ECE G205 Fundamentals of Computer Engineering
Fall 2003

Exercisesin Preparation to the Midterm

The following problems can be solved by either providing plseudo-codes of the required algorithms or
the C++ code for the corresponding functions.

e Problem # 1. Write two functionssummaandsummaRemne iterative and one recursive, that given
as input an array ofl integer numbers returns the sum of the “even elements” oatray (i.e., the
elements whose position is even, such as the Oth elemerg afty, the 2nd, the 4th and so on).

Possible solutions are given by the following function:

int summa( int E[], int N) {
int sum=FE 0 ];

for( int i =2, 1 <N i +=2)
sum+= H i ];

return sum

}

int summaRec( int E[], int i ) {
if (i =0)
return g i ];
el se
return Ef i ] + summaRec( E, i - 2);

In the case of the recursive version the call fromnn should be eithesummaRec( A, n - 1) (n
odd) orsumrmaRec( A, n - 2 ) (neven), where A is the given array andts size.



e Problem # 2. Write an iterative and a recursive function for computihg mith element, of the
Fibonaccisequence. The Fibonacci sequence is a sequence of integiBreed:Fy=0,F; =1, and
F, = Fn—1+ Fy—2. Discuss the worst case time complexity of the two solutions

Possible solution are given by the following functions:

int fibo( int N) {
if (N==0) [[] (N==1)
return N
el se
return fibo( N- 1) + fibo( N- 2);
}

int fiblter( int N) {

if (N==0) [[] (N==1)
return N

int fN2 =0, fNL =1, fN

while ( N> 1) {
fN=fNL + fN2;
fN2 = fNL;
fNL = fN
N--;

}

return fN

}

The time complexityT (n) of the recursive function is expressed by the following reme equation:
TN)=T(n—1)+T(n—2).

The solution to this equation is quite involved. Let us tngteess it. Sincd (n) nearly doubles, one
can think that the solution could bé&.2However, this is not the case, sinceé2 2" 14+ 2"2, Let
us try with a generi@". To determine if such aa exists, we notice that the solution must work for
everyn, i.e., also forn = 2. So, such am should be such tha? = a+ 1. This equation has the

1t Y ®) (the Golden Ratip anda, — PT\/(S) Hence, the algorithm is

two (famous!) solutionsy =
exponential!

The time complexity of the iterative function depends onvligle loop. SinceN is decremented by
one at every iteration of the loop, after at mbist 1 iterations the loop is exited. Therefore, the time
complexity of the function i©(N).



e Problem # 3. Prove that the following recursive algorithm for the mplitation of natural numbers
is correct:

MULTI PLY(y, z)
ifz=20
then return 0
else if z is odd
then return MILTIPLY( 2y, int(z/2) ) +vy
el se return MIULTIPLY( 2y, int(z/2) )

The correctness proof is by induction mriWe claim thatMULTI PLY(y, z) return the producyz The
claim holds true whez = 0 sinceMJLTI PLY(y, 0) returns O independently f Now, suppose that
for z> O MULTI PLY(y, z) returnsyz We must prove thatULTI PLY(y, z+1) returnsy(z+ 1). There
are two cases to be considered, depending on whethéris odd or even.

By inspection, ifz+ 1 is odd, therMULTI PLY(y, z+1) returnsMULTI PLY(2y,int((z+1)/2))+y =
ZyL@J +y (by the induction hypothesis} 2y2 +y (sincezis even)=y(z+1).

By inspection, ifz+ 1 is even, therMULTI PLY(y, z+1) returnsMULTI PLY(2y,int((z+1)/2)) =
ZyL@J (by the induction hypothesis} Zy@ (sincezis odd)=y(z+1).



e Problem # 4. Consider the following, fundamental question: “Given avbern > 1, isn prime, i.e.,
is n divisible only by 1 and itself?”

The question is answered by the following function (wheeeGk+ operatotsis the modulus operator,
which returns the remainder of the integer division betwieeoperands):

bool prinme( int n) {
int j =2
while (] <n)
if (n%j ==0)
return fal se;
el se
j ++;
return true;

}

Functionpr i me attempts to divide by every numbejj in the range 2..,n—1 and returngrue only
if no numberj that dividesn has been found.

Is this function time complexity polynomial in theéze of the inpi Justify your answer.

The body of the while loop is executed- 2 times, and therefore the time complexity of the function
is O(n). However, this complexity isiot polynomial in the size of the input. Each integeiis
represented in the computer “concisely” as a sequende-dbgn+ 1 bits. Hence the size of the input
(also called thalimension of the probleyms d. The complexity of the functiopri me is therefore
O(n) = 0(29), i.e.,exponentiain the size of the input.

The problem of determining whether a number is prime@mpositehas been interesting human
beings for millennia. The best minds of each generationsy fEratosthenes (born circa 275 BC) and
up, have been trying to develop efficient (i.e., non-exptiafnalgorithms for this problems. The
first algorithm that produces (deterministically) an answeralypomial time has been introduced on
August 6 2002.



e Problem # 5. Write a recursive function that given as input an arfagf n integers, returns the
maximum element. Prove its correctness and determine itstwgase time complexity.

A possible solution is given by the following function:

int maxR( int j, int Al] ) {
if (j=0)
return Al 0 ];
el se
return max( Al j ], mxR(j - 1, A) );
}
The correctness can be proved by induction on the numbercafsiee calls. Wherj equals 0 the
function terminates and retuy0]. Assume that for a generig> 0 the functionmaxR( j - 1,
A ') terminates and correctly returns the maximumA[f... j — 1]. Then, by inspection, since the
library functionmax terminates and correctly returns the maximum between twithews, the generic
recursive calhaxR( j, A ) also terminates and return the maximumA@... j]. Whenj=n-1

(initial call) the function correctly terminates returgithe maximum element of the array.
The complexity of the function is expressed by the followmregurrence relation:
C ifn=0
T(n) =
T(n—1)+c ifn>0.

which can be solved by substitution to yiéldn) € O(n).



e Problem #6. Consider the following Z 2 matrix:

01
~(51)
(a) Write a function toefficientlycompute theath power ofA, namely:

A"=A-A..-A.

ntimes

One solution is obtained by multiplying the matuxby itself for n— 1 times, yieldingA". The
corresponding code is the following is required as input).

int main() {

int n;

cout << "Insert a nunber n (> 0): ";

cin >> n;

cout << endl;

int Al 2 ][

int B[ 2 ][

copyMat (B,

for( int a=20
mul Mat (A, B,
copymMat( A C

}

return 0;

0, 1}, {1 1} },
] .
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}
Il Miltiply X by Y and return the result in Z

void mulMat ( int X[J[ 271, int Y[]J[ 2], int Z[]] 2] ) {
Zojfo]=xXxojro]*yojpro]+xojf1]*vy1]J[O0];
o[ 1] =Xo0jfo]*Yo]J[1]+XO0J[1]*Y 1][1];
1ol =X 1jo]p=yyojro]+x1Jjf1]*vyY1]J[0];
}Z[l][1]=X[l][0]*Y[0][1]+X[l][l]*Y[1][1]:
Il Copy Y onto X

void copyMat ( int X[J[ 2], int Y[][ 2] ) {
XOoJ[ o] =Y O0][0];

XOoJ[ 1] =Y O0]J[ 1];

X 1] 0] =Y 1][0];

X 1J[1] =Y 1][1];

}

The following is a more efficient way to compufé. It is based on the fact that since we want just
A" we can avoid to compute many of the intermedidts, 2< i < n. This is possible by repeatedly
squaring the matriA till we get toA".



AA = A

A2 A2 = Af
At .Ar = A8
A2t polloan-1l - aloan]

The following code works fon = 2" (the code must be adjusted wheis not a power of two).

/1 Conpute the logarithm base 2
double Tog2( int x ) {
return ( log( x )/ log( 2) );
}
Il MAIN
int main() {
/1 Defs as above
int k =(int)( log2( n) );
for( int b=0; b<k; b+tt ) {
squareMat( A B);
copyMat( A, B);
}

}
Il Miltiply X by itself and return the result inY

void squareMat ( int X[]J[ 2], int Y[][ 2] ) {

Yeolfol=xojfo]*xo][0o]+xX0][1]*X 1][O0];
Yoll 1]l =xojfo]*x o[ 1] +X 0] 1]*X 1][1I];
Ye1rjpol=x 1o}l *xojfo] +x 1] 1]*X 1][0];
Y1ttt =x 1ol *xojf1]+x 1] 1] X 1] 1]

(b) Determine the time complexity of your solution.

Since functionsopyMat , nul Mat andsquar eMat are executed in constant time, the first method for
computingA" requiresO(n) time, while the second method produdgsin O(logn) time.

(c) How can a solution to poirta) be used to return theth number of the Fibonacci sequence.

It can be proved (by mathematical induction) that, when0,

AN — ( anl Fn )
I:n I:n+1
Hence, to return (in logarithmic time!) thgh Fibonacci number, it is enough to comp#éteand then
returnaf .



e Problem #7. The recursive definition of the binomial coefficient wHer n

1 ifk=0ork=n

<E>: (”—1>+(”‘1> 0 <k<n.

k—1 Kk

write a function that return{ ) in a way that is different from the more “natural” recursive-i

k
n
k
matrix which can be filled out line by line in the following wagy j =0, 1< j <k, G o=1,0<i<n,
and

plementation. The binomial coefficieft can be seen as the last entry of a (n+ 1) x (k+1)

Cj=0C-1j-1+GC-1j,1<i<nl1<j<Kk

Use this characterization (also knownRascal’s trianglé to write a function that taken as inpuot
n , , . : .

andk returns K | Discuss the timand the spacecomplexity of your solution. Can this problem

be solved in linear space?

The following function works in O(nk) (which given thit< nis O(n?)).

int bcl( int n, int k) {

int T k+1];

mMmoJ] =1

for( int j =1, ] <k +1; j++)
mil-=0

for( int i =0; 1 <n; i++)
for( int j =k; j >0; j--)
Til+=T17-11]

return T[ k |;
}

The only data structure used (over an over again) is the meidgsional arrayli with k+1<n+1
elements. Hence the space is linean.n



e Problem # 8. Write anoptimal Boolean C++ function that, given an arrayrointegers> 0, returns
true is there are two elements in the array whose sum equafal28ptherwise.

A possible solution is given by the following function:

bool twentyThree( int A[], int n) {

bool § 24 ];
for( int a=20; a<24; att+)
S a] = false;

for( int b =0; b<n; b+t+)
if (A b] <24)
S A b] ] =true
for( int ¢ =0; ¢ <12; c++)
if (g c] &S 23-c¢c])
return true;
return false;

}



