-
cols, each node is assigned a unique code that determin-
istically specifies its frame transmission schedule (i.e., the
slots of the frame in which the node is allowed to transmit a
message). Unlike Time Division Multiple-Access (TDMA)
protocols, collisions in certain slots of the schedule are not
excluded, but due to the special coding method, each user
is guaranteed a successful transmission to every neighbor
within each frame, no matter which nodes are the current
neighbors. Since the position of the successful transmission
among the attempts in the frame is not known in advance
(but its existence is guaranteed), the success is “spread over
time”, hence the name. The transmission schedule (code)
for every user is permanently computed once during the
network setup and it is proven to induce a polylogarithmic
frame length (further details can be found, for instance,
in [2]).

Since the correct transmission of a message is guaranteed
within a frame, the shorter the frame, the more efficient the
protocol. Thus, the challenge is to find a slot assignment
for each node that guarantees message delivery within the
shortest possible frame length L.

In this note we are interested in evaluating an estimate
on the efficiency of such protocols by determining a lower
bound on L. For this purpose, we present a new combina-
torial characterization of the slot assignment problem that
allows us to prove that no TSMA protocols can guarantee
the correct delivery of a message within frames of length
L < logn. (Throughout the note all the logarithms are
intended to be base 2.)

The best lower bound known for this problem was
Ω(log logn). This lower bound can be deduced by the
results contained in [5] about a local graph coloring prob-
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lem (i.e., the problem of assigning a color to a vertex of
an undirected graph based on the colors of that vertex and
of its neighbors).1 Thus, the lower bound presented in this
note represents an exponential improvement on the previ-
ous result.

2. Basic definitions

A multi-hop radio network is modeled by an undirected
graph G = (V ,E) in which V , |V | = n, is the set of (radio)
nodes and there is an edge {u, v} ∈ E if and only if u and
v can mutually receive each other’s transmissions. In this
case, we say that u and v are neighbors. It is important to
stress here that, due to node mobility, the graph can change
in time. Thus, in the most general case, each pair of nodes
can be neighbors at a certain time. Each node v in the
network is assigned a unique identifier (ID), denoted by a
number in {1, . . . ,n}. For the sake of simplicity, a node is
identified with its ID, and both are denoted by v.

With TSMA protocols, time is slotted. Slots are grouped
into frames, of length L, and are numbered 1 through L.
Given a node v, a transmission schedule (or slot assign-
ment ) for v is a set S(v) ⊆ {1, . . . ,L} that contains the slots
in which v is allowed to transmit. Given S(v), for every
v ∈ V , we define the transmission set Ts ⊆ V as the set of
all the nodes allowed to transmit in the sth slot, 1 6 s 6 L.
Thus, the transmissions of the nodes in a frame proceed ac-
cording to the list T1, . . . ,TL of the transmission sets. Since
for each v, S(v) is computed once during the network setup,
the transmission set list remains unchanged in each frame,
regardless of changes in the network topology.

3. Combinatorial characterization

This section introduces the combinatorial characteriza-
tion of the slot assignment problem which allows us to
obtain our lower bound.

In multi-hop radio networks the overlapping of two or
more transmissions results in a collision. Two types of
collisions are defined:

• Primary collisions. A node transmitting in a given slot
cannot receive a message in the same slot.

• Secondary collisions. A node cannot receive more than
one message in the same slot. If more than one mes-
sage is transmitted to a node in a given slot, all the
transmissions are considered unsuccessful in this slot.

A transmission is said to be successful if no collision
has occurred. In order to guarantee each node v ∈ V a
successful transmission of a message to each of its neigh-
bors u at least once in every frame, there should be at least
one slot s ∈ S(v) such that the following holds:

1 The main contribution of [5] concerns upper and lower bounds for the
mentioned coloring problem. Moreover, the characterization that they
give of the coloring problem is based on a set theoretic model which is
different from the combinatorial setting used in this note.

• s /∈ S(u) (this takes care of the primary collisions), and

• for each neighbor u′ 6= v of u, it should be s /∈ S(u′)
(this does not allow secondary collisions to occur).

In combinatorial terms, this corresponds to the require-
ment that, for each pair of neighboring nodes v and u and
for at least a slot s, 1 6 s 6 L,

• {u, v} ∩ Ts = {v}, and

• for each neighbor u′ 6= v of u, {u′, v} ∩ Ts = {v}.

Given this characterization, in order to prove a lower
bound τ on the frame length L, it is enough to show that
given any list of transmission sets T1, . . . ,TL (i.e., given
any TSMA protocol), with L < τ , we can always find a
set R ⊆ V with two nodes such that:

• |R ∩ Ts| 6= 1, for each slot s ∈ {1, . . . ,L}.

This means that, in each slot s, the two nodes in R are
either both scheduled to transmit a message (|R ∩ Ts| =
2: in this case we have a primary collision), or are not
scheduled to transmit at all (|R ∩ Ts| = 0). Thus, by the
end of the frame, none of the nodes in R has been able to
exchange any information with the other node in R.2

4. The lower bound

In this section we show how, by using the previous char-
acterization for the slot assignment problem, we can prove
a logarithmic lower bound for the frame length L of TSMA
protocols.

The proof is based on a “halving technique” that iter-
atively removes nodes from the node set V depending on
the nodes of the transmission sets. At every iteration the
set V is at most halved, and the set V (L) resulting after
L < logn iterations is then proven to have at least two
nodes. We show that any pair of nodes in V (L) are sched-
uled to transmit in the same slots. Formally, we have the
following:

Theorem 1. Given the set of nodes V of a multi-hop ra-
dio network, |V | = n > 2, and the list of transmission
sets T1, . . . ,TL of an arbitrary TSMA protocol such that
L < logn, it is always possible to find a set R ⊆ V ,
|R| = 2, such that

|R ∩ Ti| 6= 1, 1 6 i 6 L.

Proof. The set R can be determined by the following pro-
cedure, which takes as input the set of the nodes V and the
transmission sets T1, . . . ,TL.

2 This is a worst case situation: the nodes in R do not have to exchange
information. However, in the case they are currently neighbors and are
willing to transmit a message, no frame shorter than τ can guarantee
them to successfully receive each other’s transmissions.
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PROCEDURE Find R (V , T1, . . . ,TL)
begin

for i := 1 to L do
if |V ∩ Ti| > |V ∩ Ti|

then V := V ∩ Ti
else V := V ∩ Ti

R := any two elements ∈ V
end

Let V (0) be set V , and let V (i), 1 6 i 6 L, be the set
computed after the ith iteration of the procedure Find R.
We prove that each subset R, |R| = 2, contained in
V (L), has the desired property. We start by showing that
|V (L)| > 2, i.e., that at least a two-element set R always
exists ⊆ V (L). We proceed by induction, showing that
|V (i)| > n/2i, 0 6 i 6 L. When i = 0, the property
trivially holds. Suppose now that |V (i)| > n/2i is satisfied
for a generic i, 0 < i < L. During step (i + 1), the set
V (i) is partitioned into two sets, namely V (i) ∩Ti+1 and
V (i) ∩Ti+1. Let V (i+1) be the set of greatest cardinality.
Thus, ∣∣V (i+1)

∣∣ > |V (i)|
2

,

and, by the induction hypothesis:∣∣V (i+1)
∣∣ > n/2i

2
=

n

2i+1
.

Thus, after L < logn steps,∣∣V (L)
∣∣ > n

2L
> n

2logn−1
= 2.

Now we show that any R ⊆ V (L), |R| = 2, is such
that |R ∩ Ti| 6= 1, 1 6 i 6 L. We start by noticing that
R ⊆ V (L) ⊆ V (L−1) ⊆ · · · ⊆ V (i) ⊆ · · · ⊆ V (0). Let us
now assume, for the sake of contradiction, that there exists
an R and an ` such that |R ∩ T`| = 1. The `th iteration of
the procedure Find R sets V (`) either as V (`−1) ∩ T` or as
V (`−1) ∩ T`. In the first case, when ` < L, our assumption
becomes true only if during a subsequent iteration i > ` of
the procedure Find R the element R ∩ T` is added to V (i),
but then we would have V (i) 6⊆ V (`), a contradiction. In
the case ` = L the contradiction is straightforward, since
V (L) = V (L−1) ∩ TL cannot contain an element from TL.
In the second case, since both the elements in R belong
to V (L), the element R \ T`, ` < L, has to be added to
V (i) during some iteration i > ` of the procedure Find R.
Thus, V (i) 6⊆ V (`), which is again a contradiction. In the
case ` = L the contradiction is given by the fact that both
the elements in R ⊆ V (L) have to be in TL. �

The previous theorem guarantees that given the L <
logn transmission sets of any TSMA protocol, we can al-
ways find two nodes that cannot exchange messages with
each other correctly, i.e., such that they are scheduled to
transmit in the same slots of every frame. Thus, when
these two nodes become neighbors, the given TSMA pro-
tocol cannot guarantee their correct communication.

We notice that our proof has the advantage of being
constructive: for each TSMA protocol with a frame length
< logn, the set V as modified by the procedure Find R
contains all the nodes that, in order to have guaranteed
delivery within a frame, cannot be neighbors. While in the
most general case no assumption can be made about the
mobility of the nodes, this information can be useful for
the design and the layout of multi-hop networks for which
it is possible to know in advance which nodes will never
be neighbors (e.g., networks of satellites or static multi-hop
radio networks).

As a final note, we point out that the lower bound
proven in this note holds for every channel access pro-
tocol whose transmission sets are computed in advance. In
particular, even if randomized techniques are used to com-
pute T1, . . . ,TL (thus guaranteeing the correct access to the
channel within a frame length L with a given probability ),
we need L > logn.
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