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Abstract — Proper initialization of neural networks is
critical for a successful training of its weights. Many methods
have been proposed to achieve this, including heuristic least
squares approaches. In this paper, inspired by these previous
attempts to train (or initialize) neural networks, we formulate a
mathematically sound algorithm based on backpropagating the
desired output through the layers of a multilayer perceptron.
The approach is accurate up to local first order approximations
of the nonlinearities. It is shown to provide successful weight
initialization for many data sets by Monte Carlo experiments.

1. INTRODUCTION

Due to the nonlinear nature of neural networks, training
requires the use of numerical nonlinear optimization
techniques. Practically feasible training algorithms are
usually susceptible to local optima and might require
parameter fine-tuning. There are various approaches
undertaken to find the optimal weights of a neural network.
These include first- and second-order descent techniques,
which are mainly variants of gradient [1], natural gradient
[2], and Newton [3] optimization methods. Although higher
order search techniques could speed up convergence at the
cost of complexity, they are still vulnerable to local minima.
Global search procedures, such as random perturbations [4],
genetic algorithms [5], and simulated annealing [6] are not
feasible for practical applications due to time constraints.
Alternative approaches to help multilayer perceptrons (MLP)
learn faster and better include statistically proper weight
initialization [7,8], and approximate optimization through
heuristic least squares application [9, 10]. Although there are
many other references to list, we cannot go into such a
detailed review of the state-of-the-art in MLP initialization
and training, mainly due to the limited space available.

As mentioned, approximate least squares solutions have
been previously proposed to initialize or train MLPs.
However, these methods mostly relied on minimizing the
mean square error (MSE) between the signal of an output
neuron before the output nonlinearity and a modified desired
output, which is exactly the actual desired output passed
through the inverse of the nonlinearity. This approach,
unfortunately does not consider the scaling effects of the
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nonlinearity slope on the propagation of the MSE through the
nonlinearity. Nevertheless, they provided the invaluable
inspiration for the work presented in this paper, which takes
into account the effect of weights and nonlinearities on the
propagation of MSE through the network. Specifically, we
present an algorithm, which we named backpropagation of
the desired response that can initialize the weights of an MLP
to a point with very small MSE. This algorithm is an
approximation of the nonlinear least squares problem with
linear least squares and is accurate up to the first-order term
in the Taylor series expansion. We considered including
higher order terms in the expansion, but then the utility of
linear least squares method is not possible.

In this paper, we first present two theoretical results that
form the basis for the backpropagation of the desired
response algorithm. Then, we provide the algorithm and
demonstrate its performance with Monte Carlo experiments.

II. THEORETICAL RESULTS

Notice that in the L-layer MLP architecture shown in
Fig. 1 there are two parts that need to be investigated to
achieve successful backpropagation of the desired output
through the layers: linear weight matrix and neuron
nonlinearity. For our algorithm, we require this nonlinearity
to be invertible at every point in its range. We use the
following notation to designate signals: the output of the /™
layer is z' and y’ before and after the nonlinearity. The weight
matrix and the bias vector of this layer are W' and b,
respectively. The input vector is x. The number of neurons in
a layer is denoted by n; and n, is the number of inputs. The
training set consisting of N input-desired pairs is given in the

form (x;, dtL) . The backpropagated desired output for the /®

layer is denoted by d’ at the output of the nonlinearity and a’
at the input of the nonlinearity.

A. Backpropagating Through a Nonlinearity

Consider a single-layer nonlinear network for which the
output is obtained from z=Wx+b and y=1(z), where f(.) is a
vector-valued nonlinear function, invertible on its range.
Assume that the objective is to minimize a weighted MSE
cost function defined on the error between y and d. Let H be



Fig. 1. MLP structure and variables

the weighting matrix. Then Lemma 1 describes the

backpropagation of d through f(.).
Lemma 1. Let d,y,z,d e R" be the desired and actual

outputs, W e R™ and b e R™ be the weight matrix and

the bias vector, and f,f ',f':R” —R" be the nonlinearity,
its inverse and its derivative. Then the following equivalence
between two optimization problems is accurate up to the first
order of Taylor series expansion.

min E[(d - y)TH(d —y)]=min E[(f(d). “g) H(f'(d). *¢)] (1)
Wb Wb

where ¢.* denotes element-wise vector product, d = f -l (d),
and e=d-z.
Proof. Recall that y=f(z) and d =f(d). Substituting the first-
order expansion f(z)=f(d—g)~f(d)-f'(d).*&, we obtain
the result. Due to space restrictions, we do not present this
proof in detail. 0
According to this lemma, when backpropagating the
desired response through a nonlinearity, the sensitivity of the
output error with respect to the slope of the nonlinearity at the
operating point should be taken into consideration. Simply
minimizing the MSE between the modified desired d and z
is not equivalent to minimizing the MSE between the d and y.

Note that if Var("a”) is also small, then since the operating

point of the nonlinearity is almost fixed for all samples, the
f’ terms become redundant. Previous applications of least
squares to MLPs did not consider the variance of d and the
correction scale factor based on the derivative of the
nonlinearity at the operating point.

B.  Backpropagating Through Linear Weight Layer

Consider a linear network given by z=Wx+b and let d
be the desired output. In this scheme, we assume that the
weights W and b are fixed already. The objective is to find
the best input vector x that minimizes the output MSE. In the
MLP context, the input vector will correspond to the output
of the nonlinearity of the preceding layer. The result
regarding the optimization of x in this situation 1is
summarized in the following lemma.

Lemma 2. Let d,x e R™,d,zeR" be the desired signals
W = ERVLX'W[

beR™ be fixed weights. Then the following equivalence
between the optimization problems holds.

min E[(d - z)  H(d - z)]
xeDcR™ (2)

El(d-x)" WITHW(@ - x)]

and the corresponding output signals, and

= min
xeDcR™!
where D is the set of allowed input values. In the MLP
context, this set is determined by the output range of the
nonlinearities in the network.
Proof. The proof of this result is very similar to the derivation
of the least squares solution for a vector from an
overdetermined (or underdetermined) system of linear
equations. Due to space restrictions, we do not present this
proof in detail. O
In the application of this lemma, two situations may

occur: if n=m, then d=(W HW) 'WIH@-b); if
n<m then the desired input d can be determined using QR

factorization as the minimum norm solution to the
underdetermined linear system of equations Wd+b=d [11].

In both cases, in an MLP setting, given a desired signal a’
for z, we can determine d"' as the desired output for the
preceding layer. output (after the nonlinearity) of the previous
layer. The latter can then be backpropagated through the
nonlinearity of layer /-1 as described in Lemma 1.

III. OPTIMIZING THE WEIGHTS USING LEAST SQUARES

Once the desired output is backpropagated through the
layers, the weights of each layer can be optimized
(approximately) using linear least squares. The following
problem treats the optimization of the weights taking the two
lemmas of the previous section into account.

Problem 1. Given a linear layer z = Wx + b with

WeR™ and beR™, the training data in the form of
pairs, ie., (x;,d;) s=1..,N, and a matrix G as the

weighting matrix for least squares. Define the error for every
sample of the training data for each output of the network as

gi=dj -z, j=l..n, s=L.,N (3)

where the outputs are evaluated using

N
Zjy=b+> Wix , j=lo.n, s=L.,N (4
i=l1
with x;; denoting the i entry of the input sample x,. The
optimal weights for this layer of the MLP under
consideration, according to the arguments in Lemmas 1 and 2
become the solution to the following minimization problem.
N n n
. 1 SN e = =
min J :FZZZGM (di)f'(d 5 )&% s (5)

Wb s=1i=1 j=1



Solution. The minimization problem in (5) is quadratic in
the weights, therefore, taking the gradient and equating to
zero yields a system of linear equations. These equations are

m, k=1,.,n)

n N
D bivi [Z S'(die)f (s )xzs]

i=1 s=1

+Zzwlpylk[zf(dks)f (dts)xls ps:|

p=li=1

:Z}/ik[Zf’(Jks )f,(gis )xlsdis]

i=1 s=1

n N
z by ik [z [ i) f'(dys )]

easily found to be (/ =1,...,

+ i z Wip? ik [z S 1) @)% ]

p=li=1

n
=> 7 [Z fdg) S (dg )dis]
i=1 s=1

The unknowns in this square system with n-m+n
equations of (6) are the entries of W and b. This system of
equations can easily be solved wusing a variety of
computationally efficient approaches. The weight matrix G
allows one to take into account the magnifying effect of the
succeeding layers on the error of the specific layer. The
derivatives of the nonlinearity, however, introduce the effect
of the nonlinear layers on the propagation of the MSE
through the layers.

IV. OPTIMIZATION ALGORITHM FOR AN MLP

The individual steps described in the preceding sections can
be brought together to initialize the weights of an arbitrary
size MLP in a very accurate fashion. In this section, we will
consider the single hidden layer MLP case for simplicity.
However, the described algorithm can easily be generalized
to larger MLP topologies.

Initialization. Given training data in the form (x,, df ),
s =1,.., N . Initialize the weights w!, W2 b, b’ randomly.

The superscripts *'* and ‘> denote layer. Evaluate network

1 1 2

outputs and store z,, Y, Zj, y? corresponding to x,. Set

Jou to  the MSE between yf and df. Set
1 1 1 1 2 2 2 2
Wope =W, by, =b", Wy, =W, by, =b".
Step 1. Compute Hf :f_1 (d%) , Vs.

Step 2. Compute d! =(W2TW2) w2l @2 -»? (f

overdetermined) or the minimum norm solution.

Step 3. Compute d! = 77!y , vs
Step 4. Optimize W' and b' using (6). Since this is the
first layer, the input x is the actual input of the MLP. The

desired output is H} Optionally use G = wW2TwW? or G=1
(experimentally the latter gives better results).
Step 5. Evaluate ZL s ylv using the new weights.

Step 6. Optimize W* and b” using (6). Since this is the
second layer, the input x is the output of the previous layer,

y}v . The desired output is Hsz .

Step 7. Evaluate zf, yf using the new weights.
Step 8. Evaluate the new MSE and if J<J,,, set

W, =W', by, =b', W2, =W? bl =b>.

Step 9. Go back to Step 2 or stop.

The algorithm above backpropagates the desired signal
to the first layer and then optimizes the weights of the layers
sweeping them from the first to the last. Alternatively, first
the last layer weights may be optimized, then the desired
signal can be backpropagated through that layer using the
optimized values of the weights, and so on. Thus, in this
alternative algorithm, the layers are optimized sweeping them
from the last to the first. Simulations with the latter yield
results similar to those obtained by the presented algorithm.

The algorithm is iterated a number of times (two to five).
The weight values that correspond to the smallest MSE error
are assigned as initial conditions to a standard
backpropagation or some other optimization algorithm.
Although determining the optimal weights requires using this
hybrid approach, since the least squares approach yields
approximate optimization, for some applications, the least
squares initialization solution for the weights might yield
satisfactory results. The loss in MSE, in the latter situation, is
compensated for by the fast determination of these
suboptimal solutions.

V. CASE STUDIES

In this section, we present the results of Monte Carlo
initialization and training experiments performed using the
procedure described in the preceding sections. In these
experiments, we used three data sets: the laser time-series
[12], the Dow Jones Closing Index [12], and realistic engine
manifold pressure-temperature dynamics data [13]. The first
two data sets will be utilized in the single-step prediction
framework, whereas, the last one will be considered as a
nonlinear system identification problem. In this system
identification problem, the input is the throttle angle that
controls the amount of air flowing into the manifold. The
system states are the internal manifold temperature and
pressure.

For these three data sets, we have employed the
following networks respectively: TDNN(3,11,1) for the laser
data, TDNN(5,7,1) for the Dow Jones data, and MLP(4,5,1)
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Figure 2. Histograms of final MSE values for the laser-series.

for system identification. In this notation, the first value
denotes the number of inputs, the second value denotes the
number of processing elements (PE) in the hidden layer and
the last value denotes the number of outputs of the MLP-type
neural network. In the system identification example, the four
inputs of the MLP are the current and the previous values of
the input and the output (manifold pressure) of the system. In
all examples, PEs have sigmoid nonlinearities (arctan).

A total of five different approaches are taken in the
training of all networks in all three examples. These are listed
below and in the rest of the paper they will be addressed by
the designated letter codes.

e Backpropagation with random initial weights (BP).

e Initialize second layer only using Steps 5-7 of the least
squares algorithm (LS1). Iterate once.

e Initialize both layers using the least squares algorithm in
its entirety (LS2). Iterate three times.

e Use LS1 to initialize second layer and run BP starting
with random weights for first layer and LS1-initialized
weights for second layer (LS1+BP).

e Use LS2 to initialize all the weights and run BP starting
with LS2-initialized weights (LS2+BP).

For the three data sets, we have iterated BP for 1000, 2000,

and 200 epochs, respectively. In contrast, for LS+BP

approaches, the BP step was iterated 250, 500, and 50 epochs
only. For all backpropagation updates, MATLAB"™’s Neural
Network Toolbox was utilized. The numbers of epochs
mentioned above that are required for convergence was
determined experimentally beforehand.

The results for laser time series prediction are
summarized in the histograms given in Fig. 2. In the 100
Monte Carlo experiments, LS1 and LS2 initialization
schemes achieved low normalized MSE levels as seen in
subfigures al and bl (MSE is normalized by dividing with
the power of the desired signal). Further training with
backpropagation resulted in an improvement in MSE in the
LS1+BP approach, but it did not change MSE much in
LS2+BP (see a2 and b2). Training with BP, on the other
hand, in general resulted in higher MSE values either due to
slow convergence or local minima. Notice that the least
squares algorithm has a much smaller computational
complexity compared to backpropagation, yet it still achieves
very small MSE levels.

The results of the Dow Jones series prediction are
summarized in Fig. 3. Similarly, LS1 and LS2 initialization
schemes achieved very small MSE levels and further training
with backpropagation (LS+BP) did not improve MSE
significantly. At the end of the preset number of iterations,
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Figure 3. Histograms of final MSE values for the Dow-Jones-series.

the MSE levels of BP were much larger than those obtained
with methods that used LS initialization.

We have seen the advantage of using LS1 and LS2
initialization in MLP training in the first two examples.
Performance-wise, we did not observe great differences
between these two LS approaches, however. In this last
example, we see a possible benefit of using LS2 over LSI.
The results of the engine-dynamics-identification example are
shown in Fig. 4. Notice that LS1 achieves an MSE around
5x107 (subfigure al), while LS2 yields an MSE on the order
of 10” (subfigure bl). In both cases, further training using
backpropagation does not improve MSE significantly. The
BP approach was trapped in the same local minimum as LS1.

VI. CONCLUSIONS

The training speed and accuracy of neural networks can be
improved drastically by proper initialization of the weights
before a conventional nonlinear optimization tool is
employed. In this paper, we have investigated a previously
studied initialization scheme, namely least squares, in a
mathematically rigorous manner. Previous work using this
methodology often ignored the effect of the network
nonlinearities on the propagation of the MSE through the

layers of the network. Based on the theoretical results that are
presented here, we have determined an algorithm to
accurately initialize the weights of an MLP to a suboptimal
solution, which yields a very small MSE. This algorithm is
named as backpropagation of the desired response, due to the
procedure actually prescribing how to propagate the desired
output to the internal layers of the MLP. Then each layer of
weights can be (almost) optimally trained by solving a linear
system of equations, which correspond to finding the linear
least squares solution for this layer of weights.

Although we have focused on the initialization aspect of
this least squares algorithm, in many practical problems, such
as real-time adaptive control using neural network models
and controllers, the solutions offered by the proposed
algorithm could be sufficiently accurate. This was
demonstrated by a nonlinear system identification problem
example, in which an MLP was trained to approximate a
realistic engine manifold model accurately.
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